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A REEMARK ON EXPANDING MAPPINGS
BY

K. KRZYZEWSKI (WARSZAWA)

It is known that for any expanding mappings of class C" (r > 2) of
a compact, connected differentiable manifold there exists an invariant
normalized measure of class 0"~ [2]. In this note we shall prove that the
assumption on r is essential.

In the sequel the following notation and terminology will be used:

M — a compact, connected differentiable manifold of class C%;

I — a Riemannian metric of class C* on M;

¢ — the natural distance induced by |-||;

B — the family of all Borel subsets of M;

M° — the set of all normalized measures of class C° on M, i.e., of
all normalized Borel measures v on M such that for each chart (U, a) in
M there exists a positive continuous function g,, on a(U) such that

v(4) = fg,,a(m)dm for A c U, A e B;
a(4)

4 — an element of IN’;

E' — the set of all expanding mappings of class C' of M with the
topology induced by the ('-topology on C'(M, M), i.e., of all mappings
¢: M —~ M of class 0" for which there exist a > 0 and b > 1 such that

I (de™) (a)l = ad™[lall for a e T(M) and n € N;

degp — the degree of ¢ € E', i.e., cardp~!(x) independent of choice
of x € M, since ¢ is a covering;

Do — the positive continuous function on M such that if ¢ e E'
is injective on A4 9B, then

(1) ue(4) = [ Dodu;
A

U, — the mapping of O°(M, R) into itself defined in the following
way for ¢ ¢ B':
O,(f)@) = Y [@)(DpE)™" for xe M, feC (M, R);
zep—(z)

|*] — the natural norm on R™,
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LEMMA. Let ¢,y € B'. Then:

(a) D(yog) = Dyo ¢De.

(b) If (U,, ay) and (U,, a,) are two charts in M such that ¢(U,) < U,,
then

Dgo aj} 94,2,0 020 90 a7 |det(d(az0 90 a7!) |
a = .
' oy

(¢) B's ¢ - Dgp € C°(M, R) is continuous.

(d) veM® s @-invariant iff U,(g) =g, where g i8 the continuous
density of v with respect to pu.

(e) E' is open in the C'-topology and E's ¢ — degp € N is locally
constant.

(f) B's 9 > U,(1) e C°(M, R) 8 continuous.

Proof. (a) follows easily from the definition of Dg.

For the proof of (b) we represent both sides of (1) by means of the
integrals with respect to Lebesgue measure and use the theorem on in-
tegration by substitution.

(c) follows from (b).

In order to prove (d), it suffices to show that

(2) [ 9du= [U,g9)dp for 4eB.
A

9~ 1(4)

For this purpose we may assume that diam.4 is sufficiently small.
Then (2) follows from the fact that ¢ is a covering and from (1).

(e) is well known (see [4]).

For the proof of (f), in view of (c) it is sufficient to show that, given
@, € B, there is a d, > 0 such that for each é € 10, §,] there exists a neigh-
bourhood U, of ¢, in E' such that if pel,, e M and ¢;'(z) =
{215+ -y Tegy,)» then degy = degep, and ¢(z;, 23) < é for i =1,..., deggp,,
where ¢! () = {®1, ..., Zgeg,}. For this purpose let us remark that since
@, 18 a covering and since M is compact, there exists a d, > 0 such that
if e M and ¢;'(z) = {22, ..., Tgege,)s then

(3) K (@}, bo); -+ -y K(2egq,s do) are pairwise disjoint.

Moreover, it is easy to see that there exist a neighbourhood U, of
®o in E' and ¢ > 0 such that

(4) ) (dp)(a)| = cliall  for ¢ €Uy, a e T(M).

Since any expanding mapping has the property of lifting the
curves, (4) implies '

(5) o(K («, 8)) > K(p(z), ¢8) for pely, v M,8> 0.
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By (e) we may assume that degey = degg, for ¢ € U,. Now, let
0 €10, d,]. Then there exists a neighbourhood U, of ¢, in E' contained
in U, such that

(6) ele(®), @o(®)) < ¢é | for peU,, e M.

It follows from (3), (5) and (6) that U, has the required property.
This completes the proof of the lemma.

The main result of the paper is the following

THEOREM. The set A of all ¢ € E* for which there exists a g-invariant
v € M° 48 of the first category in E'.

Proof. First we prove that

(7) 4 = U 4,,

k=1
where A,, (k € N) is the set of all ¢ € E' such that
(8) | B Una(1)<k forneN.

For this purpose let ¢ € A. Then, by Lemma (d) we obtain
(9) infg(supg)™! < U..(1) < supg(infg)~! for ne N,

where ¢ is the continuous density of a ¢g-invariant » e IR’ with respect
to u. Formula (9) implies (8) for a certain ¥ € N. Therefore, it suffices to
prove that, for each k e N,

(10) A, is a closed and boundary set in E'.

The first part of (10) follows from the continuity of superposition in
C'(M, M) and from Lemma (f). For the proof of the second part, k € N,
@ € A, and z, € M will be fixed from now on. Then, by Lemma (e), it suf-
fices to show that there exists a sequence (¢,) in C'(M, M) such that

(11) ¢, > in the G‘-topology;
(12) U, (1)(ze) > +oo.
n
To do this, for ¢ =1,...,8 let (U, a;) and (V;, §;) be charts in M,

let Z; « U, be a compact set such that a;(Z;) is a ball in BR™ (m = dim M),
and let

8
¢(Zi) c V’i and UintZ,- = M.
i=1
Then there exists an L such that, for ¢ =1, ..., s,
(13) B,opoa;'|a;(Z;) satisfies the Lipschitz condition with the con-
stant L.
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Further, let f: ]—1,1[—[0,1] be a function of class C' such that

o for 27 2l < 1,
(14) f@) = 1 for |z <37,

and let (¢,) be a sequence of real numbers such that
{15) 0<e, <1, e —>0, (1—¢g) "> +o0.

Now, for each sufficiently large n e N we define ¢, € C'(M, M)

as follows:
Let n € N be fixed and let

n 8
U'p_k(wo) = U Wn,i?
k=1 i=1

where W, ,cintZ; for ¢+ =1,...,s, and W,,,..., W, , are pairwise
digjoint. From now on, for z € W,,, ¥ will denote a;(%) (+ =1, ..., 3).
Then there exists a J, > 0 such that

(16) K(y,6,) < a;(Z;,) for zeW,, and ¢ =1,...,8;

(17)  the sets a; ‘(K (7, 6,)) are pairwise disjoint, where Z e W,; and
i=1,...,8

Now we define ¢, modifying ¢ only at the points of the sets from (17).
For this purpose let us remark that, in view of (15), if » € N is sufficiently
large and ze W,, for ¢ =1,...,s then for each ye K(¥, J,)

(18)  (B;opoa;’)(y)—
—&.f (877 1y —51*)((B;0 90 a7 ') (y) — (Bio po a7 ) () € Bl V).

Therefore, in view of (17), for such an n there exists a ¢,: M - M
such that (B,0¢,0a;7')(y) is equal to the left-hand side of (18) for
yeK(y,4,), where e W, , i =1, ..., and such that at each point =,

(19) 2¢(J U K@, 8),

i=1 zeWp ¢

¢, and ¢ attain the same values. Then, by formula (14) and Lemma (b),
@, € C'(M, M) and

20)  .(3) =@, Dp,(@) = (1—e)"Dp() for e qu"('wo).

For the proof of (11) let us remark that, from the definition of ¢,
and (13), for y e K(%, 6,),zec W,; and ¢ =1, ..., s we obtain

(21) I(B;0 90 a;7 ') (y) — (B;0 9,0 a7 ) (Y < 26,4,
(22) | d(B;0 po o, ") (y) —d(B;0 0 a,7") (¥)] < &, 6+ 2¢,Ld,
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where

d; = sup |(B;opoa;’)(y)l, € = sup |d(B;0¢o0 a;')(y)l
a yeay(Zy;) yea (Z;)
an

d = sup|f’()|.
lz] <1
Moreover, if (19) holds, then there exists a neighbourhood of # in M
such that ¢, and ¢ attain the same values at each point belonging to
it. Hence, by (15), (21) and (22) we obtain (11).
For the proof of (12) let us observe that (11), Lemma (a), (e) and (20)
imply that, for sufficiently large = e N,

U p(1)(@0) = (1—2,) ™™ U, (1) (@)

Hence, by (15) and the definition of 4,, we get (12).
Thus the proof of the theorem is completed.

Since C'(M, M) is a Baire space, by Lemma (e) and the Theorem
we have A # @ provided that E' +# @.

Now we state without proof a theorem which completes the results
of [2] and [3]:

Let ¢ be an expanding mapping of class C* of a compact, connected dif-
ferentiable manifold and let v be a mormalized @-invariant measure of
class 0. Then the natural extension of the dynamical system (v, ¢) to an auto-
morphism is a Bernoullt shift.

The proof is based on [1]. Moreover, it turns out that in such a way
one can obtain all Bernoulli shifts with positive finite entropy.
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