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REMARKS ON ALGEBRAS AND REGULAR FINITE PLANES
BY

L. SZAMKOLOWICZ (WROCLAW)

Let us recall the notion of an 4*-algebra, introduced in [2].

Definition. An A*-algebra is an ordered pair <A, o), where 4 is
a non-empty set of arbitrary elements and o is a binary operation
0: A2 — A fulfilling the following system of &k axioms:

(W,) zox = w,
(W) o' [y] = 9*O[x] for i =1,2,...,k—2,

(Wi_y) @ [y] =y,
where #'[y] =wxoy, &' [y]=wxo(«"[y]) and ¢: {1,2,...,%k 2}
—{1,2,...,k—2} is a fixed function.

It has been proved in [2] that every A*-algebra 2 = ¢4, o) which
satisfies axioms (W,)-(Wj_,) is8 a quasi-group and that each pair of dif-
ferent elements of A generates a subset of A containing exactly & elements.
Moreover, the existence of a non-contradictory system of axioms (W,)-
-(Wy_,) is ensured for each &k = p™ if p is a prime number.

We say that the elements generated by a pair a, b (a # b) are col-
linear. An AF-algebra A for which every triple of non-collinear elements
of A generates exactly k® different elements (the affine essential plane
as in [1]) is called an A,A"-algebra. Bach A,A*-algebra which is an
essential plane is an affine plane (A’,ﬁz-algebra as in [1]).

In this paper some properties of A,A4"-algebras are considered and
gome new problems concerning such algebras are formulated.

1. TaeorEM 1. If an A"-algebra fulfills the condition  o(yoz)
=zo(y ox), then (1) = 2 (1).

To prove Theorem 1 it is enough to put z = y and to apply the
condition (W,).

I am going to prove

THEOREM 2. Fach Ak-algebm A containing at least k-1 elements
for which (1) = 2 and xo(yoz) =zo(yowx) is an A, A -algebra.

(*) Algebras A%, A% and A% in notation of [2] may serve as examples of
Ak _algebras.
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Proof. By the suppositions of theorem, 2 fulfills the following
axioms:

(W) vl =,

(W) w[y] = y*[x],

(W) 2 y] = y‘”‘i’[m] for i =3,4,...,k—2; ¢(i) {3, 4,...,k—2},

(Wi_y) @[yl =y,

(W) wo(yoz) =zo(yowm).

Let a,,a,eA and a, # a,. Then a,,a, generate a k-elements set
{0y, ..., apt. Let byed and by¢{a,,...,a}. Denote by b; o = a;0b,,
bi,y = @;0by 4, by = @;0by gy bip s = a;0by .

It is  evident that b,; , =a, Obik_3 = a,0(0,0b,4_,) = ...
= ay [by] = b,. ‘

Let us take A = {a,, ..., a, by, b,,, ..., biejoy O1ry ooy bge s by gy ...

3] bk,k-aa bz,lc—za Ee 9 bk,k—2}°

We shall prove first that the product of each pair of elements of 4
belongs to A.

Let a;0a, = a,0ay, and a,0a; = a,. Then a,0b;; = a,0 (@;0by;_4)
=by;_10(a;0ap) =b,;_,0(a,0a,)= a,,,o(alob17 1) = @mOby; =by; ed.

We have a,0b; ;_»=a,0(a;0b;x_3) = b, s _z0(a;0a,) = by r_30(a,0ay)
= WO (41001 %_3) = @p0bys_» = ay0b, = b, -

We are going to prove that b,0b,,; — byo(@10by5_4) = ...
—bo0 (a7 [by]) = byo (B V[a,]) = b“’"‘“’“[a ] = af? O ) — b e,

Then b;;oa, = ak[b,’?]eA, and b, ;0b, = by o[byi] = byo (byob, ;)
= by0b,ed.

On  the other hand, we have by0b;; = byo(a;0by;_,)
—bﬁo(al (@,0b15 ) =byo(byj_s0(a,0a) N=Bg0(byy 20 @) = ;0 (b, ;_50b,)
ed, b1,:0by; = b0 (@00, ) = byj_10 (a;0 bii) = by, 0 a1[b1z—1]
= b11 1O(b1 i 10a;) = a,0(b, 1—101)19 1)+

If we decrease the coefficients ¢,j repeatidly as above, we come
to the conclusion that &,;0b,; — a’l“fbooblt]eA

Furthermore, b,,0b;; == b;,0 (a,0b;;_,) = b,,0 (@i 0 (ay 0 by, )
= b, ro(bl;i 20(‘1106‘1) = b1,,0(b1;_20a5) = ag0(b,;_ 20by,)ed.

Finally, b,,0b;; = b, 0 (a;0b,; ) = b,, 0 (a;0( (€,0by_5)) = byy0
0(brj_20(a;0a5)) = by, 0(by;_,08,) = az0 (b1j_20b, ) ed.

We have thus proved that the elements generated by any non-collinear
elements a,, a,, b, of 4 belong to 4. Now we shall prove that 4 containg
exactly k* elements or that all elements of the set 4 are different.

We shall prove first

L. bi,s# a;.

Let us suppose that b;, —=a;. Then a;o0(aj[b,]) = @, @y by
= @i *[a;] or by = af~*~*[af*[a,]] = @, which contradicts the sup-
position b, ¢{a,, ..., a;}.
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L2. For each by, , and for each t there exists an s such that a;ob,
= by nyr-

Let a, — a*[a,0a,], whence a,0a, = a,0a,. Then a;0b,y.
= @50 (A 0by ) = byn0(an0as)= bino(a,0%) = a0 (@, 0byn) = binyr-

L3. Let a,0a; = a,, whence @;00, = A;0ap,. Then a,0b;; = a,¢
o (@;0by5_1) = byj_10(a0a,) = bl,y’—lo(aloap) = @,0(a,0by5_,) = a,0b, ;
= bpjt1-

From L2 and L3 we immediately obtain

L4, For each bi; and byn (j<n) there exists an s such that b;;
- a’i S [a’sObm nl-

Now we shall prove that

(*) For every by; and byn (J<<n) (it is clear that n—j < k—2) we
have b; ;% byn.

Suppose that b;; = by, .. Taking L4 into account we could obtain
a1 a,0bpn] = bun, then a;0bpn = ay~"+=*[b, ] and then bin.n (5]

— by Na,]. The above equation gives a, = bl "N a,]
a"’("""‘”“ -2-91p,, ], which leads to a contradiction (see Ll and L3).

We shall prove also that

(%) by s bj s for i:/:j.

Let us suppose that b, = b; s (i j). We have @;0by s 1 = @;0by g 1,
whence a; = a; which leads to a contradiction.

TFrom L1, (*) and (*#) it immediately results that the set 4 contains

exactly k2 elements.

2. It is easy to prove that
(1) A3-algebras fulfilling the axiom

o(yoz) = zo(yo(zow))

and containing at least 4 elements are A2A3-algeb1'as and
(2) A%-algebras fulfilling the axiom

xo(yor) = 2o (yo(wo(moz)))

and containing at least 6 elements are A, A% -algebras (see [2]).
PropLEM 1. Ts it true that each A"-algebra fulfilling the axiom

zo(yoz) = zo(yo (@ >+ a]))

and containing at least k-1 elements is an A, A% algebra? (P 597)
It is seen from (1), (2) and Theorem 2 of §1 that the answer is in
the affirmative for all A*-algebras for which &k < 7 or for which ¢ (1) = 2.
The author does not know the answer to the following question:
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PROBLEM 2. Is it true that each subset of an A, A*-algebra A
containing s elements which is not generated by any proper subset
generates a subset of A containing exactly %™~ ! elements? (P 598)
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