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1. Introduction. Throughout this note, G denotes a topological group
with identity element ¢. All topological spaces are to satisfy the Hausdorff
separation property.

A transformation group is a triple (@, X, n), where X is a topologic-
al space and n: @ x X - X is a separately continuous function satis-
fying the following conditions:

(i) Vz e X [n(e,x) = 2];

(ii) Vs,t €@, Vo e X [n(s, n(t, x) = n(st, 2)].

If (@, X, =) is a transformation group, then a function z‘: X - X
may be defined by #'(x) = n(#, #) (¢ € X). Observe that ¢ — =' is a homo-
morphism of @ into the group of all autohomeomorphisms of X. The trans-
formation group (&, X,') is said to be effective whenever this homomor-
phism is an isomorphism, i.e. whenever

VieG [t #6 =3Iz e X [n(t,s) # 2]].
The transformation group (@, X, =) is said to be free whenever
VieG [t ¢ > VreX[n(t,s) #a].

In this note we consider inequalities for the local weight of @ if G
is locally compact. Recall that for any topological space X the following
cardinal numbers are unambiguously defined (for any set A, |A| denotes
the cardinality of A4):

the local weight of X at z € X:

(@, X):=min{|¥’|: ¥ is a local base at x};
the local weight of X:
2(X) :=sup{y(x, X): v e X}.
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The weight of X is defined by
w(X) := min {|%|: % is an open base for X},

and the densily of X is determined by
d(X):=min{|4|: 4 is dense in X}.

The inequality which we shall consider concerns y(@) on the one
hand and yx(X) and the cardinal numbers of certain subsets of X on the
other hand, where (@, X, =) is a transformation group. To specify these
subsets of X we give the following definition:

Definition. An action-determining set in a transformation group
(@, X, =) is a subset A of X such that

Vie@Q [af|, =a°l, =t =e].

Examples. 1. A transformation group (&, X, =) is free iff {«} is an
action-determining subset of X for each z € X.

2. A transformation group (@, X, =) is effective iff X is an action-
determining set, iff each dense subset of X is action-determining, iff some
dense subset of X is action-determining.

3. Let G be locally compact and consider for p > 1 the transformation
group (@, L? (@), §), where g denotes right translation, i.e. g(¢, f)(8) = f(st)
for all f € L?(@) and s, t € Q. Here the space L”(Q) is with respect to right
Haar measure on @, so that, indeed, g is separately continuous (cf. [2], 20.1
and 20.4). It is easy to see that this transformation group is effective.
Indeed, for any ¢ €@, ¢ # 6, there is a continuous function f on G with
compact support such that g'f(e) # f(e), hence g'f # f in L?(G). In par-
ticular, (@, L*(@), g) is an effective transformation group, so that each
dense subset of L*?(Q) is action-determining. Hence L*(@) contains action-
determining subsets of cardinality d(L*(@)). However, L*(@) is a Hilbert
space, and if 4(L*(Q@)) denotes the cardinality of an orthonormal base
for I?(Q@), then we have

o+ (L}(@) = d(L*(@)) = w(L*(@)).
Hence L?(G) contains action-determining subsets of cardinality
(L*(@), the (Hilbert) dimension of IL*(@), provided &(L*(@)) =N, (}).
4. (@, L'(@), §) is an effective transformation group as well. It is

known that L'(Q@) contains an approwimate unmit with respect to convo-
lution, i.e. a net {f;};.4 in L*(@) such that

limfsf, = f for every fe L'(Q)
Aea

(*) Using the fact that each of is linear, it is easily seen that this is also true if
6(L2(@)) is finite.
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(cf. [2], 20.27). We claim that any approxzimate unit for L' (Q) is an action-
determining set in (@, L' (@), ). To prove this claim, suppose that {f;}:c4
is an approximate unit in Z'(G) and that ¢ € G satisfies §'f, = f, for every
A e A, Then for all f e L'(G) we have

¢'f = limg'(fxf;) = limfx'f; = limfxf; = f,
AeA AeA Aed
hence ¢t = ¢, by effectiveness.

2. Basic result. Our starting point is the following well-known lemma:

LemMMA 1. Let Y be a topological space, let , € Y and suppose that B
18 a set of neighbourhoods of x, such that (\ B = {@,}. Then, if x, has a compact
netghbourhood, yx(x,, Y) < |4|.

Proof. If {,} is isolated, then y(2y, Y) = 1, and the lemma is trivial.
So we may suppose that |#| >N,. Let #* denote the family of all finite
intersections of members of #. Then |#*| = |#|. By [1], Corollary 2 to
Theorem 3.1.3, #* is a base at x,, hence y(z,, Y) < |2*| = |4|.

THEOREM 1. Let (G, X, o) denote a transformation group and let A
be an action-determining set in X. If @ is locally compact, then

x@<MMpMXKMME-
ae.

Proof. For a € A, let #, denote a local base at a such that |%,|
= y(a, X). For any ac A and V € #,, the set

U(a,V):={teCG: n(t,a)e V}
is a neighbourhood of ¢ in @. Since A is action-determining, we have

N N %(a, V) = {e}
acd Ved,

(here we use only the T',-separation property for X). From Lemma 1 it
follows that

2(@) < |A|sup|2,| = |A|supy(a, X).
acd acd

CorROLLARY 1. Let G be a locally compact topological group and (G, X, x)
an effective transformation group. Then x(@)<d(X)y(X). If (G, X, n)
i8 free, then
2(@) < min {y (v, X): z € X}.
In particular, if @ acts effectively [freely] on a séparable first countable
8pace [on a first countable space], then G is metrizable.
For the proof apply Theorem 1 and [2], 8.3.

Remark. The result that G is metrizable whenever @G acts effec-
tively on a separable first countable space has been known for a long time
(cf. [3], 2.11). ‘
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COROLLARY 2. Let G be a locally compact group and let {f;},ca be an
approximate unit of L'(@). Then x(G) < |4].

Proof. If |4| <¥,, then L'(G) has a unit, hence @ is discrete, and
2(@) = 1 < |4]. In the other case, it follows from Corollary 1 and Example 4
in Section 1 that y(G) < |4]-N, = |4].

Remark. By [2], 20.27, L' (@) has an approximate unit of cardinality
2(@) (if x(G) < N,, then @G is discrete, and L'(G) has a unit, i.e. an approxi-
mate unit of cardinality 1 = y(@)). Hence the least cardinal number of
a directed set defining an approximate unit for L' (G) equals y(G). A proof
for this fact is also indicated in [2], 28.70(b), but our proof seems to be
simpler.

3. The weight of L?*(@). Let G denote a locally compact topological
group. It is well known that the dimension 6 (L?(G)) of the Hilbert space
L*(@) satisfies the inequality 6 (L*(G)) < w(@) (cf. [2], the proof of Theo-
rem 24.14). For compact groups, it is known that é (L*(@)) = w(G) (cf. [2],
28.2) and we shall show now that this equality holds for arbitrary locally
compact groups. In our proof we shall use the concept of the Lindelof
degree of a topological space X, i.e. the cardinal number

Z(X):=min{N: each open covering of X has a subcovering
of cardinality N}.

Since @ is locally compact, Z (G) <N, iff @ is o-compact.

LEMMA 2. w(@) < ()2 (Q).

Proof. Let ¥ denote a local base at ¢ with |¥'| = 4(@). For each
Uev, let F; be a covering of @ by £ (G) left translates of U. Then
U {Fu: U e¥}is a base for the topology of G of cardinality y(@)Z (G).

LEMMA 3. £(Q) < §(L*(@)).

Proof. For finite groups we have £ (G) = |G| = §(L*(G)), so we may
agsume that @ is infinite. Then there is a family %~ of pairwise disjoint,
non-empty open subsets of G such that |#'| > £ (G). Indeed, if G is o-com-
pact, let

W = {U,~U,,,:n e N}

for some suitable sequence {U,: n € N} of neighbourhoods of ¢, and if G
is not o-compact, take for #° the family of all left cosets of an open o-com-
pact subgroup of G (such a subgroup exists by [2], 5.7, with compact U).

For each W € #7, let f}; be a continuous function with compact support
contained in W, 0 # fi > 0. After suitable normalization, {fj: W e #7}
is an orthonormal subset of L*(@) of cardinality |#°|. Hence

3(L@) > W1 > 2(@).
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Remark. It is clear that £ (@) <N, iff @ is finite. So it follows from
Lemma 3 that @ is finite whenever 8 (L (G)) is finite (cf. [2], 28.1; compare
also the proof given there with our proof of Lemma 3).

LEMMA 4. %(G) < 8(L*(@)).

Proof. If 6 (L*(G)) <,, then & is finite, hence y(G) = 1 < 8(L*(&)).
If 6 (L*(@)) >Ny, then the result follows from Theorem 1 and Example 3
in Section 1.

THEOREM 2. For any locally compact topological group G we have w(QG)
= §(L*(@)).

Proof. The inequality > was known before, and < follows from
Lemmas 2-4.

Added in proof. The following observation was pointed out to
the author by Prof. M. Wilhelm:

An immediate consequence of Theorem 2 is that w (L*(@)) = w (@)
for any locally compact group G. As for such groups @G all LP-spaces
are homeomorphic by a result of S. Mazur (cf. Bourbaki, Integration,
IV, § 6.5, Exercise 10), we obtain w(L? (&) = w(@) for 1< p < oo.
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