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ON SYSTEMS OF MAPPINGS BETWEEN MODELS
BY

J. SLOMINSKI (TORUN)

In this paper we consider a general existence theorem for models
concerning a-systems of mappings between models. As a special case
of this theorem we obtain the existence theorems from papers [2, 5, 7,
8, 10]. The main results of this paper were announced in [9].

§ 1. Relations and partial operations. Let 4 be an arbitrary set
and let & be any ordinal number. By a k-ary relation in the set A we under-
stand any subset of the set A" of all sequences (as, £< k) with a;e A for
£ < k. Any mapping of any subset of the set A" into the set A is said
to be a k-ary partial operation wn the set A. If f is a k-ary partial operation
in the set A and it f is defined for a sequence (a;, & < k)eA”, then by
flag, &€ < k) will be denoted the value of f for (ag, E<< k). The k-ary
partial operations in the set A defined on the whole set A" are called
k-ary operations in the set A. Any k-ary partial operation f in the set A
induces in A the (k-+1)-ary relation relf such that

(1) (ag, &€ < k; a)evelf < a = flag, § < k).

The relation rel f = r has the following property:

(2) for each sequence (ag, &< k)eA* there exists at most one element
aeA with (ag, §<<k;a)er.

For every (k4 1)-ary relation r in the set A having property (2)
there exists one and anly one k-ary partial operation f in A such that
r = rel f.

We define the notion of a homomorphism of relations as follows.
Let » and s be two k-ary relations in the sets A and B, respectively.
A mapping h of A into B is called a homomorphism of r into s if it has
the following property :

(3) for all (ag, &< k)eA" the condition (ag, &£ < k)er implies the con-
dition (h(4e), &< k)es.
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A homomorphism h of a k-ary relation r in a set A into a k-ary re-
lation s in a set B is said to be strong, provided for each sequence (a., £
< k)ed®, if (h(ag), & < k)es, then there exists aseA such that h(ai)
= h(ae) for &< k and (ai, £ < k)er.

A mapping h of a set A into a set B is called a (strong) homomor-
phism of a k-ary partial operation f in the set A into a k-ary partial
operation f’ in the set B if h is a (strong) homomorphism of the relation
rel f into the relation rel f'. Let us observe that

(1.1) A mapping h of a set A into a set B is a homomorphism of a k-ary
partial operation f in the set A into a k-ary partial operation f' in the set B
if and only if for each sequence (ag, & << k) e A% af f is defined for (ag, E<< k),
then f" is defined for (h(ag), &£ < k), and if, moreover, we have

(4) h(f(ag, &< k) = f'(h(as), €< k).

Proof. Let h be a homomorphism of f into f’. Then A is a homomor-
phism of the relation rel f into the relation rel f’. Hence if @ = f(a:, £ < k),
then, by (1), (a¢, & < kj; a) erel f, and thus, by (3), (h(as), &<k, h(a))erel f".
Therefore, by (1), h(a) = f'(h(a), &£ < k), i.e. condition (4) is fulfied.
Now let us assume that condition (4) holds. If (a:, &£ < k, a)erel f, then,
by (1), @ = f(as, & < k), and thus, by (4), we have h(a) = f'(h(as), £ <k).
Therefore, by (1), (h(ag), &£ < k; h(a))erel f’, ie. b is a homomorphism
of rel f into rel f* and theorem (1.1) is proved.

The one-to-one homomorphisms arve isomorphisms.

A subset B of a set A is said to be algebraically closed with respect
to a k-ary partial operation [ in the set A, provided for sequences (bs, & << k)
eB”*, if f is defined for (bey &< k), then the value f(be, £ << k) belongs
to B.

We define the direct product of relations in the ordinary way. Let 7'
be any set and let »;, for teT, be any k-ary relation in the set 4;. More-

over, let 4 = P 4, be the Cartesian product of sets A, (i.e. A is the set
ieT

of all mappings z: T — (J A, with y(f)eA, for teT). The direct produc!
teT

of relations r;, where teT", is the k-ary relation » in the set 4 = P 4,
such that teT

(5) (Xey & < K)er if and only if (ye(t), & < k)er, for teT.

The natural projection p; of A onto A; with p;(y) = x(t) for yed
is a homomorphism of the relation » into the relation r; for all {eT'. The
direct sum of the k-ary relations vy in the sets A;, where teT, is defined
as follows. The set of all pairs <, a), where teT and aeA;, which is

called the direct sum of sets Ay, will be denoted by S 4;. The direct sum
teT
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of relations 7y, teT, is the k-ary relation 1’ in the set 4 = S A4, such
that e

(6) (L, agy, E< k)er’ if and only if there exists an element t*eT
with #; = t* for all &<k and with (az, &< k)ersa.

The natural injection i, of A, into A" such that i(e) = {, a) for
aed, is a strong isomorphismn of 7, into »'.

The k-ary partial operation f in the set 4 = P 4, is said to be the
teT

direct produci of the k-ary partial operations f; in the sets Ag, teT, provided
the relation rel f is the direct product of the relations rel f; te1'. The

k-ary partial operation f’ in the set A’ = S A4; is called the direct sum
teT

of k-ary partial opeiations f, in the sels Ay, tel', it the relation rel f"is
the direct sum ot the relations rel f;, te7'. The direct product f and the
direct sum f’ of partial operations f;, fe', always exist and are uniquely
determined by f;, teT.

Now we shall introduce the notions of weak continuity and continuity
of partial operations in topological spaces. Let A be any topological
Hausdorff space and let f be an arbitrary k-ary partial operation in A.
The partial operation f is said to be weakly continuous provided, for every
sequence (ag, & < k)eA”, if f is defined for (a;, & < k) and a = f(ag, § < k),
then for every neighbourhood V of the element a there exists a neigh-
bourhood U of the sequence (ag, & << k) in the product space AF such that
f(U) = V, where f(U) is the set o} all values of f on the sequences belong-
ing to U. Let f be a weakly continuous k-ary partial cperation in the
space A and let B be an algebraically closed subset B of 4 with respect
to f. Then the topological closure B of B may be not algebraically closed
with respect to f. A partial operation f in a topological space A is said
to be continuous if f is weakly continuous and the topological closure
of every algebraically closed subset with respect to f is also algebla,lcally
closed with respect to f. The notion of continuity and weak continuity
for operations are identical.

§ 2. Models and quasi-algebras. Let ¥ and R be two arbitrary sets
of operator and of relation symbols. For each feF and each reR we shall
denote by n(f) and =(r) the ordinal numbers n, and n, for which the
operator symbol f is n,-ary and the relation symbol r is #,-ary. The num-
bers n(f) and n(r) are called the ranks of f and of r, respectively. Any
system

(7) A =<4, fAfeF (ra)reR>

such that A4 is any set and f, is an n(f)-ary partial operation in A foI'
fel and 7, is an n(r)-ary relation in 4 for reR, is called a model of type
(F, R). The models of type (F, @), where @ is an empty set, are said to

























































