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ON PROJECTIVE RESOLUTIONS OF FLAT MODULES
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One of the aims of this paper is the following theorem proved in
Section 1:
If M is a flat right R-module and if

0>K->P,-»P, ,—>... >P>M—>0

is any exact sequence of right R-modules, where P,, P,, ..., P, are pro-
jective, then K is an N,-directed union of N,-generated projective sub-
modules.

Lazard showed this for n = 0 (see [10], Theorem 3.3).

In Section 2 we shall consider the following problem: “When X-
-generated flat modules admit N-generated projective resolutions?”.
We prove that if a ring R has a two-sided nilpotent ideal J such that
the ring R/J can be embedded in a right Noetherian ring or in a right
perfect ring, then any N-generated flat right R-module admits an N-gen-
erated projective resolution.

In Section 3 we apply results of Section 1 and results of Osofsky [11]
to prove that N,-Prp #W,,,-Pr, n = —1,0,1, ..., for some valuation
rings R, where X,- P is the category of all X,-projective right R-modules
(cf. [14]).

Finally, in Section 4 it is shown that if R is a right N, ,-Noetherian
ring which has all N,-generated right ideals projective, then the right
global dimension of R is not greater than n 1.

All rings considered in this paper have identity element, subrings
have the same identity, and all modules are right unitary. r.pdz M denotes
the projective dimension of the right R-module M, | X| denotes the cardi-
nality of the set X, and N_; is the cardinality of finite sets, e.g., | X| <N_,
means that X is a finite set.

Throughout this paper X denotes an infinite cardinal number or
N =N_,.
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1. Main results. We recall that a right R-module M is N-presented
if Ker (F—M) is N-generated for any epimorphism F—>M with X-generated
free module F'.

A basic tool for our considerations is the following

THEOREM 1.1 (Jensen [7], Osofsky [12]). If M 18 an N,-presenied
flat R-module, then

r.pdpM <n+1, n>= —1.

The theorem immediately follows from Theorem 1.3 of [12]. Jensen
proved this for » = 0 (cf. [7], Lemma 2).

We recall that a right E-module M is N-projective (N-flat) if, for any
N-generated (X-presented) right R-module X and for any epimorphism
B—->M, the induced homomorphism

Hompg (X, B) > Hompg(X, M)

is surjective. For characterizations of N-projective and N-flat modules
see [14].
To prove the next proposition we shall need the following
LEMMA 1.2. If M is an NR-generated N_,-projective module, then M is
N-presented.
Proof. Let
0>K—->F—->M—0

be an exact sequence, where K = Ker(F—M) and F is free with a base
I of cardinality not greater than N. Let F, be the free submodule of F
generated by a finite subset % of I. Since M is NX_,-projective, it follows
from Theorem 7 of [14] that there exists a homomorphism w,: F,—»K
such that Imu, > KNnF,. Hence

K = Imu,,
n

where 7 runs over all finite subsets of I. Then K is N-generated and the
proof of the lemma is complete.

COROLLARY 1.3. Let M be an ¥X,-generated right R-module, n > —1.
If M ¢8 N_,-projective, then T.pdgM < n+1.

The corollary immediately follows from the previous lemma and
Theorem 1.1. |

Let A be a submodule of a right R-module B. We say that A is a pure
submodule of B if the induced homomorphism

is injective for any left R-module X (cf. [6]). It is clear that if B is projec-
tive, A is a pure submodule of B if and only if B/A is flat.
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If I is a set, F'(I) will denote the free right R-module with the free
base I.
We are now able to prove

PROPOSITION 1.4. Let N be an infinite cardinal number and let
d, é
o> (1) ——> F(I,_,) >..~>F(I) ——> M0

be an exact sequence with M flat. Moreover, let K, = Kerd,. If N and L
are N-generated submodules of K, and K,, respectively, and if J, < I, ...
ceoyd, © I, are subsets of cardinality not greater tham X, then there exists
an exact sequence

» d.
0 > N*> F(JY) —2 s F(J%_) > o> F (I — s T*50

such that

(a) Jyc Jfc I, df =d;|F(J?) and |JII<N for i =1,2,...,n;

(b) Nc N*c K,, Lc L* < K,, and N*, L* are N-generated;

(c) L* is a pure submodule of F(I,).

Proof. We use induction on =.

n = 0. Let N and L be N-generated submodules of K,. It is sufficient
to show that there exists an N-generated submodule L* of K, such that
NcL* Lc L' and L* is a pure submodule of F(I,). Let L, be the
submodule of K, generated by Nu.L and let y,, te T, |T| <N, be genera-
tors of L,. It follows from Theorem 4 of [14] for X = N_, that, for any
finite subset # of T, there exists a homomorphism w,: F(I,) - K, such
that Imu, is finitely generated and u,(y,) = y, for all te . Let L, be the
submodule of K, generated by (_J Imw,, where  runs over all finite sub-

sets of T'. Clearly, L, is N-gene'ra%ed and, for any finitely generated submo-
dule H of L,, there exists a homomorphism %: F(I,) - L, such that
u(h) = h for he H. Continuing in this way, we get an ascending chain
of N-generated submodules of K,

LycLyc...cL,c...c F(I,)
such that, for any finitely generated submodule H of L,, there exists a ho-

momorphism «: F(I,) - L,,, which is the identity on H. Then, it follows
from Theorem 4 of [14] that the NX-generated module

L‘ = U Ll'
=0

is a pure submodule of F(I,) (2).

(1) This technique is similar to that in [12].
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Now assume n >0 and the proposition holds for » —1. Select a set
J < I, with |J2| <N such that J, = J? and N < F(J%). Then, by the
induction hypothesis, we get an exact sequence

0->H'>FJ)_))—>...>F(J}) > L*—>0

with H° = (d,F(JR))* Ja_i =dp1y...,J? =J7, L° =L* such that
conditions (a)-(c) are satisfied for »—1.

Select a set J} < I, with |J}| <N such that J? = J; and H® c d, F(J}).
Continuing in this way, we get an ascending chain of sets

Jjcdjc...cdjc...cl;, j=1,2,...,n, |Jj|<R,
and an ascending chain of exact sequences
0>H ->FJ2_|))—>...—>F(JY) —>L'—>0

rl N N
Y Yooy
n n n n
v v v v
0—->H:!—>F(J;_,|)—>...>F(J]) > L—0
N N n N
v v v v

satisfying conditions (a)-(c) and such that
d,F(J%) <« H® c d,F(J5t') for all s.

Set
—UF, '=ULF, J=UJ forj=1,2..,n,
and let - = -
N* = Ker (F(J;) —— . — > H").
It is clear that
FJ, )—.—>H*

is an epimorphism. Futhermore, the sequence

d d
0> N*>F(JY 2> F(Js_) >...> F(J}) ——L*>0

is exact and L* is a pure submodule of F(I,) as a union of an ascending
chain of pure submodules L. Since, clearly, N <« N*, L < L* and L'
is N-generated, it remains to show that N* is N-generated.

Since F(I,)/L* is flat, it follows from Corollary 8 of [14] for N =N _,
that

d;
L* and K} = Ker (F(J}) ——F(J;_)), j=1,2,...,n,
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are N_,-projective. But L* and F(J;) are N-generated, and so, by Lem-
ma 1.2, K;, K;,..., K, = N* are also N-generated. Thus the proof is
completed.

THEOREM 1.5. Let

. d d
(*) 0>K->P,—>P, | —>..>P,—>M->0

be an exact sequence with M flat and Py, P,, ..., P, projective. Then K is
an N-directed union of N, -generated projective submodules. In particular,
K 48 N,-projective.

Proof. Adding to (*) sequences of the form

0>P — 5P -0
with P’ projective, we derive an exact sequence
0>K—>F(,) >FI,_,)—>...->FI)—>M->0

with M’ flat.
Let N be an ¥,-generated submodule of K. Then, it follows from
Proposition 1.4, for ¥ =N,,, that there exists an exact sequence

0 >N*->F(J,) >F(J,_\)>..~FJ)—>H-—>0

such that |J;| <N, for 4+ =1,2,...,n, N* and H are N,-generated, and
H is a pure submodule of F(I,). Hence H is a pure submodule of F(J,)
for some J, = I, with |J,| <¥,. Then F(J,)/H is flat and N,-presented,
and thus, by Theorem 1.1,

r.pdpF(J,)/H < n-+1.

Hence N* is pi'ojective and the proof of the theorem is complete.

2. When N-generated flat modules admit N-generated projective
resolutions ?

PROPOSITION 2.1. Any N-generated N_,-projective module admits an
N-generated projective resolution.

The proposition follows from Lemma 1.2 and Corollary 8 of [14].
The class of ¥_,-projective modules is rather big. For instance,

(a) directed unions of projective modules are N_,-projective; in
particular, pure submodules of projective modules and localizations Rg,
whenever S is a multiplicatively closed subset of the ring R consisting
of non-zero-divisors, are N_,-projective;

(b) if R is a subring of a semi-fir ring @ (i.e., @ is a domain with the
invariant basis number property for which any finitely generated right
ideal is free), then it follows from Theorem 2B of [8] and from Theorem 1.2
of [15], for X =N_,, that any flat right R-module is N_,-projective;
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(e) if R is a subring of a right Noetherian ring or of a right perfect
ring, then any flat right R-module is N_,-projective (cf. [15]).
THEOREM 2.2. If M is an N-generated flat right R-module and there
18 satisfied at least one of the conditions
(i) R is a subring of a ring S and MRS admits an NR-generated
S-projective resolution,
(li) there exists a two-sided milpotent ideal J in R such that MQgzR/[J
admits an N-generated R|[J-projective resolution,
then M admits an N-generated projective resolution.
Proof. We have a short exact sequence

O—>K——-‘—->F—>M—->0,

where F is free and X-generated. By Corollary 8 of [14], K is N_,-projective
and thus, in virtue of Proposition 2.1, it is sufficient to prove that K is
N-generated.

Suppose that condition (i) is satisfied. Since Torf(M, S) = 0 and K
is flat, we derive the exact sequences

and
0K 1 K®8,

where j is defined by j(k) = k®1. Since F®pz8 is an N-generated free
S8-module, K®5S is N-generated because M®zS is N-presented by (i). Let
{kp®1}pers III < N, kye K, be a set of generators of the §-module K®zS
and let T be the set of all finite subsets of I. It follows from Theorem 4d
of [14] that, for any te T, there exists a homomorphism %,: F—K such
that wi(k,) =k, for all pet, and Imu, is finitely generated. Then, it
is sufficient to show that K is generated by U Imu, because |T'|<N.
Let ke K. If b

jk) = D ky®8p; 8¢ 8, te T,

pet

then, in view of the equality ju,i = (%,4®1)j, we have

jui(k) = D) wi(k)®8,= j(k),
pet
whence %;i(k) = k because j is a monomorphism. Hence ke Imu; and the
proof of the theorem is complete in case (i). In case (ii) the theorem is
a consequence of the following
LEMMA 2.3. Let J be a two-sided nilpotent ideal in the ring R and let
M be a right R-module. Then
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(a) if the right R[J-module M | MJ i3 X-generated, then M is R-generated;

(b) if M i3 flat and M |MJ i3 an N-presented R|J-module, then M
18 N-presented.

Proof. If {my+MdJ};.p, mye M, |T| < R, is a set of generators of the
right R/J-module M |MJ and if N is the R-submodule of M generated by
the elements m,, te T, then

M=N+MJ =N+MJ?=...=N

because J is nilpotent. Therefore (a) follows.
If M/MJ is NX-presented R/J-module, then M is N-generated by (a),
and thus there exists an exact sequence

0>K—>F—->M->0,

where F is free and N-generated. Since TorEF(M, R/J) = 0, we derive

the exact sequence
0->K/KJ—>F|FJ—>M|MJ—~0,

where K/KJ is X-generated. By (a), K is X-generated and the proof is
completed.

COROLLARY 2.4. Let J be a two-sided nilpotent ideal in the ring R.
If the ring R|J can be embedded in a right Noetherian ring or in a right
perfect ring or in a semi-fir, then

(a) any N-generated flat R-module admits an N-gemerated projective
resolution ;

(b) r.pdgM < n+1 for any N,-generated flat R-module M.

Proof. In view of the remark following Proposition 2.1, (a) is a con-
sequence of Proposition 2.1 and of Theorem 2.2, and (b) follows from (a)
and from Corollary 1.3.

3. X, -projective modules. Consider the sequence of categories

FIRDN—I-PR:NO-‘PR O ... DNn-PRD cee D.PR,

where Flp, N, - P and Py denote the categories of all flat, X,-projective and
projective right R-modules, respectively.

It follows from [3] that Flp = Py iff R is a right perfect ring. By
the remark following Proposition 2.1, Flp, = N_,-Pg whenever the ring R
can be embedded in a right Noetherian ring, or in a right perfect ring,
or in a semi-fir. In this section we give examples of rings such that X, -Pp
#Npyp1-Pg for n > —1.

We start with the following

ProposITION 3.1. If Flp =N_,-Pg, then R has no infinite set of
orthogonal idempotents.

Proof. Let X be a set of orthogonal idempotents of R. If I is the ideal
generated by X, then R/I¢ Fl, = N_,- Py and, therefore, R/I is projective.
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It then follows that X is finite and the proof of the proposition is complete.

PROPOSITION 3.2. If R is a von Neumann regular ring, then

(1) any countably generated NX_,-projective R-module is projective,

(ii) N_;Pp = N,-Ppg.

Proof. Let M be a countably generated X _,-projective right B-module.
Then M can be written as an ascending union of finitely generated
submodules M, ¢« M, « M, < ... By the ¥_,-projectivity of M, M; can be
embedded in a free module and, therefore, it is projective (see [56], Chap-
ter I, Proposition 6.2). Thus the flat modules M, ,/M; are finitely present-
ed and, hence, projective by [10]. It then follows that

M~p M;,|M,
1=0

is projective and (i) is proved. (ii) follows from (i) and from the fact that
any N_,-projective module is an N,-directed union of countably generated
N_,;-projective submodules (see Theorem 9 of [14]).

THEOREM 3.3. Let R be a valuation ring such that, for everyn = 0,1, ...,
there exists an ideal I™ which is generated by N, ., but not by a fewer number
of elements (cf. [11]). Then N,-Pp #N,.,-Pg for n> —1.

Proof. Observe that I" is NX_,-projective as a directed union of fini-
tely generated (so free) ideals, but, in view of Theorem A of [12], I" is
not projective. Then, in virtue of Corollary 3a of [14], I"' is not N,-pro-
jective, and thus the theorem follows for n = —1.

Now let n > 0. By Proposition 2.1, there exists an exact sequence

0>K—>F,—»...»>F—~>I">0,

where F, ..., F, are free and K is N, ,-generated.

Since pdpI™ = n+2 by Theorem A of [11], K is not projective and,
therefore, using Corollary 3a of [14], we conclude that K is not N, ;-
-projective. On the other hand, it follows from Theorem 1.5 that K is
N,-projective. Thus the proof of the theorem is complete.

Remark. Using results of Balcerzyk [2] and Pierce [13], one can
also prove that N,- P # N, ,,-Pg for n > 0 provided R is the free Boolean
ring on X, generators or B = K(T) is the group ring, where T is a direct
sum of finite eyclic groups, |T| = N,,, and K is a field such that mK = K
whenever m is the order of an element in 7.

Example. Let B be the complete direct product of ¥,,, copies
of the field Z, and let I be the ideal in R generated by elements
e, = {€h}icwy, ) 1< @, defined by

. 0 for =1,
e, =
? 1 for i< .
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Since I cannot be generated by less than N,,, elements, using the
well-known Kaplansky’s argument, one can prove that I is not projective;
so I is not N, ,-projective by Corollary 3 of [14]. Observe also that I is
N,-projective as the ¥ -directed union of the projective ideals Re,, n < w,, ;.
Then we have N,-Pp #N,.,-Pr. Moreover, N,-Flp #N,-Pr. In fact,
by Theorem 4 of [14], the module R/I = LimE/Re, is N,-flat but it is

not N,-projective because I cannot be generated by less than N, , elements.

4. On the global dimension of N -hereditary rings. A ring R is called
right N-hereditary if every N-generated right ideal in R is projective
(cf. [4]). Examples of N,-hereditary rings are regular rings in the sense of
von Neumann (ef. [9]).

A right R-module M is called N-injective if, for any X-generated right
ideal I <« R, the induced homomorphism Hompg(R, M) —>Homg(I, M)
is surjective.

Using the same type of arguments as in the proof of Theorem 5.4,
Chapter I in [5], one can prove the following

THEOREM 4.1. For any ring R, the following conditions are equivalent:

(i) R is right N-hereditary;

(ii) any N-generated submodule of a right projective R-module is pro-
Jective;

(iii) any factor-module of a right injective R-module is N-imjective.

COROLLARY 4.2. Let R be a right N-hereditary ring. Then

(i) a right R-module M is NX-projective if and only if M is an NR-directed
union of its N-generated projective submodules;

(i) @ submodule of an N-projective module is N-projective.

The proof is immediate from the definition and Theorem 4.1.

We are now able to prove

PROPOSITION 4.3. Let R be a right N,-hereditary ring and let n> 0
be an integer. If M is a right N,-projective R-module generated by N, ,
elements, then r.pdpM < n.

Proof. We use induction on n. It is clear that the proposition holds
for » = 0. Suppose »>1 and let m,;, & < w,.,, be generators of M.
I M,, < w,.n, i8 a submodule of M generated by all elements m,,
& <7, then, by Corollary 4.2, (U M,) is N,-projective for any = < wsyn
and, therefore, m<*

r.pdp (U M,)<n-1

n<7v

by the induction hypothesis. Hence
r.pdg (M, U M,)<n for all v < w,,,

n<Tt
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and it follows from Proposition 3 of [1] that r.pdz M < n. Thus the propo-
sition follows.

COROLLARY 4.4. If R is a right X,-hereditary and right N, ,- Noetherian
ring, then r.gl.dimR < n+1.

Proof. By Corollary 4.2, every right ideal I of R is N, -projective.
It then follows from Proposition 4.3 that r.pdpl < n. Hence r.pdp(R/I)
< n+1, and thus the corollary follows from [1].

For a = —1 the corollary follows from [12].
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