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1. Introduction. The purpose of this paper is two-fold: first we obtain a
linear modulus semigroup of a multidimensional strongly continuous semi-
group of L,-contractions, and second, by applying this linear modulus
semigroup we prove the differentiation theorem for multidimensional additive
processes. Linear modulus of a linear contraction T on L;-spaces was
obtained first by Chacon and Krengel [4]. The extension of their result to
semigroup of L,-contractions is due to Kubokawa [9] and Sato [11]. Here
we generalize this notion to encompass a multidimensional strongly continu-
ous semigroup of L,-contractions via a technique known as “reduction of
dimension” (see [2], [5], [6] and [12]). The first operator theoretical local
ergodic theorem (called also differentiation theorem) was obtained indepen-
dently by Krengel [8] and Ornstein [10], and its multidimensional version
was given by Terrell [12]. They considered the additive processes of the form

-

F, = ‘. T, fds or F(u.u) = ‘ ‘ U(t,r) fdrdt,
00

[=]

where f€L,, and |T;};5, and U, )., are semigroups of L,-contractions.
Akcoglu and Krengel [3] proved the local ergodic theorem for arbitrary
additive processes with respect to a strongly continuous semigroup |7;!, ., of
positive L,-contractions, and Akcoglu and delJunco [2] generalized this
result to the multidimensional case. Recently, Akcoglu and Falkowitz [1]
obtained the differentiation theorem of Akcoglu-Krengel [3] without the
positivity hypothesis of {T;},.. Our result generalizes the theorem of Akcog-
lu—delJunco as well as the theorem of Akcoglu-Falkowitz. This result has
also been obtained by Emilion [7]. The method in [7], however, employs a
process of reduction of dimension which does not yield a one-dimensional
semigroup but a subsemigroup. Then, by introducing “almost additive
processes”, the result is being obtained via a technique due to Akcoglu and
Falkowitz [1]. On the other hand, with the help of the linear modulus
semigroup we obtained, we dominate the multidimensional additive process
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by a one-dimensional additive process. Then using the properties of the
semigroups and the additive processes we obtain a direct proof.

Let (X, ) be a o-finite measure space and L, = L,(X, u) be the
classical Banach space of real-valued integrable functions on X. Let L3
denote the positive cone of L,, and we will use the notation

fvg=max.f,g, and fAg=min.f, g}, f geL,.

Let R? be the usual two-dimensional real vector space, considered with
all its usual structure. The positive cone of it is R2 and C =intR%. In
particular, R2 is ordered in the usual way, that is, for any (u, v), (t, r) €R%,

w,v)<(t,r) fu<tand v<r,
(u,v) <(@t,r) if (u,v)<(t,r) and (u, v) # (¢, r).

For any seR, s will denote the vector s = (s, s) eR2.
Consider a two-dimensional strongly continuous semigroup of L,-
4 — ) iQ*
contractions U = U, ,| (tr)eRY? that is:

(1.1) For each (t,r)eR%, U, is a linear operator on L, with
HUqnll <1.
(1.2) For each (¢, r), (u, v)eR%,
U(t.r) U ) = U (t+ur+v)-
(1.3) For all feL, and (t, r), (u, v)€C,

im |[Ug, f=Ugen flly = 0.
(t,r) ~(u,v)

U is called continuous at the origin if, in addition,
(14) for all feL, and (t, r)eR?%,
lim+ ”U(t,r)f_ Uof”1 =0.

(t,r) =0
U is called a Dunford—Schwartz semigroup if it satisfies
(1.5) For each (t, ) eR3, |[Ugpll <1 in addition to (1.1)}1.3).

A family of functions F = {F,,)}u.uec is called a (two-dimensional) U-
additive process (see [2], [3], [5])) if, for each (u,v), (t,r)eC with
0 <(t.r) < (u, v),

Fon+Ueo Fu-1y if t <u,

1.6 - F = .
(1.6 (.v) {F(,,,,,+U(o_,,F(,,.,,_,, if r <v.

Such a process is called bounded if
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(1.7 sup 1 [Fundu=yr < 0.
(u.ry >0 UL
The constant y; i1s called the time constant of the process.

In what follows, we will consider U as being a strongly continuous
semigroup of L,-contractions which is also continuous at the origin, and F
as being a bounded U-additive process. Here it should be indicated that each
F.. is an element of L;, not an actual function. Since our aim is to prove

the differentiation theorem for F, in other words, to show that lim+ u~?F,
u—0

exists a.e., we either should choose suitable representatives F, ,,(x) or should

let u range over a countable dense subset of R (see [2], [3], [5]). For

convenience, we will let u approach 0 through positive rationals and denote

this by a g- lim , which is no loss of generality (see [2] and [3]). Also, all the

u—0"t
proofs will be given in the two-dimensional case for brevity, since the
extension of the results to the arbitrary n-dimensional case (n = 2) is straight-

forward.

2. Linear modulus semigroup. In this section we will first obtain a
method which will enable us to reduce the two-dimensional case to the one-
dimensional one, and then we will construct a linear modulus of the reduced
semigroup of operators.

(2.1) Reduction of dimension. This method is originally due to Dunford and
Schwartz [6] in an implicit form and later developed by Terrell [12],
Akcoglu and delJunco [2] and Comez [5] for positive operators. Here, we
will make use of their idea to obtain a similar result for an arbitrary (not
necessarily positive) semigroup of operators.
Let, for any x€(0, o) and SR,
X B ¥ex {—ﬁ} if >0
®,(f) = {z\/nﬂ Pi7ag MF>0

0 if B<0.
For (u, v) eR?, define &, (u, v) = D, (u) D, (v). Then, for each fixed x (0, o),
@.: R? >R is a nonnegative continuous function that vanishes on R?\R2
(see [2], [6], [12]). Also

| @y, v)dudv =1 and [ D, (t—u,r—v)®,(u, v)dudv = P, (t, 1)
R? R2
for each x, y€(0, o) and (¢, r)eR? (see [6] and [12]). For any x€&(0, o)
and f €L,, define
(2.2 Vof = | @.(u, ) Uy, fdudv.

R2
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Then we have the following properties of V, (see [6], [12]):

(2.3) V; is linear on L, for each x > 0.

(24) V.V, =V,,, for each x, y€(0, o).
(25) WVidly <1 (and [Vl < 1 if |Uq,p)ll < 1) for each x€(0, ).

That is, the family V = |V}, ., is a semigroup of L,-contractions on L, .
Moreover, this semigroup is strongly continuous and continuous also at the
origin with ¥, = U, [12] (and is a Dunford-Schwartz semigroup if U is so).

Consider the bounded U-additive process F = |F, )} w. €C. For any
I < R?* with I = [a,, b,] x[a,, b,], a;, b;€R, i = 1, 2, define (see [2] and [5])

FI = U(al.az) F(bl—al.bz—az)'
Let ¢: R* >R be a continuous function and let J = R2 be a bounded
interval, where J = J, xJ,. Then

[o @, v) F (du, dv) = | | ¢(u, v) F(du, dv)
J

J1J2
is defined as the L,-limit of the Riemann sums
Y (W, V) F(Jy xJb),

where {J'| are finite partitions of J into intervals with (i, v') €J'. In this case,
if we have

{ 1¢(u, v)dudv < 0,
]
then | ¢ (u, v) F(du, dv) is well defined since, for any J c RZ,

+

|| @ (u, v) F (du, dv)||, < yr [I¢ (u, v) dud
J J
(see [2]). Also observe that, for any (¢, r) eR%,

Uen | ¢, )F(du, dv) = [ ¢p(u—t, v—r)F(du, dv).
: e
Notice that the function &, (u, v) defined at the beginning of this section
satisfies all the properties. Hence, for any x > 0, put

h, = [ ®.(u, v) F (du, dv)
_ LA
and, consequently, define a new process H = {H,},., by

(2.6) H, = [hdx, a>0.
0



SEMIGROUPS OF L,-CONTRACTIONS 107

Then, for any y > 0,

V,H, =V, [h.dx = [V,h.dx = [[V, | ®,(u, v) F (du, dv)] dx
) 0 0 »2

{[ @,(t, DV Uqn[ | Px(u, v)F(du, dv)] dedr}dx
r2 r

(L) @@, NP (u—t, v—7r)dtdr] F (du, dv)}dx
R2 p2 :

y+a

[ ®Prsy(u, v) F(du, dv)]dx = [h,,,dx = | h,dx.
R2 Y y

i
Otaem, & Oteumy B Otemmm, B

Therefore

aty y+a

y
Ha+y = .‘. hxdx = j‘hxdx'l' .‘. hxdx = Hy+ KHG
0 0 y

for any y > 0, a > 0. Therefore, H = {H,},., is a V-additive process. More-
over, from the construction it is immediate that H is a bounded process with

Yu < Vr-

(2.7) Linear modulus. Starting from the strongly continuous semigroup V
obtained in the previous section, we will obtain a positive semigroup of
operators which is its linear modulus using a technique very similar to that
of Sato [11] and Kubokawa [9]. Indeed, we have the following

(2.8) THEOREM. Let V = {V, },>0 be the strongly continuous semigroup in (2.1).
Then there exists a strongly continuous semigroup T = {t,}.> o of positive L,-
contractions, called the linear modulus of V, such that

(29) V. fl<t.|fl for all feL, and for all x > 0.
Proof. Fix x >0 and consider the interval [0, x]. Let
P={x;€[0,x]:i=0,1,...,n, 0=xy <x; <...<X,_y <X, =X}
be a partition of [0, x]. For any r > 0 and f €L, define

IVrI f = ‘ ¢r (ua U) IU(u,v)l dedU,
R?

where |U,, )| is the linear modulus of U, ,, for each (u, v) €R? in the sense of
Chacon-Krengel [4]. Then, for any f €L}, let

n-1
D(P’f) = IVx,.—xn_lI'”'sz-xl”Vxllf = ],—[ |Vx,-+1—x,-|f'
i=0

Let P’ be another partition of [0, x] which is finer than P, say by one point
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a>0. Assume x; <a < x;,, for some i (0<i<n). Then, for feLj,

D(P'7f) = IVx"—x,,_ll ""Vti+l-alll/ll—xi|"’IVxllf‘

Now,

Il/;l'+l-xi|f= II/;ri+1—a+a—x,'|f = j' ¢(xi+l—a)+(a—x,~)(ua U)IU(u,v)'fdudv
R?

= [ [| Paesu—0,0=P) D, _o(, P|Uq,.) fdudv] dedp
R R?

= ([ Payu—a, v=P) D, , —ala, B)|U0)| fdudv] dadp
R R2

= ‘ [ . ¢a—-x,- (ll, U) ¢x,-+1—a(aa B)'U(u+a,v+p)|dudv] dadﬂ

R2 R?

Since |Uy+ar+pl < U@plUwnl (see [4]), we have

le“. 1~ xil fs j [ _[ ¢a— 4 (u, U) ¢-"i +1-4a (d, ﬂ) IU(a.ﬂ)l lU(u.r)l dedl’] d{ldﬁ
R2 K2

= ‘ ¢x,— +1-@ (a’ ﬁ) IU(a.ﬂ)I [ ‘ (pa—x,- (u’ U) IU(u.v)I chudv] dadﬂ
R? R?

= IV.;:H.I—aI( ‘ ¢a—xi(u9 v)IU(u.v)|fdudv) = 'Vx,-.,.l-a'(IVa—x,-If)'
R2

Hence we see that D(P,f)= D(P,f). For any x >0, let P, denote the
family of all finite partitions P of [0, x] as above. If P, P'eP,, we will write
P < P’ if P’ is a refinement of P. With this partial order, P, is an increasingly
filtered set. Since each |U,,| is an L,-contraction, we see also that
IID(P, Al; < |Ifll; for each PeP, and f eL}. Therefore, for f €L}, define

(2.10) . f=supD(P,f)=lmD(P,f), x>0,
PePy PePy
7o = |Vol.

Then 1, is well defined for each x > 0 and is a linear contraction on L}, and
hence on L,.
Given x>0, v > 0, let

P,=!O=.\‘(,-'.‘(‘/...".\',,=,\‘f al‘ld P2=:0=y0<)’1<---<}’m=y:

be partitions of [0, x] and [0, y], respectively. Then

P=10=Xx0<X; <...<Xp,=Xp+Vo < Xp+V; <... < Xp+Ym=Xx+Y!
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is a partition of [0. x+ y]. Therefore, for feL],

m—1 n-1
D(P’f) = 1_[ ”/y‘-.'_l-yil( II/.tj+1-ij)f
i=0 j=0

and t,,,f = 1,7, f by taking the limit over partitions PeP,,, which
contains x.

To prove the strong continuity, we will first show that ||V,|!. ., is
strongly continuous. Let 0 < x <y. Then, for any f€L,,

WV S~V f = ([ [ (P, 0)— D, (4, VU )l fdudo|] du
r2

<|Iflly | 19 (u, v)— P, (u, v)| dudv,
R2

since |U,| is an L,-contraction for each (u, v) eR%. Thus

Lim || [Vl f=[Vd flls =0

y—=x

since (see [12])

lim | |®,(u, v)—P,(u, v)|dudv = 0.
yox g2

Then, applying exactly the same method as in [11], we obtain

hmlltyf_txfll =0.
y—x

Here, we can also choose x =0 (see [9] and [11]). Hence T = 1,),50 is a
positive strongly continuous semigroup of L,-contractions which is also
continuous at the origin.

It remains to prove (2.9). For, let feL, and x > 0. Then
Vefl =| [ @2, 1) Uq,, fdudy]
.2 -
< [ Pi(u, v)|Ug,,) f|dudv
rR?

S j ¢x(u9 v)IU(u.v)l lfl dudv (Since IU(u.v) fl S IU(u,v)l lfl by [4])
R2
=|VAIfl <tlfl  (by (2.10)).

Note that if U is a Dunford-Schwartz semigroup (i.e., ||U,llo <1 for
each (t,r)eR?%), then so is T

The following result is a modified version of a lemma of Terrell [12]
which is originally due to Dunford and Schwartz [6].

(2.11) LemMMA. Let U, V and T be as above and f €L,. Then there exists a
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constant & > 0, independent of f and U, such that, for every u > 0,

5 1
212 el ‘U(,,,fdtdrl <— (r |f]dx.

u
N\ .

Proof. It is shown in [12] that there exists a constant é > 0 such that if

u > 0, then

yll

0
——2- 45, (t, r)dx

1
whenever 0 <t, r <u. Now,

5 uu uu
2“ [U(r ,)fdtdrl ‘ ‘
ool

Nl&

|Unl S| dedr

¢x (t, r)IU(l.r)I If' dx dtdr

-

N
O e, B
Q e, B
1
=
O &

b, (t, )|Ugqpllfldx |dtdr

Il
O e, B
O e B

,____
;.g|
=
o.—’gl

[? (0.6 DIV drdr]
0

~

N

ARENESE

I[

[ @x(t, DUl |f]dtdr]dx
R2

T Wiflax <=2 T eif1dx

7!

Oty O =g, O—

by (2.9).

(2.13) Remark. The method of reduction of dimension in (2.1) is defined in
general for the dimension n > 2 when it is an even integer. But this is not a
loss of generality as noted in [2], p. 758.

(2.14) Basic properties of F and H. First, we recall the following result due to
Akcoglu and Falkowitz [1] (Theorem 2.1):

(215) THEOREM. Let F,),., be a bounded T, .-additive process where
T}, >0 is a strongly continuous sengroup of L,-contractions. Let |t,),5, be a
lmear modulus of \T,. Then there is a \t,),» o-additive process \G,),.o such
that

(i) IF,| < G, a.e. for every t >0,

(i) {G,};>0 has the same bound as {F,}.
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(2.16) Remark. It should be noted that the linear modulus {z,},., in
Theorem (2.15) is in the sense of Kubokawa-Sato. However, the linear
modulus we have defined in Section (2.7) has the same properties as that of
Kubokawa-Sato. Hence Theorem (2.15) yields that there exists a T-additive
process (T is as in Theorem (2.8)) {G,}.,.o such that

(i) |H,| <G, ae. for each u >0,

(1) Y = v6-

Before stating the next result we introduce the following notation for
convenience: for any (¢,7r)eC or u >0, let

1 1
(2.17) Jen = ;F(,,,, and g¢g,= ;G,,.

By s-lim or w-lim we will mean limit taken in the strong operator or weak
topology of L,, respectively.

(2.18) LeMmA. For any (u, v) eC,

Fuyn= s-lim ”U(,,)famdrdt

(@) —20% ¢

This result has been obtained by Akcoglu and Falkowitz [1] in the 1-
dimensional case. For F, which is an additive process with respect to a
positive semigroup of operators U, it is obtained by Akcoglu and delJunco
[2], Lemma (3.2). However, in their proof, positivity of the operators does
not play any role, hence we obtain the lemma by applying their method of
proof to our case. That is why we do not provide the proof.

3. The differentiation theorem. We start by stating a technical lemma
(without proof) which is due to Akcoglu and Falkowitz [1] (Lemma 2.1):

(3.1) LemMmaA. Let ¢,€L, and |p,| < Y,€L] be such that there exists Y €L}
with

Wn—¥lly =0 as n—oo.

Then ¢, is weakly-sequentially compact.

Let T={1.5, and |G,),., be as in Remark (2.16). Then, by the
theorem of Akcoglu-Krengel [3],

(32 ¢-lim u ~1G, =g exists ae, geL,.

u—-ot

Define G, = G,+G, as in [1] and [3], where

G, = ‘ T, gdx
0
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and {G;},.o is a positive T-additive process with

g-lim u"'G] =0 ae.
u—0*t

Now, we state and prove the main result:

(3.3) THEOREM. Let U = {U,,, ,,}" neR2 be a strongly continuous semigroup

of L,-contractions which is also continuous at the origin. If F = {F, )} wvec iS

a bounded U-additive process, then q- hm+ u~%F, exists ae.
u—0

Proof. Let ¢, »0* be any positive sequence of reals and consider

Yn =9, N9,

where g is as defined in (3.2). Therefore, 0 < ¥, < g and, obviously, ¥, —g
a.e. [3]. Now, let

¢n = (-6'/"1) v (j;,, A 5¢n)’

where 6 > 0 is the constant in Lemma (2.11). Thus |¢,| < é¢,. Notice that,
by the Bounded Convergence Theorem, ||,—gll, =0 as n = 2. Hence all
the conditions in Lemma (3.1) are satisfied. Thus, by passing to a subse-
quence if necessary, we may assume that

w-lim¢, = feL,.
Put f = U, f and define, for each (u, v) €C,

F(,u,v) = I_‘.U(r.r) fdrdt,
00
and let
F(“ v) = F(ll.v)-F;u,v)-
Obviously, \F,,} and |Fg,, ) are U-additive processes.

Let S, f—a‘zF’ Then (see [8)])

(34) lim u ZHU(,,,S fdtdr = U,S, f ae.

u-0+t

(i.e., S, f is regular in the sense of [8]). Therefore, if

f= lim 15, /= Upfl,
then
f< Hm 1S, (Uy f=S. NI+ lim 18,(5. £)=Up(Se /) +1. = Uo f]

llm 1Su(Uo f=Sa NI +1S. /= Us fI  (by (34)

u—ot
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j'r Ug f—S, fldx+|S,— U, f| (by Lemma (2.11))

u —'0+ \/—
=071 |Uo f=Su f1+1S. f— U, f|
(by the Krengel-Ornstein theorem [8], [10]).

Consequently, || fl </6+1)|IS, f—Uyll; =0 by strong continuity. Hence
f =0 a.e., which gives

lim u 2F,=U,f =f ae.

u—0t
Hence, if we can show that

g- lim u “2F; =0 ae,

u-0t

the theorem will be proved.
First of all observe that, for each n > 0,

lfz,,_¢n| < 6(93"-'1’11)'
Now, by Lemma (2.18),

uv Vu
Fuy=s-lim [{Ugy, f; drdt, G ;=s-lim |1.g, dx.
n—-x 00 n—-®o
Since both | [U(, n(+)drdt and [ 17,(-)dt are bounded linear operators, we
00
obtain
[ [ U fdrdt = [ [Ug, U, fdrdt = w-lim [ [ U, ,, ¢, drdt
00 00 ns® 00
and
Vu vu u
( t,gdx = s-lim | 7,¥,dx = w-lim | 7,y,dx.
n—®o n—®o 0
Consequently,

Fuo = Fun— ‘. [ Uen fdrdr
00

= [w-lim } } Ug.n 1o, drdt] —[w-lim 'j" 3’ Uy.n Pndrdt]

n—wo 00 n—® 00

— w-lim [ { Ugen (fo, — S drdt.

n—ax 00

8 — Colloquium Mathematicum 57,1
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Therefore

= LIk = — |w lim t \ Ui (f,— $n) drdt]

n—-o 00

w-lim = n rU(, o (fo,— G drdi|

n—a

1 u

w-lim ——= | 7.|f, —¢,ldx
n—aw u 0

by Lemma (2.11). Consequently,

\u

1 .
IF:"l w-lim — ‘ 6rx(ge,,_'/’n) dx
n-o \u o
1
= w-lim — | Tx(ge —ydx = —(G a—-G)=—=G;.

Since u"!G.) -0 ae. (cf. [3]) as u »0*, we see that
u"2|FJ)| -0 ae. as u—0",
which proves the theorem.

(3.5) Remark. The results we have obtained are valid if U is a strongly
continuous semigroup of L,-contractions, not necessarily continuous at the
origin as is shown in [1] for the one-dimensional case and in [2], [5], [7] for
the multidimensional case.
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