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GENERALIZATIONS OF ASCOLI’S THEOREMS

BY

PAWEL ROLICZ (S8ZCZECIN)

This paper contains the generalizations of the Ascoli theorems.

In [4] A. K. Steiner and E. F. Steiner have introduced the concept
of semi-uniformities. A semi-uniform space consists of a pair (Y, C), where Y
is a set and C is a family of coverings of Y, satisfying the following con-
ditions:

(i) If 7 C, then there exists 7'¢ C such that, for every I'e 7', there
are Ter and z'’¢ C with the property st(7”, ") < T.

(ii) If 7, v'e C, then there exists t'’e¢ C such that 7'’ refines both v
and 7'.

(iii) If 7’ C refines a covering 7, then ze C.
(iv) For distinct points @, ¥y Y, there exists re C such that y ¢ st (=, 7).

The family O is called & semi-uniformity on Y. Members of C are
said to be semi-uniform coverings.

Each semi-uniformity C on Y determines a topology 7(C) on Y as
follows: Ue z(C) iff, for each ye U, there is & ve C such that st(y, t) =« U.

For every semi-uniformity C, (Y, 1(0')) is a Ty-space. Each semi-
-uniform covering in ¢ has a semi-uniform refinement open in z(C).

Throughout, C denotes a semi-uniformity on Y and the space (¥, 1(0))
is denoted by Y. Moreover, we assume the following notation:

st (y, 7) = st(y, ), stt*+D (¥, 7) =58t (St(“)(?/, 7), T)'
If yeY and te C, then there exists v'¢ C such that
st(y, ') < st(y, 7).

Consequently, for each ye¢Y, rve(C and positive integers =, there
exists 7'¢ C such that

st™(y, v') < st(y, 7).
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LeMMA 1. Let Z be a compact subset of a space Y.

(a) If Uyy..., Uy are open in Y and Z < U,V...VU,, then there
exists ve C such thal

st™(y, ) =« U{U;: ye U} for every yeZ.
(b) For every te C there exists tv'e C such that
st™(y, v') = st(y,v) for every yeZ.

Proof. For every yeZ there exists v e C such that

st™*(y, 7)) « N{U;: ye Uy
Since Z is compact,

Z = U{st(yy, 7,): 1<j<Y.
There is e C which refines Ty for each j. Let yeZ. There is i<l

such that ye st(y;, r,,j). Thus

s6(y, 7) < st®(g;, 7,)
and, consequently,
st(y, 7) = st (y;, 7,) = U{U;: ye Uy
Since each 7e¢ C has an open semi-uniform refinement, (b) follows
directly from (a).
Let X be a topological space. The set of all continuous functions
from X to Y will be denoted by YX. Let K be a family of subsets of X

directed with respect to inclusion (i.e., for every Z,, Z,¢ K, there exists
Zse K such that Z,UZ, c Z;). We introduce the following symbols:

By (f,7) = {geYX: g(x)est(f(x), 7) for every zeZ},
21Z = {By(f, v): feX¥X}, O|K ={¢|Z: 1v¢C,ZcK}.

The family O]K determines a topology r(O’lK) on Y% as follows:

Fe r(CIK) iff, for each fe F, there is a -r]ZeGlK such that st(f, t|Z) < F.
Throughout, K denotes the collection of all compact subsets of X,
and the space X is assumed to be T,.

The space ( Yx, r((:‘lK)) is a T;-space (see Theorem 1 below).
Example. Let X denote the real numbers with the usual topology,

let Y be the real numbers, and let U;(n) be the open interval of length
1—27" with the center ¢. Let

7, = U {U;(n): » =1,2,...}u{all open intervals of length 2“}.
j=1

The family {z;} is a base for a semi-uniformity C on Y. We say that t’
locally star-refines v in C if condition (i) is satisfied. Suppose that 7,|Z,
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locally star-refines 7,|Z, in O|K, where Z, — {m}. Let
T, = By, (f1) tx)e TklZ;, where fie Y%, fi(x) =k for every weX.
Observe that
(x)  gest(Ty, TlZ)

< x N hy(zp)e St(fl(wk)7 Tk) and A hy(2), g(@y)e st(h(w,), “'1)'
hh e Y= z36Z; T16Z]

If feY* and f(m) <k, then g,¢ Bz (f, 7,); where g,(z) = k-4 for
every zeX. Let h, h,e Y¥, h(z) = h,(z) = k+3+—27""2 for each zeX.
It follows from () that g,e st(Ty, 7;|Z;). Similarly, if f,(m) > k, then

924 Bz, (fr7tm) and  goest(Ty, 11Z),
where g,(x) = k— 4 for every zeX.

This is & contradiction with the assumption. Hence (:‘IK is not a base
for any semi-uniformity on YZX.

THEOREM 1. The natural topology on YX and v(C|K) are identical.

Proof. Let D denote the natural topology on Y%, Let Ze K, let U
be any open set in Y and

feP(Z,U), where P(Z,U) = {fe¥YX: f[Z] < U}.

By Lemma 1, there exists ve C such that st®(f(x), ) = U for every
xe Z. Thus

st(f,71Z2) < P(Z,U) and P(Z, U)ez(C|K)
which proves that D c r(f)IK).

We need to show that 7(C|K) c D. Let Z¢ K, 1< C and fe YX. By
Lemma 1, there exists z’ such that

st® (f(@), v') = st (f(z), ) for every zeZ.

Since Z is compact,

f1Z1 = U{st(f(=), ') 1 <i< k}.
Let

Z; = Zof M d st(f(z), )], U; = Int st (f(z), 7).
Since el st(f(x;), v') = st®(f(2), v),
st(y, ') = stO(f(2)), v’) for every ye ol st(f(z), 7).
Thus
el st(f(2;), v') = Int st®(f(w;), ') and feP(Z;, U,
for 1 =1,2,...,k.



216 P. ROLICZ

Let ge P(Z;, U,;) for ¢« =1, 2, ..., k. For every xe Z there exists 1 < %
such that ze Z; and, therefore,

g(@)est?(f(2), ) and  fla)estD(f(z), 7).

Thus g(»)est®(f(2), v') = st(f(#),7) for zeZ, in other words,
ge B;(f, ). Hence

(1) fe N{P(Z, U): 1<i<k} < By(f, 1) < st(f, £12)

which proves that r(é’lK) < D.
By Theorem 1 and (1) we have the following

COROLLARY. A family F < YX is open in the natural topology on Y=<
iff, for every fe F, there exist Ze¢ K and te C such that By(f,t) = F.

Functions of a family F c ¥YX will be called equally continuous
if, for each ze¢X and 7 O, there exists an open neighborhood G >« such
that f[G] < st(f(x), 7) for every fe F.

LEMMA 2. Let X be a locally compact space. If a collection F « YX
fs compact in the space YX with the natural topology, then functions of the
iamily F are equally continuous.

Proof. Let <X and 7< C. For every fe F there exist v,e C and Tye
such that st(f(x), r,) < T,. Since X is locally compact, for every fe F
there exists an open neighborhood G,>z such that cl@, is compact and
flel@;] = U;, where U, = Intst(f(z), 7). The family F is compact.
Thus

F < U{P(clGy;, Uy): 1< i < k.

Let G = M{Gy,: 1 <i< k}. For every fe F there exists 4 < k such
that fe P(clGy, Uy). If 2'<@G, then we have f(2'), f(z)e U;, that is
f(@), f(x)e st (fi(x), 7). Consequently, f(z'), f(#)< Ty, and f(z')e st (f(x), 7).

LEMMA 3. If functions of a family F < YX are equally continuous,

then the natural topology and the topology of point convergence in F are
identical.

Proof. Since the natural topology is finer than the topology of
point convergence, it suffices to show that, for each Z¢ K, v< C and g¢ F,
there exist z,, x,, ..., v, X and open sets U,, U,, ..., U, =« Y such that

ge Fn N {P({a}, U): 1< i<k} c st(g, 7|2).
By Lemma 1, there is 7’¢ C such that
st (g(2), v') = st (g(2), v) for every zeZ.

Since functions of F are equally continuous, for every xe¢Z there
exists an open neighborhood G, >z such that '

flG.] = st(f(»), =) for each feF.
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Since Z is compact, Z = U{G,:1 < ¢ < k}.
Write U; = Int st (g (), v'). If
feFﬁﬂ{P({w,-}, U‘i): 1<i<k} asnd wEZ’
then ze @, for some ¢ <k and
f@est(f(@),7), fl@)est(g(@), ), g(@)est(g), ).
Thus f(«) e st¥ (g (), 7') = st(g(@), 7} and, consequently, fest(g, 7 |Z),
which completes the proof.

Let IT = P Y., where ¥, = Y for every z¢X, and let p, denote the
zeX

projection p,: II - Y.
LEMMA 4. If functions of a family F < YX are equally continuous
and p,[F] is compact in Y for every zeX, then clpF YX, functions of

the collection cl;F are equally continuous, and clpF is compact both in IT
and in the natural topology on YZX,

Proof. Let xeX and ve (. Since each semi-uniform covering has
a closed semi-uniform refinement and an open semi-uniform refinement [4],
there exists an open covering 7’e¢ C such that {clT': T'e '} refines v.
Since p,[F'] is compact, ‘
P [Flc {Tiet': 1 <i< k).
By Lemma 1, there is a "¢ C such that
st(y,7”) c U{T;: yeT;} for each yep,[F].

Functions of the family F are equally continuous: thus the point
xeX has an open neighborhood G, (r) such that

flG.(r)] = st(f(z),v"’) for every feF.
Let V,(z) = U{clT;x clT;: 1 <i<k}. The set

F,(v) = {fell: (f(2), f(#'))eV,(z) for every a'cG,(v)}
= N{{F<IT: (f(2), f(@)e Vo(0)}: o' € G, (v)}
is closed in 1. Thus the set F* = (M{F (r): veX, e C} is also closed in IT.
Since F' = F* = YX and functions of F* are equally continuous, cl ;F < Y%
and functions of cl,;F are equally continuous.
The set p,[F] is closed in Y; thus p,[cl;F] = p,[F]. Therefore,
el P P p.[F]

reX
and, consequently, cl;F is compact in II. It follows from Lemma 3 that
¢l F is compact in the natural topology on YZX.

THEOREM 2. Let X be a locally compact space. A closed subspace F of
the space YX with the natural topology is compact iff the following holds:

Ed
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(a) functions of the family F are equally continuous,
(b) the set p, [F] is compact in Y for every xeX.

Proof. The necessity follows from Lemma 2. It remains to prove
the sufficiency. It follows from (a), (b) and Lemma 4 that the family
cl;F = Y% is compact both in I7 and in the space Y* with the natural
topology. By Lemma 3, since F is closed in the natural topology on Y%,
F =cl,F.

Let F|Z = {f|Z: fe F}, where f|Z is the restriction of f to Z.

Similarly to Theorem 8.2.5 of [1] it is possible to prove the following
theorem:

THEOREM 3. Leét X be a k-space. A closed subspace F of the space YX
with the natural topology is compaoct iff the following holds:

(a) functions of the family F\Z are equally continuous for every Ze K,

(b) the set p,[F] is compact in Y for every xeX.

Poppe [2] has introduced a generalization of a uniform space similar
to that of a semi-uniform space. He proves Theorem 2 provided that X
is & compact space. Rinow [3] also examines a generalization of a uniform
space.
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