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1. Introduction. Let @ be a locally compact Abelian group and let
Hom(L*(@), L*(G)) denote the algebra of all continuous linear operators
on L®(@) which commute with translations by elements of G.

If u € M(G) (the space of all regular complex Borel measures on @),
then z denotes the measure of M (@) defined by u(4) = u(—4).

Let T, be the operator on L*(G) defined by

T,(f) = pxf for all fe L™(Q).
Recall that

M(@)*L?(@) = L*(G) and  |p*fl < lsllfll-
It is clear that
M(G) =« Hom (L°° (@, L>» (G)) .

We denote by Z,, the center of the algebra Hom(L™(G), L™(G)).
In this paper* it is proved that if G is a locally compact, compactly gen-
erated, not discrete Abelian group, then

M(@)nZ, = My(@),

where M (@) is the subspace of M (@) of all discrete measures on G.

If G is a compact Abelian group, then it follows immediately from the
previous identity that Z, = M (@). A previous result of the author [4]
implies that Z,, < M (@) for @ = R. It follows then that Mz(R) = Z(R).

2. Centrality of discrete measures.

THEOREM 1. Let G be a locally compact Abelian group. Then every
discrete measure 6 € M4(G) belongs to the center Z, of the algebra
Hom (L*(@), L*(@)).

* This work is partially supported by Italian National Research Counecil through
G.N.A.F.A.
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Proof. Note that Z,, is a norm closed subspace of Hom (L*(@), L™(@))
and that every discrete measure may be approximated in the M (@)
norm (and hence in the operator norm as a convolution operator in L*(G))
by finitely supported measures. It suffices, therefore, to prove that every
finitely supported measure é belongs to Z,.

Let

4

N
To(f) = D ana,f, where, f(z) =f(@+a,).
n=1
If 8 € Hom (L*(&), L°(@)) and s0 8(, f) =, 8(f), then, by linearity,
ST,(f) = Ts8(f) for every f e L*(@). This proves that T, e Z.

We recall that every measure 4 € M (G) has a unique decomposition
B = pq+ po, Where u, is discrete and u, is continuous. By Theorem 1
and since Z,, is a subalgebra of Hom (L*(@), L*(G)), we know that a non-
iscrete measure belongs to Z, if and only if its continuous part is in Z.

3. A property of Z_. Let y be a character of the locally compact
Abelian group G. For all T e Hom (L® (&), L (G)) and for all f € L* (@), write

T,(f) = 2T (xf).

As it can ecasily be verified, the operator T, still belongs to
Hom (L% (@), L*(@)). It is immediate to verify the following properties:
(1) (T), =T for all T e Hom(L>(&), L®(@),

(2) (T8); = T,8, for all 8, T e Hom(L*(@), L*(&)).

As an immediate consequence of properties (1) and (2) we have the
following

LemMA 1. If Te€Z,, then T, € Z,, for all y.

Proof. Let 8 €e Hom (L""(G), L™(G)); then by properties (1) and (2)
we have

T,8 = T,(8

2

= (TSZ)Z = (SZT)Z = (Sz)xTz = STx-

Let u € M(G) and let T, be the associated operator. It follows from
the definition that (T,), = T,‘ , Where du, = ydp if 5e M(Q) is defined

by p(4) = ,u(A) In fact, for al]feL°°(G) and for all # € G, we have

(T), () @) = 2T (2f) (@) = 2(2) [7 fl@+y)dp(y)
Q

= [2)f(@+y)diy) = [fl@+y)dp,(y)
G G

= ()" of(@) = T, (/o).
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The following corollary follows immediately from Lemma 1.

COROLLARY 1. Le¢t u € M(Q) belong to the center Z,. Then p,€Z,
for all characters y of G, where du, = ydj.

Let us conclude this section with the following lemma:

LEMMA 2. If there i3 a continuous non-zero measure u tn the cenier Z .,
then there ts also a continuous non-zero measure v with the property »(@) # 0.

Proof. Let u € M (@). For any choice of x, also u, € M (G); more-

over, it is possible to choose y so that u,(G) #0. If ueZ,, then the
lemma follows from Corollary 1.

4. A property of continuous positive measures,

LEMMA 3. Let G be a locally compact not discrete Abelian group and
let ue M*(Q). Let H < G be a compact set such that

p(H+2) =0 for all v €@G.

Then for every e > 0 there ewists a neighborhood V of the identity e
such that

p(V+H4+od)< e for all ze@.

Proof. Suppose that there exists ¢ > 0 such that, for every neigh-
borhood V of ¢ and for at least one v €@, u(V+H+x) > €. Let ¥ be
a basic system of compact symmetric neighborhoods of ¢, partially ordered
by inclusion. For every V €7, let @), be an element of G such that

p(V+H+zp) > &.

We prove that there cxists a compact set K, < G and V,e¥ such
that o, € K, for all V ey, V « V,. If not, then it would be possible to
choose a subnet {r,},., with the property that for any compact K < @
there exists a, € & such that x, ¢ K for a > q,. This implies that it is
possible to choose a sequence. {r,} c {®,},., such that the open sets
Vo+H+2,, where V, =V,,, @, = Ty 8TC B disjoint collection.
But then, as u is positive, we would have

0o

p(VatH+m,)> D ey = + 0.

n=1

(o]

p(U(V,+H+m,)) =

1

Ds

n

[
-t

This is impossible, as u is a bounded measure. Therefore, there
exigts a subnet {z,},.r which converges to an element x, € G.

Let U be a neighborhood of e. W(? prove that there is y, € I' such
that

V,+H+»,c U+ H+ax, for all y>y,.

In fact, if W denotes a neighborhood. of ¢ for which W+W < U,
then therc exists y, € I' such that #,—=», e W forall y >y, and V, c W
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(because {V,} is basic). As u is a positive measure, this inclusion implies
#(U+H+2)>p(V,+H+a,) fory>y,.

Then u(H + x,) > &, since U is an arbitrary neighborhood of ¢, and
u 18 regular. This contradicts the hypothesis.

COROLLARY 2. Let G be a locally compact not discrete Abelian group
and let u € M (G). Then for every ¢ > 0 there exists a neighborhood V of the
identity e such that

w(V4+az)<e for all ze@.

Proof. Since u is continuous, u({r}) = 0 for all 2 €@.

THEOREM 2. Leét G be a locally compact, compactly generaied, not
discrete Abelian group and let u € M7 (G). For every < > 0, G contains a dense
open set A with

u(A+z)<e for all ze@.
Proof. By Corollary 2, given any positive integer n, there exists
a neighborhood V, of ¢, with compact closure, such that

,u(V,‘-l-w)g% for all z €@.

It follows from [2], Theorem (8.7), that @ has a compact subgroup
NNV,
1

such that G/N is metrizable and has a countable basis for its open sets.
Let {N+x,} denote a sequence of cosets of N whose union is dense
in @. Since, for any n and for all z € G,

N+a,+0c N (Vpt+o,+3) = (Vpt+o,+2) for all m,

m=1

we have u(N 42,4+ z) < 1/m for all m and, therefore,
B(N 42, +2) =0.

By Lemma 3, given ¢ > 0 and any positive integer n, there exists an
open set A, which contains N + «, and such that

,u(A,,+w)<2—i for all ¢ @.
Let
A= 4,.
1
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Then A is open and dense, since

0
A> U (N+a,).
1
Finally,

oo

oo had 1
(A +) =y(U(An+m))<2y(A,,+m)<e Z=¢ forallacd.
1 n=1 n=1
The theorem just proved for any continuous positive measure u e M} (Q)
yields for such elements of M(G) a result which is analogous to the

result proved for the Haar measure by Rudin in Theorem 2.4 of [3].

5. Characterization of the central measures. Let ¢ be a locally compact,
compactly generated, not discrete Abelian group. We know that discrete
measures are central. In this section we will prove that only discrete meas-
ures belong to the center.

The remark at the end of Section 2 and Lemma 2 allow us to reduce
this problem to that of proving that if u is continuous and x(@) # 0,
then u does not belong to the center. In order to prove this fact, we will
use Theorem 2.

We recall that an tnvariant mean on L*(@), where G is any group,
is & continuous linear functional on L*(G) such that

(i) M(L,f) = M(f) = M(R,f) for all feL”(@) and s €@, where
L,(f) (%) = f(s+a) and R,(f)(2) = f(z+s);
(ii) ¥M(1) =1; .
(iii) |M(f)I <supegss |f(2)| for all fe L°(G).
Z

A familiar argument shows that (ii) and (iii) imply

(iv) M(f)>0if f> 0 and f e L™(G).

Let A be a dense open subset of G and let y, be its characteristic
function. As a. consequence of Theorem 3.4 of [3], there exists an invariant
mean M on L*(Q@) such that M(y,) = 1. Let 8 e Hom(L*(G), L*(@))
be the operator on L*(@) defined by

8(f)(@) = M(f) for all fe L*(@) and all 2 €@.

THEOREM 3. Let @ be a locally compact, compactly generated, not discrete
Abelian group. Let u e M (@) and u(G) # 0. Then there exists a dense
open set A in G such that

S(p*g) # p+8(g),

where g = 1 — x4 and 8 is the operator S(f)(w) = M(f) defined above.

Proof. Since u(G@) # 0, we can suppose that u(G) = 1. If A is any
dense open set in G, then, by the definition of S, S(g) = 0 and, therefore,
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p*8(g) = 0. We prove that it is possible to choose A4 so that
S(u*g) # 0.
Since
(p*1)(@) = [du(y) = p(@) =1,
we have ¢

S(xg) = M(axg) = M(psl—fixy,) = M(L)—M(i*y,) =1—Mli*y,),
whence
1S (i #g)| = |1 — 1M (e x .01

By the definition of a mean, .

| M (g% )| < M (1o % 241)-
Moreover, since |u#*y ]| <|ﬁ|*xA-, we have

| M (%54 < M(Ipl*x4).
We also note that, for all z € @,

al*2a@) = [1@+D @) = [ 24 @)dlpl() = la)(A—2).
G G .

Since |u| € M} (@), by Theorem 2 it is possible to choose A so that
|#l (4 —2x) < 1/2 for all z € @. Thus for this choice of A we have |S(u *g)|
>1/2 and, therefore, S(u*g) # 0. This completes the proof of the theorem.

By Lemma 2 and Theorem 3 we have immediately

COROLLARY 3. Let G be a locally compact, compactly generated, not
discrete Abelian group. *Then

M@ D, = My(@)

6. Characterization of Z_ for compact G and G = R. Let O, (@) be
the space of all uniformly continuous bounded functions on G and let
Hom (C, (@), 0, (@)) denote the algebra of all continuous linear operators
on C, (@) which commute with translations by elements of @. Furthermore,
let R, denote the algebra of all continuous linear operators on L™(G)
which commute with convolutions by elements of L' (). From Theorem 3.3
of [1] we can eagily derive the relations

Hom (L*(&), L®(@)) > R,, =~ Hom (0 (@), Cy(@)) = 0%(@),

where 05 (@) is the convolution algebra of continuous linear functionals
on C, (@) (see [2]). The isomorphism is given by the map T — ¢, defined
for all T € R, by |

or(f) = T(f)(0) for all feCy(G).
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(Obviously, the inclusion is an identity if G is a discrete group.)
If @ is a compact Abelian group, then the algebra O (@) is commutative,
gince C%(G) = C; (@) = M(@). It has been proved in [4] that if @ is locally
compact Abelian but not compact, then O} (&) is non-commutative and the
center Z, of O3 (@) contains M(G). We have also proved that Z, = M(Q)
when G is R or a discrete subgroup of R and when @ is the dual of the
Cantor group. As a consequence we have

COROLLARY 4. Let G be a compact Abelian group or G = R. Then
Zo = M4(@).

Proof. It is clear that the restrictions of elements of Z to the algebra
Hom (Cy(@), Oy(@)) are in Z; soin case G compact or @ = R they arc
measures. Therefore

M (@) < Z,<c M(@).
Thus, by Theorem 2, Z,, = Z.,nM(G) = My(&).
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