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1. Introduction. Let M be an n-dimensional differentiable connected
Riemannian manifold with metric tensor ¢g. In order to distinguish ¢
from other metrics on M, we denote the manifold M with ¢ by (M, g).
If g* is another metric on M, and there is a function ¢ on M such that
g* = €*°g, then g and g* are said to be conformally related or conformal
to each other, and such a change of metrie- g — g* is called a conformal
change of Riemannian metric.

Let (M, g) and (M’, ¢') be two Riemannian manifolds, and f: M — M’
a diffeomorphism. Then g* = f~ !¢’ is a Riemannian metric on M. When g¢*
and g are conformally related, that is, when there exists a function o
on M such that g* = €*°g, we call f: (M, g) — (M’, ¢') a conformal trans-
formation. In particular, if o is constant, then f is called a homothetic
transformation or a homothety; if ¢ = 0, then f is called an isometric trans-
formation or an isometry. The group of all conformal (homothetic or
isométric) transformations of M onto itself is called a conformal transfor-
mation (a homothetic transformation or an isometry) group and is denoted
by C(M) (H(M) or I(M)). The connected components of the identity of
C(M), H(M) and I(M) are denoted by C,(M), H,(M) and I,(M), respec-
tively.

If a vector field v on M defines an infinitesimal conformal transfor-
mation on (M, g), then v satisfies L,g = 209, where L, denotes the Lie
derivative with respect to », and ¢ is a function on M. The vector field v
defines an infinitesimal homothetic transformation or an infinitesimal
isometry according as g is constant or zero.

In the last decade or so various authors have studied the conditions
for a Riemannian manifold M of dimension n» > 2 with constant scalar
curvature R and admitting either an infinitesimal non-isometric or a non-
-homothetic conformal transformation to be either conformal or isometric
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to an n-sphere. Very recently Yano, Obata and Sawaki [7]-[9] and Hsiung
and Mugridge [4] have been able to extend some of these results by repla-
cing the constancy of R by L,R = 0, where v is a certain vector field on M.
The purpose of this paper is to extend further the joint work of Yano
and Sawaki [9] and that of Hsiung and Mugridge [4]. Throughout this
paper all Latin indices take the values 1, ..., n unless stated otherwise,
and we shall follow the usual tensor convention that indices can be lowered
and raised by using, respectively, g, and g”, the elements of the inverse
of the matrix (g;;), and that repeated indices imply summation.

In the proofs of the theorems in Section 3 we need the following
known theorems:

THEOREM A (Ishihara and Tashiro [5], Tashiro [6]). If a complete
Riemannian manifold M of dimension n > 2 admits a non-constant function o
such that

1
ViVie +? Aog;; = 0,

then M is conformal to an n-sphere.

THEOREM B (Yano and Obata [8]). 4 complete Riemannian manifold
M of dimension n > 2 is8 isometric to an n-sphere, if it admits a non-con-
stant scalar field w such that

(1.1) L, R =0
and
1

hold, where L, is the Lie derivative with respect to the vector field u' defined by
(1.3) u; = Viu, o' =glu,
V being the covariant derivative with respect to g.

2. Notation and formulas. Let (M, g) be a Riemannian manifold of
dimension n > 2 and class C3, In this section we shall list some well-known
formulas for our later use; for the details of their derivation see, for example,

[1], p. 89-90, where the Riemann tensor differs from ours in sign.
Suppose that (M, g) admits a conformal change of metric

(2.1) 95 = €°9;,
where ¢ is a C® function on M. Then
(2.2) g*7 = e g7,

For any tensor with respect to g, the corresponding tensor with
respect to g* will be denoted by the same letter with a star.
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If we denote by R,;; and E; the Riemann tensor and the Ricci
tensor of (M, g), respectively, we have

(2.3) 6_26R;z’jk = Rpijp — Gni0sj — 95 Oni+ In; O + JiOnj —

— (9re95 — Ini9a) A1 0,
where we have put

(2.4) o = V;V;0—V,aV,6, A0 = VieV,a.

By means of equations (2.2) and (2.3), we can have

(2.5) R} = Ry;+(2—mn)o;+94[40+(2 —n) 4,0],
(2.6) R* = e *[R+4+2(n—1)A4c+ (n—1)(2—n) 4,0],
where

(2.7) Ao = —V'V,0.

On the manifold M consider the tensor fields

R
(2.8) Ty = Ri,-——n—y,-,-,

(2.9) Thrije = RBniji— (9ne9si — Inj i) s

R
n(n—1)
(2.10) Wy = aT i+ 0190 Ti;— b2 9ni Tin + 03945 Tor —

— b9 Tnj~+ bsGni Tjr— b6 951 T'hiy

where the a and b’s are constant. (2.10) is the covariant tensor field of
order 4 defined by Hsiung [3]. It should be noted that

(2.11) - Ty = ¢ Thi, 9°Ty =0,
(2.12) Tz = 0,

B n—2
(2.13) VT ="gn ViR,

(2.12) and (2.13) being consequences of the first and second Bianchi
identities, respectively.

Substituting (2.3), (2.5) and (2.6) in the equation corresponding to
(2.9) for Thy, we obtain, after an elementary simplification,

(2.14) 3—201’;@'}: = Thijk — 9t Oii — 94 Onke + Gnj Ouc+

9 .
+ 9 Onj— — (Gr9ij — Ini9u) (Ao + 4, 0).
n
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Multiplication of both sides of (2.14) by ¢** and use of (2.8), (2.2)
and (2.4) give immediately

(2.15) Ty = Ty+(n—2)Py,
where

1
(2.16) P; = —cr,-,-——n—(Ao+Alo)yﬁ-

By substituting (2.14) and (2.15) in the equation corresponding to
(2.10) for W;,;,, we obtain

(2.17) € ¥ Wy
2
=Wy +a [ —GniOi; — i Onk +Inj Ose +ir Ong — . (9n9s; —Ini9a) Ao + 4,0 )] +

+ (n—2) [b1gpxPij — bagnsPix+ 394 Pri —bs GirPrj + bs 9ni P — be G2 Pril-
On the other hand, if we set

(2.18) u =e°
it follows that
(2.19) o = —Inu.
Substituting (2.19) in (2.4) and (2.7) yields immediately
(2.20) oy = —(Viuy)/u, A,0 = (4,u)/u?, Ao = —(4u)[u—(4,u)[us

Therefore (2.6), (2.14), (2.16) and (2.17) become, in consequence of
(2.20) and (2.4),

(2.21) R* = uR—2(n—1)udu—n(n—1)uu’,
(2.22) Wi = Thire+ %" [gni Vit + 95 Vit — gng Vithy —

2
— i Vo + " (Gne9ii — 9ni9ux) Au]

=T hijke T IniP G+ gijP hk— .‘Ih;'P ik — Jin P hiy

1 Au

(2.23) P;=u V,-u,--i-T 9ii)»
Py 1

(2.24) W Wi = Whijk‘f‘—u— Uhijiy

where we have placed

a
n—2

(2.25) i _ (

a
n_2)u + b1) IniPsi— (m + bz) Ini P+

a a
+ (——'n 5 + bs) 9iiPrx— (——’n 5 + b4) Gire Pr; + bsgns Pire— b6 93 Pri-
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From (2.23) and the second equation of (2.11), it follows immediately
(2.26) T;P¥ = u'Ty;ViViu,

We also have, from (2.15), (2.22) and (2.24), respectively,
(2.27) T5T* = ut[TyT7 +2(n—2)Ty P + (n—2)°P,PY],
(2.28) T T™¥9% = [Ty T"* + 8Ty P + 4 (n — 2) Py PY],

" 2 . 1 .

(2.29)  WiypW™ = (ka Whe - b W0 o hik twk) .

Substituting (2.10) and (2.25) in (2.29) and making use of (2.12)
and ¢7P; = 0, an elementary but lengthy calculation gives

(2.30) Wi W™ = uf (W, W 4-20(n —2) Ty P + ¢(n — 2)* P PY],
where

(231) ¢ = :ﬁ; +2a§:bi+(§:<—1>‘—lbi)“’+

i=1 =1

6
+(m—1) > b= 2(bby+b,5,—bsby).
=1

An elementary calculation shows that ¢ > 0, where the equality holds
if and only if b, =... = b, b; = by =0 and a = (2—n)b,.
3. Lemmas.

LivMA 3.1. Suppose that a compact orientable Riemannian manifold M
admits a conformal change of metric (2.1). Then, for an arbitrary number p,

(3.1) f wP Tyu'u’ AV + f uP*' P, PYav
M M

1
- _2—% fup_l(u—lLduR*—uLduR)dV_'
M

, 1 ‘ .
—inte "2’“ W Vs @V s [ (R B uaiay
M M

1 )
- fu"‘3(u,~u‘)2dV].
2 M
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In particular, if p = 2 —mn, then

(3.2) fu‘“+1TijuiujdV+ f w"H3P,PYaV
e i

1
- - f w " (u Ly, R* —uL,R)dV.
M
Proof. From (2.23) it follows that
(3.3) WP PY = V,u; Viul — (Au)?/n.

Multiplying (3.3) by «®~!, integrating over M, using the equations
obtained by directly computing V*(w?~'w’ V,u,;) and V,(u?~'«* Au), applying
the well-known Green’s formula

(3.4) [vieav =o,
M

&; being any vector field on M, and substituting

(3.5) W ViV, = Ryu'v’ —u' vV, du,

in the resulting equation we obtain

(3.6) fuP“P,.,.P"de — —(p—1) fup-zu"ufv,.u,.dv—
M M

n—1

) - -1
— fu"‘lR,-,-u’ujdV— fu”‘lu'V,-AudV+p— fup_zuiuidV-
v o "o

On the other hand, solving (2.21) for Au, we have
= 2D (uR—u 'R* —n(n —1)u" u,u’).
Substituting (3.7) in (3.6), and using (2.8) and

(3.7) Au

(3.8) L, R =4'V,R, Lz R =uV,R"

an elementary computation leads readily to the required formula (3.1).

LeMMA 3.2. Suppose that a compact orientable Riemannian manifold M
admits a conformal change of metric (2.1). Then

c(n

-3 *_ —_
(3.9) Mf(u *—ui)dv =

-2 2
) f L, RaV +
M

+e(n—2) fuP,-,PijdV,
b7}
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_ ¢(n—2)

(3.10) f (W A— w2 AV -
M

f w"Lg, R*dV +
te(n—2) f uH P PIAY,
M

where
(3.11) A = WMMWMJ":’ * = Wzijkw*hijk’

and c 18 defined by (2.31).
Proof. From (2.30) and (2.26) it follows that

(3.12) w2 —ud = ¢(n—2)(2T; Viu' 4 (n — 2)u P, PY).
Integrating (3.12) over M, using
(3.13) V(T yw’) = w/ VT, +Ty, Vi,

and (2.13), (3.8), and applying Green’s formula (3.4), we can easily obtain
(3.9).

Similarly, we can derive (3.10) by multiplying (3.12) by «~"*2, integ-
rating the resulting equation over M, using (3.13), (2.13), (3.8), (3.2),
and applying Green’s formula (3.4).

4. Theorem.

THEOREM 4.1. If a compact Riemannian manifold M of dimension
n = 3 admits a conformal change of metric (2.1) with o < 4 such that

(4°1) LduR* = unLduR7

(4.2) wi = (u—1)p+1)a%, ¢>0,

hold, where u = ¢~°, ¢ 18 a differentiable non-negative function of M, and
¢ is given by (2.31), then M is conformal to an n-sphere. In particular, for

the case 0 = 4 and ¢ = 0, we have the same conclusion with condition (4.1)
replaced by condition

(4.3) L, R<O.

Finally, M is isometric to an n-sphere under condition (1.1), in addi-
tion to conditions (4.1) and (4.2).

Proof. At first we notice
(44)  [(WA—uT?2)AV— [(@ P i—u" ANy
M Y/
= f('u"_2—1)(1&‘”+’l—u‘"‘ll*)dV.
b7
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Furthermore,

(4.5) f(u”‘2—1)(u‘"+3}.—u‘”‘1).*)dV— fu‘”‘l(u"“2 —1)(u*°—1)A*aV
it 74
= fu‘"+3‘°(u"’2—1)(u°l—,1*)dV= fu’"“"’(u”‘z—l)(u—1)<pl*dV >0,
74 74

the last two steps being, respectively, due to (4.2) and
>0, (W -1)(u—-1)=0, ¢=>0, Ai'>0.

Since ¢ < 4, we have (u""*—1)(u*"°—1) > 0 so that (4.4) and (4.5)
imply
(4.6) [wi—w2")av — [(u™+*i—u""'2")dV > 0
M b4

On the other hand, using (3.9), (3.10) and (4.1), we obtain

(4.7) f(uz—u-u*)dv— f(u—"“z—u-"-lz*)dv
M M

2)
c__(n f(LduR w "Ly, R*)AV —c(n —2)* f(u—i—u‘””)PuP”dV

Thus, from ¢ > 0 and assumption (4.1), it is readily seen that the
equality holds in both (4.6) and (4.7), and, therefore, that

(4.8) [(u+u3)P,PYavV =0,

M
which together with (2.23) gives (1.2). Hence, by Theorem A, M is con-
formal to an n-sphere.

When o = 4 and ¢ = 0, the left-hand side of (3.9) is reduced to zero
and the right-hand side together with condition (4.3) gives immediately
(1.2).

Finally, if (1.1) holds, then M is isometric to an n-sphere by the
same argument as above and Theorem B, q.e.d.

Theorem 4.1 is due to Yano and Sawaki [9] when

(4.9) a=0, b,=..=b =0
or
(4.10) by =...=b, by==bs =0,

and condition (4.1) is replaced by Lg R = Lz R* = 0. Theorem 4.1 is

also due to Hsiung and Mugridge [4] when ¢ = 0, ¢ = 4 and condition

(4.1) is replaced by [ RAudV =0, and due to Yano and Obata [8]
M

with an additional condition (4.9) or (4.10).
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