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THE INDECOMPOSABILITY OF H*(G/B, L)

BY

WALTER LAWRENCE GRIFFITH, Jr. (ST. LOUIS, MISSOURI)

Since Bott proved the fundamental theorem concerning the repre-
sentation theory of the semi-simple linear algebraic groups G on the coho-
mology spaces of line bundles on the associated flag variety G/B over
the complex numbers, a search for a similar result over an algebraically
closed field of positive characteristic has been made. The main result of
this paper* is the indecomposability of HY(G /B, L) for appropriate L
and q.

Bott’s result [3] essentially is in two parts: a vanishing theorem
which states that, for a given L, H?(L) # (0) for at most one ¢, and a result
showing that the representation of G on this H?(L) is equivalent to one
on H°(L’) for an explicitly specified L’, hence it is irreducible. The first
part is false in characteristic p ([6], [7]), although for line bundles in the
dominant Weyl chamber it remains true ([1], [8], [9]). The equivalence
of representations and the irreducibility fail badly in characteristic p;
the purpose of this paper is to show indecomposability remains.

Unless otherwise specified, throughout this paper K will denote an
algebraically closed field of characteristic p > 0. For other notation see
the following definition:

Definition 1. B will denote a Borel subgroup of @G, P a parabolic
subgroup, L a line bundle on G/B, and H?(L) its ¢-th cohomology vector
space in the sense of Grothendieck.

Choose some P containing B. There is a locally trivial fibration
tp: G/B — @[P with fibers isomorphic to P/B.

Fix L. L is characterized up to isomorphism by its degrees (see [1])
%1y «evy t,_1. It may be assumed that none of the degrees is —1, else H?(L)
= (0) (see [9]). Consider the set of roots corresponding to the negative
degrees. This set determines a parabolic subgroup containing B. Call
it Py, and call the corresponding fibration ¢;. Let s = dimP,[B.

* Partially supported by NSF Grant #}MCS 76-09157.
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THEOREM 1. The natural action of G on H*(G[B, L) is indecomposable
if R°ty.(L) 18 generated by its global sections.

CoroLLARY. HY(@/B, L) is indecomposable for any L if ¢ =0,1,
dimG/B -1, or dimG/B.

First we prove two lemmas.

LemMmaA 1. (i) HY(L) = (0) of g <s.

(ii) There exists a P-equivariant map y,: H*(L) — H°(L,), where f is
a fiber of g, stabilized by P, (a conjugate of Py).

Proof. (i) Note that Py, is itself a semi-simple linear algebraic group.
Hence H?(P./B, M) = (0) if ¢ > 0 for line bundles M with non-negative
degrees (by [1] and [8]). By duality, R%..(L) = (0) if ¢ < 8. (i) now fol-
lows from the Leray spectral sequence.

(ii)) There is8 a P,equivariant map R°#.(L) — R°%;.(L), obtained
by restriction, hence there is such a map on the global sections. By the
first part of the proof, H*(L) (respectively, H°(L,)) is H°(R*tg.(L)) (re-
spectively, H°(R*tg.(L;))).

LEMMA 2. H°(P./B, L) (or H*(Pyg/B, L)) is indecomposable as a Pr-
module. H°(Pr/B, L) contains a unique B-invariant line.

Proof. If L has non-negative degrees, then H°(G@/B, L) and
H*(G/B, L) (s = dim@/B) are indecomposable for any connected semi-
simple linear algebraic group ([1], [6]). The second statement also fol-
lows from [1] and [5].

Note that there is a non-canonical isomorphism of H®(Pg/B, L) with
H*(L,), since f is non-canonically isomorphic to Pr/B. Also note that
since R°fr.(L) is generated by its global sections, y, is surjective.

Proof of Theorem 1. Suppose M,®M, = HY(L) is a non-trivial
decomposition. For any fiber f, y,(M,)ny,(M;) must be non-zero, hence
must contain a Pj-irreducible submodule.

There are only finitely many such submodules. To see this, note
that since L, is a coherent sheaf, H?(L,) is a finite-dimensional vector
space on K. Hence there can be only a finite number of possible highest
weights (with multiplicity), and so only a finite number of P,-irreducible
submodules. Since the P,-submodules are all conjugates of the Pr-sub-
modules of H?(Lg) (where F is the fiber stabilized by Pp), for a Zariski
dense set X of fibers f the intersection y,(M,)ny,(M,) contains the conju-
gates of a single Py-irreducible submodule A.

There is a @G-irreducible submodule of H?(L) contained in the inverse
image of A under any y,. We have H?(L) = H°(R%j, (L)) by the proof
of Lemma 1 and the Leray spectral sequence. By Serre duality,

R (L) @ige (L~ @ 2) - Ogyp
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i8 a perfect pairing, where Q is the sheaf of differentials on G/B relative
to t;,. Hence

HG(L) o2 HomoG,P(tLa(L—l X Q), OG/P) .
Similarly,

Hq(Lf) [a—4 Homo (tL. (L_l ® Q)”, OG/P.II)’
G/P,y

where y € G/P is the point under the fiber f. A is the annihilator of the
stalk of a homogeneous subsheaf M of ?;.(L™'® Q); let B = H?(L) be
the annihilator of that subsheaf.

To show B # (0), note that it suffices to show the annihilator of
M in HomoG/P(t.(L‘1® Q), Ogp) is generated by its global sections (B),
since it has a non-zero stalk at y. Call this annihilator N. A sheaf S on
G /[P is generated by its global sections iff it is the quotient of a free sheaf
([12], p. 121):

0 >K— @®O0gp 580,
where o is given by global sections. Let
S = HomoG,P(t.(L“@) 2), Ogp).

Then N = T/[(KnT) for some subsheaf T of @O4p. If T is free,
then B # (0). Suppose T is not free. Then S/N =~ ®Ogq;p/T is a sheaf
whose rank is non-constant on G/P. G acts on the homogeneous sheaves
S and N and @ acts transitively on G/P, so this is impossible. Hence
B # (0).

Let C be a G-irreducible submodule of B. For any f, y,(C) € y,(M,)n
Ny (M,) by construction, hence C = M,+ I, and C < M,+ I, for any f
in X, where I, is the subspace of global sections of R%t;,(L) vanishing
on f. Hence

Ce M+ I,=M,
fex
(since X is dense) and, similarly, C < M,. Hence C = M,nM,, which is
a contradiction. This proves Theorem 1.

Proof of the Corollary. First assume ¢ = 0. By the theorem
cited in the proof of Lemma 1 (i), P, must be B. Hence s = 0 and
H?*(P./B, L) = K. Therefore, any submodule is indecomposable, in par-
ticular the image of y,. 8o the proof goes through as above. (This result
is well known, see [1].)

If ¢ =1, then P, /B must have dimension 1 by Lemma 1 (ii). (If it
had dimension 0, then H'(L) = 0 by the theorem cited above.) It is known
in this case that H'(PL/B, L) must have a unique irreducible submodule.



62 . W. L. GRIFFITH, JR. -

(The author does not know of a good reference for this, although the result
follows from Section XXI of [11]. P./B is isomorphic to SL(2)/B =~ P!
in this case. H°(L) is the homogeneous polynomials of degree d = deg(L|,)
in two variables X and Y. The maximal submodule is generated by all
monomials X* Y4—* guch that p°+d!/k!(d—k)!, where e¢ is the largest
integer such that p°|d!/k,!(d—Fk,)! for some %k, [11]. Use Serre duality.)
This clearly implies that any submodule (including the image of y;) is
indecomposable, so again the proof previously given works. H. H. Andersen
has recently obtained this result by different means.

For ¢ = dim@/B—1, dimG/B the Corollary follows by Serre duality.

In the theory of H*(G/B, L) in characteristic 0, it is true that one
obtains an isomorphic copy of any irreducible G-module by choosing L
suitably. It is natural to ask whether in characteristic p one can obtain
an isomorphic copy of any given indecomposable G-module by taking
a submodule of H*(@/B, L) for a suitable L. Unfortunately, the answer
is negative and an example follows.

Let char(K) = 2. SL(2) acts on K[X,, X,, X3, X,] by

X, 0 X;+a,, X,
(au am) X, _ A X1+ a5 X,
Qg1 ] | X anXst+a,p X,
X, Ay X3+ a5 X,

Consider the homogeneous polynomials of degree 2. They form
a module which is the direct sum of three indecomposable submodules,
one of which is generated by X,X;, X, X,, X,X,, and X,X,. Let this
module be M.

The weights of M are 2w, 0 (with multiplicity 2), and —2w, where
w is the fundamental weight. Since H®(SL(2)/B, L) and H'(S8L(2)/B, L)
have no weights of multiplicity greater than one, M cannot be a sub-
module (see [4] or note that SL(2)/B = P!, so H°(L) = Sym%®*L(X,, X,)
and X*XJ~* has weight (j—2k)w). (This reasoning fails in character-
istic 0 because M is no longer indecomposable: it splits as the direct
sum of modules generated by X,X;, X,X,+X,X;, X, X,, and X, X,—
—X,X;.)

If indecomposability is replaced by irreducibility, then the answer
to the question is affirmative and easily proved:

THEOREM 2. Suppose M is an irreducible G-module. Then M is iso-
morphic to a submodule of H°(G/B, L) for a suitable L.

Proof. Suppose M is infinitesimally irreducible. Hence its highest
weight is of the form Y'a;w;, 0 < a; < p—1 (see [2]). Hence if L is chosen
to have degrees a,, ..., a,_,, then H(L) contains an irreducible submod-
ule which is isomorphic to M, since all degrees are less than p. Theorem 2
now follows from the Steinberg tensor product theorem [10].
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