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1. Summary. We will prove that if L, (the lattice of all Borel
substructures of a Borel structure #) is complemented, then it is also
antiatomic. We will show also that the converse is not true.

2. Preliminaries. If # is a o -algebra of subsets of a set X we will say
that # is a Borel structure on X and the pair (X, #) is a Borel space. If # is
any family of subsets of X, a(#) denotes the Borel structure generated by #
(i.e. the least one containing #). For a Borel space (X, #) let L, denote the
lattice of all Borel structures on X contained in 4, with the inclusion as an
order relation. Thus if o/, ¥ € L, then &/ A ¢ — the infimum of them — is
their intersection and the supremum & v ¢ = ¢(f U %) (for details see [2],
the following definitions are also there). We say that L, is complemented if
for any /€Ly there exists $eLgy such that o A 4 = {0, X} (the least
element in Lg) and & v-% = #, we call any such ¥ the complement of o/ in
Ly A ely, o # B, is an antiatom if # is the only element in Lg strictly
greater than /. L is called antiatomic if every non - unit element of Ly is an
infimum of antiatoms.

In [2] Proposition 4(ii) says that if Ly is complemented, then there is
no substructure of #, which is countably generated and has uncountably
many atoms. The question was raised ([2, P 13]) whether the converse is
true. The negative answer to this question was given by the author in 1980,
but it has not been published yet. We give this example here. Later on
K. P. S. Bhaskara-Rao and B. V. Rao ([3]) have constructed another
example of such a Borel space. Fortunately it is much worse than the first
one — it is not antiatomic, while the ours is.

3. Complementation implies antiatomicity. Let (X, #) be a Borel
space. The o -ideal relative to # is a family 2 < # such that if C < BeZ
and Ce# then CeZ and 2 contains countable unions of its elements.

Lemma 1 ([2, Proposition 45]). Let # be a Borel structure and 2 < #
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be a o-ideal relative to #B. Let o/cLy. Then 6(2)v o = {BAA:
BeZ, Ac A} (A denotes symmetric difference).

ProrosiTION 1. If Lg is complemented, then it is antiatomic.

Proof. By Corollary 4 of [1] it suffices to prove that if u is a 0-1-
measure on €Lg, then it extends to a 0-1 measure on #. Let 2
={Ae: u(A) =0}, Z is a g-ideal relative to &/ and ¢(2) = &. We can
obviously extend & to Z,, a o-ideal relative to #. By assumption ¢ (%)
has a complement ¥ in Lg. By Lemma 1 #=0(Z,) v ¥é={AAC:
AeZ,, Ce%}. Thus for any Be & there exist C(B)e ¢ and A(B)e Z, such
that B = A(B) A C(B). Such C(B) is unique because if B = A, (B) AC, (B)
= A,(B) AC,(B), then A;(B)AA,(B)=C,(B)AC,(B)eénZ,, that is
C,(B) = C,(B). Let v be any 0-1 measure on % (for instance concentrated
at a point) and define ji(B) = v(C(B)). i takes only O and 1 as its values.
If {B:i=1,2,...} are pairwise disjoint, then the corresponding {C(B)):
i=1,2,...) are also pairwise disjoint, whence

A(U B)=v(U C(B) = ¥ v(C(B)) = ¥ A(B).
i= i= i=1 i=1
This shows that jiis a 0-1 measure. For Ae 2, C(A) = . Thus ji extends pu.
The proof is complete. _

This proof is very similar to that of Proposition 39 in [2] and it is not
incidental.

4. Complementation and o - homomorphisms. If &/ and # are Borel
structures (not necessarily on the same set) then a function h: &/ - # is
called o-homomorphism if it preserves countable unions and
complementations. If such h is one-to-one and onto we call it isomorphism.

LEMMA 2. If h: of - #B is a o-homomorphism, then for any family
F c o we have o (h(F)) = h(o(F)).

The routine proof of this lemma is left to the reader.

The term “complemented” is in some sense justified by the following

Lemma 3. If L is complemented and h: of — B is a o - homomorphism,
then there is € Ly such that h restricted to 6 is an isomorphism of ¢ and
h(.<f) the image of .

Proof. Let Z denote the o -ideal relative to &/ —h~!(@) — and Z
= d(%). Because L, is complemented there exists ¥e€ L, a complement of
. It suffices to check that the restriction of h to % is one-to-one and onto
h(«). If h(C,)=h(C,), C,, C,e%, then h(C; AC,)=h(C;) Ah(C,) = 0.
This implies C, AC,eZ %, thus C, =C,. If we put in Lemma 2
F =%0u 2, we obtain h(%) = h().

In the proofs of Proposition 1 and Lemma 3 we have used the existence
of complements in L4 only for special Borel structures — those of the form
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6 (2) for some o-ideal relative to #. This suggests to introduce the weaker
notion of complementation for L. Namely, we will say that L, complements
ideals if for any o-ideal 2 relative to #, ¢(Z) has a complement in L.
Lemma 3 and Proposition 1 remain true if we weaken assumptions in this
direction. In fact the remaining part of this paper allows it, too. We do not
know whether these notions are realy different.

5. Example. If »x denotes a cardinal number we say that a Borel
structure # satisfies x - chain condition (abbreviation x -c.c.) if any subfamily
of # of pairwise disjoint nonempty sets is of cardinality not greater than x.

LemMA 4. If B satisfies x-cc. and S S B, then f does it also.
Isomorphism preserves x-c.c.

Recall the example given in [1]. If I is any index set let X (I) be the set
of points in {0, 1} all but finitely many coordinates of which are zeros. For
J = I let p, denote the canonical projection of {0, 1}' onto {0, 1}’. Let B
denote the Borel structure on [0, 1}/ generated by the sets of the form
pi 1 ({0}) for all iel. The trace of # on X (I), say #(I), is the structure on
X (I) which is antiatomic (see [1]) and as we will show for large I is not
complemented.

CrLaim 1. For any set I, #(l) satisfies w, -c.c.

Proof. Let & < #(I) be a family of nonempty pairwise disjoint sets.
With any set Be # we can associate some countable set J(B) < I and some
A(B) = X (J(B)) such that B = X (I)N py3 (A (B)). Without lost of generality
we can assume that A(B) = {xz} for some xgze X(J(B)). With these
assumptions for two different B, Ce # there is an index ieJ(B)n J(C) such
that either p;(xg) =0 and p;(xc) = 1 or conversely p;(xz) =1 and p;(xc) = 0.
Inductively for any ordinal a we will define a set J, < I, a family # («) and
for any finite set A € J, a subfamily # (x, 4) of # (perhaps empty).

Put Jo,=0, F0) =%, F(0,0)=#. If we have just defined, for
some a, J,, # (a), F(a, A) for any finite A < J,, then in any nonempty
family # (x, A) choose one set B(x, A). Put J,,, =U {J(B(a, 4)):
F(a, A)# 0},

Fa+1) = F )\ !B, A): F(a, 4) # 0},
and for any finite set A< J,,,
F(a+1,A)={BeF(a+1): A={ieJ,,,: p;(B)=1}}.

If B is a limit ordinal and we have defined sets J, and families # (x) for any
a <, then put J;=U {J,;: a <B} and F () = N {F (®): « < B}. For any
finite A é.l,, F (B, A) is deﬁned as for non-limit ordinals.

The above construction assures:

(i) For any a < w,, J, is countable.
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(ii) For any a < w,, # \ & (v) is countable.

(i) If a<p, then FPBA<F@ A (f A=AnJ,) or
FPBANF(@, A)=0 (if A#ANJ).

(iv)If a<B, a# B and BeF (B, A) < F (x, A) then J(B)n(Js\J,)
# 0. (To see this observe that B # B(x, A) and hence there is igel
such that p;, (B)=1 and p,-o(B(a, A)) =0 or conversely. But we have
A=liel,: p(B)=1)} =lieJ,: p(B(x, 4) =1}, hence io¢J,. Obviously
ioeJ(B) and igeJ (B(a, A)) S J,+1 SJp, 50 igeJ (B) NJp\J,)

By (ii) card(# \ # (w,)) = card (| {F \ # (2): « < ®,}) < @, and by (iv)
if Be #(w,), then J(B) should be uncountable which is impossible, so
F (w,) = 0. We have obtained card # < w,. The proof is finished.

CLAaiM 2. If card I > w,, then #(I) is not complemented.

Proof. Let Y = X(I) be the set consisting of points all but one
coordinates of which are zeros. For any Be #(I) let h(B) = BN Y. It is clear
that h is a o-homomorphism of #(I) onto the structure & of subsets
countable or co-countable in Y. If Ly, is complemented, then by Lemma 3
there is 6 € Ly, such that h restricted to % is an isomorphism of ¥ and <.
By Lemma 4, % satisfies w, -c.c., and then &/ also. But obviously one - point
subsets of Y form a family of nonempty pairwise disjoint elements in ./, and
by the assumption its cardinality is greater than w,. This contradiction
proves the claim.

Remark. For I of cardinality not greater than w,, #(I) complements
ideals. The author strongly believes that in fact it is complemented.
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