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AND THE LITTLEWOOD FUNCTIONS ON FREE GROUPS
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1. Introduction. In his paper [5] Varopoulos introduced so-called Little-
wood tensors. We shall consider properties of such functions on discrete
groups. A new characterization of amenable discrete groups is given. Further-
more, we describe the behaviour of Littlewood functions on free groups.

2. Preliminaries. We consider the space T,(G), 1 < p < oo, of functions
on a discrete group G which can be represented as the sum of two functions
on G xG,

a(x~'y) =ay(x, y)+az(x, y),

so that the following conditions are satisfied (x, ye G):
(l) a, (x’ y)aZ(xa y) = O;
(ii) there exists a constant ¢ > 0 such that
1
sup(Y lay (x, I7)P < ¢, sup(Z laz(x, 7)<
xeG yeG yeG xeG
The infimum of such constants ¢ > 0 taken over all possible representations
of the function a will be denoted by Ial,p, and, in fact, |'|r,, is a complete norm
on T,(G). Let us define the second norm on the space T,(G) as follows:

lall, = sup {(max |4;)~* F % lax 'y
j=1,2 xeAy yed) -
A,, A, are nonempty finite subsets of G!,

|4;| denotes the cardinality of A;.

Remark. It suffices to take the supremum in the above formula over all
finite sets A,, A, of equal cardinality. It is easy to see that, for 1 < p, T,(G)
with each of the norms |-|,p and ||-||,p is a Banach space and

lalrp < ”a"tp < 2llp|a|'p.

The first inequality can be obtained in a similar manner as in [S], Lemma
5.1, for p =2; the other one follows from (i) and (ii).
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3. Characterization of amenable groups. In the sequel the following
descriptions of discrete amenable groups will be useful:

FoLNER—LEPTIN CONDITION. A discrete group G is amenable if and only if

Jor every positive number ¢ and every finite subset K of G there exists a finite
subset U of G such that

IUK| < (1+¢)|U|, where UK = {xyeG: xeU, yeK}.

HuLANICKI CONDITION. A discrete group G is amenable if and only if for
every positive function fel'(G) the two norms

Ifly = élf(x)l and |flyn =supllg*fl,: lgl, =1}

are equivalent. Here

g*xf(x)=) gWf iy~ 'x).
yeG

Now we are in a position to establish the main

THEOREM 1. A discrete group G is amenable if and only if for all (or,
equivalently, for some) finite p > 1

T,(G) = I?(G).

Proof. Necessity. For ael’(G), 1 < p <o, we have the obvious
representation a = a,; +0, where a, (x, y) = a(x™ ! y). This gives the inclusion
IP(G) < T,(G) for each discrete group G. Let now ae T,(G) for some finite p
> 1. Let K be a finite set in G and ¢ > 0. Taking a finite set U for K and ¢
(see the Fglner—Leptin condition) we obtain

_ 1
lall?, = [UI-|UK|™! X la@)” > T+e Y la(@)P,
- cek +é& zeK

and therefore ael?(G).

Sufficiency. Let IP(G) = T,(G) for some finite p > 1. We always have
llall,, < 2'/7|q|,, so by the Banach Closed Graph Theorem there exists a
constant d > 0 such that dja|, < llall,p for all ael?(G). The Hulanicki condi-
tion can be now easily checked.

4. Radial functions on free groups. Let F, = G be the free group on r free
generators, r finite. We denote by |x| the length of the word x: |x| = 0 if and
only if x is the identity of G, E, = |x€G: |x| =n},n=0,1,2,..., and y, is
the characteristic function of E,. One can verify that

|E=2r2r—1)""1, n=12,...,

and

talp = 1E| ™.
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The function f on G is called radial if |x| = |y| implies f(x) =f(y).
ProposiTION 1. For every positive integer n

(27 tul2p < ltall, < 32 [l

Proof. Let s, ne N, s > n. Taking A, = A, = E; U E,,, one can see that
the first inequality holds. In order to see the other one we define

a(x, ) = {x,.(x“y) if |x] > Iy,
15 0 otherwise
and

az(x, y) = xa(x" ' Y)—ay(x, y).
Such a representation of x, gives

. < {(h-z)"(zr—l)‘"*”” for even n,
nltp, (2’._2)“1(2,-_])("+1)/2 for odd n,

so the second inequality holds.
We get immediately
CoroLLARY. |[x4ll;, = 21/p,

ProrosiTION 2. For every sequence (a,) of complex numbers and a positive
integer k the norm

k
I ;o an Yo,

is equivalent to

k
(Y lan?xa2)"""
n=0

Proof. Taking s>k and V=E,UE,,, we get

k
I3 > (V17 3l Tt )"
n=0

Noyels

>awW42mmmJ“

n=0
Let now A and B be finite sets in G, |A|<|B|=m, I, and Ig their
characteristic functions; then
1
m,

1 k
- <1A *I Z aanlp’ 18>
m n=0

k
Z (lA *Xns IB)Ianlp

=

< Z ol Xall?, < €” Z |anl” sl 2

=0

for some constant c.
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Let us denote by T7;(G) the subspace of radial functions in T,(G). The
above propositions lead us to

THeOREM 2. The space T3(G) is topologically isomorphic to the space
IP(N, v) for the measure v on N defined by

V= z IanZ‘Sna
n=0

where 6, is the unit measure concentrated in n.
Define a linear projection M onto radial functions on G by

Mf(x)=I|EJ""' Y f(y) whenever |x| =n.

Iyl=n

THEOREM 3. M is a bounded operator from T, (G) onto T} (G) for every p,
1 <p<oo.
Proof. Let fe T,(G) for fixed p. Observe that

@®
Mf= z Un Xns
n=0

where u, is the value of Mf on E,. Theorem 2 gives the inequality

IMFll, < (X lul?IEJ ).
n=0
If

fo=3 fim
n=0

m fixed, then taking s >m and V = E,UE,,, we get

1122 X V7Y 3 a7 D) fax™ )P = Y L.

n=0 x,yeV n=0
We estimate the L,’s. For even n, x,(x™'y) # 0 only if |x| =|yl, and for
odd n. z,(x"'y) # 0 only if |Ix|—|yl| = 1. Therefore

2r—2
L > '2r @r=1)7"% Y |fuw)P.

Iwl=n

Since m was chosen arbitrarily, we obtain

17N, > @n~"2 X 1B 3 1S,

0 wl=n
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and by Hélder’s inequality we have
IMf L, < clifle,

with the constant ¢ depending only on r and p.

Remark. Recently Marek Bozejko has applied Varopoulos’ result on
Littlewood functions to give a different characterization of amenable groups

(see [1]).
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