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Let f: X—Y be a continuous map.

A map f is said to be elementary if X is a metric space with metric
o and, for every two different points z, y e X with f(x) = f(y), there exists
a positive number a such that o(x,y) > a (see [1], p. 84).

By an order of f we mean the number sup card f~'(y).
ye¥Y

We say that f is simple if its order is less than or equal to 2 (see
[1], p. 84).

A map f is said to be k-to-one if card f~'(y) = k for every yef(X).

A map fis called a covering projection if each point z¢Y has an open
neighborhood U such that f~!(U) is the disjoint union of open subsets
of X each of which is mapped by f homeomorphically onto U (we say
that U is evenly covered by f; see [3], p. 62).

A topological m-manifold (without the boundary) is a paracompact
Hausdorff space in which each point has an open neighborhood (called
a coordinate neighborhood in the manifold) homeomorphic to R™. )

In paper [1] the authors have raised the following problem (Prob-
lem 3, p. 92):

Is it true that every elementary map with a compact domain is
a superposition of a finite number of elementary simple maps?

The answer to this question is negative. Moreover, there exist ele-
mentary maps of arbitrary large finite order which are not a superposition
of elementary maps of order less than their order.

THEOREM 1. Let M and N be compact, non-empty and connected n-mans -
folds. Then f: M—N is an elementary map iff it is a covering projection.

Proof. Necessity. Let a be a positive number such that z,ye M,
x #y, and f(zx) = f(y) imply o(x,y) > a. For every we M, let W, be
a coordinate neighborhood of # contained in K (z, 4a). Since f| K (z, }a)
is an injective map, W, is mapped by f|W, homeomorphically onto
J(W,). It follows from Theorem 6-54 of [2] that f(W,) is an open subset
of N. Hence f(M) is an open-closed subset of N, and so, in view of the
connectedness of N, it must be f(M) = N.
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Let yeN. The set f~'(y) is compact and every ¥wo different points
belonging to f~'(y) have the distance greater than }a. Hence f~'(y) is
finite. Since f(W,) is an open neighborhood of y for every z<f~'(y), and
yeif(M— U W,), the set

zef—Yy)
U= N f(W)—f(M— U W,
zef~ 1) zef~l(w)
is an open neighborhood of y. By the equality f(4 nf~!(B)) = f(4)N B,
we have

fFFHO N M- U W) =TUnflM— U W,)=0.

zef=Y(y) zef 1)
Hence
f“(U)n(M— U W3)=G and [fY(U)< U Ww,.
zef~Y(y) zes=1(v)
Thus
/U0 = U W,nfY(0),
zef—(y)

fWanfH0) =f(W) AT =T for oef(y),
W, nW,=@ for « #2, ,2z¢f " (y),

and f| W, is a homeomorphism. Hence U is evenly covered by f, and
f is a covering projection.

Sufficiency. It follows from Lemma 2.1.8 of [3] that every cov-
ering projection is a local homeomorphism. Let us consider an open

covering
P={UcM: U=IntU and f|U is an injective map}

of M. Let a be a Lebesgue number of the covering P-([2], Theorem 1-32).
If o(x,y)< a, then there exists a UeP containing x and y. Thus
J(®) # f(y) and, for every z,te M with f(2) = f(t), 2 # t, it follows that
o(2,t) > a. Hence f is an elementary map.

THEOREM 2. Let M and N be compact, non-empty and connected n-mani-
folds. If f: M—>X and g: X—>N are elementary maps and f(M) = X, then
X i8 an n-manifold.

Proof. Let a and b be numbers such that x,ye M, v # y and
f(®) = f(y) imply oxp(x,y) >a, and z,teX, 2 =t and g(2) = g(¢) imply
ox(2,t) > b (o) and gx are metrics on M and X, respectively). Let ¢ < a
be a Lebesgue number of the covering {fT'[K(z,$b)]): zeX}. If & £y,
@, ye M and gy (x,y)<c,then there exists a ze X with z, yef~(K (2, 1b)).
Since g (2, y) < o< a, we have f(z) #f(y), f(a), f(y)<K(z, }b). Thus

f@) #1(y), ex(f(@),f(y)) < b and gf(a) # gf(y). Hence gf is an elemen-
tary map. By Theorem 1, gf is a covering projection. Every covering
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projection is an open map. Thus gf(f~*(U)) = ¢g(U) is an open set for
every open set U < X. Hence g is an open map. Since g is an elementary
map, for every xeX, there exists an open neighborhood U, such that
g| U, is an injection. This implies that ¢g| U, is a homeomorphism onto
the n-manifold g(U,). Hence X is an n-manifold.

Now consider maps f,: 8'—8' defined by f,(z) = 2". These maps are
covering projections (see [3], p. 62) and, by virtue of Theorem 1, they
are elementary maps. Suppose

fe =g0...0g9, for some k,

where ¢,: 8'—>X,, go: X;—>X4,..., g;: X;_,—S"' are elementary maps.
We can assume that g; (X;_,) = X, for 1 < ¢ < l. For arbitrary 1 <i <,
we have

gi0...0¢:: 8'—>X,,  g0...0¢;,: X8, gio...09(8) = X,,

and ¢,0...0¢y, §;0...06;,,; are elementary maps. It follows from
Theorems 1 and 2 that X, are 1-manifolds and g¢,’s are covering projections.
Since spaces X; are connected, there exists, for every 1 < ¢ <!, the number
p; such that g; is a p;-to-one map (see [3], 2.2.3 and 2.3.8). Then k =
= p;... P1, and maps f,, where p is a prime number, are not superpo-
sitions of elementary maps of order less than p.
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