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ON DISCRETE SUBSPACES OF A HILBERT SPACE
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Let (X, o) be a metric space. We say that a subspace Y < X is a dis-
crete subspace of (X, ) if o(x,y) =1 whenever z,yc€ Y and = #y.
We say that Y is a maximal discrete subspace if it is maximal with re-
spect to <.

Let 1, denote, as usually, the Hilbert space of all infinite square-sum-
mable real sequences. Denote by F' the subspace of I, containing all se-
quences which vanish for all but finitely many indices.

Observe that F can be treated, in a natural way, as the union of the
monotone sequence R'< R:c R*c ...

We construet an infinite sequence in 7.

First choose a, = (0,0,...) and a, = (1,0, ...). If we have already
chosen a, a,, ..., a,, all contained in R", then we take

n

bn = 2 .n(-zlil

t=0

and choose a point a,,, in R"*' such that its projection on R" is b, and
ey, —a;ll =1 for¢ =0,1,..., n It should be noted that a,,, can always
be chosen in two ways; we apply the one for which a,,, has positive
coordinates.

THEOREM. T he sequence a,, a,, ... forms a maximal discrete subspace
of F and, moreover, of l,.

Proof. Suppose that {c, a,, a,, ...} is maximal in I, for some ¢ e l,,
¢ #a,t=0,1,... Denote by ¢, the projection of ¢ on R"*. We have

lle —arll* = lie —cull*+ lie, — aell* =1,
80
lle, — all®2 = |le, —ali* for k,1 =0,1,...,n.
Thus ¢, equals b, for n =1,2,... It can be shown that
1 1

Ballt = 5 — s

2 2(n+1)’
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1 1/2
lo—adl = toll = timleull = () #1,

a contradiction.
Remark that, for n > 1, a, = (ak, @, ...), Where
(2% (& +1))"*  for 1<k < n,
at =1((n+1)/2n)"”  for k = n,
0 for k> n.

Let A be an infinite set and let ¥, be the subspace of I,(A) consisting
of all square-summable functions on A that vanish for all but finitely
many indices. Obviously, there exists a discrete subspace of cardinality
|A| in F,. We show that there exists a countable maximal discrete sub-

space in F,.

Choose a countable subset B = A. The subspace 1,(B) of all functions
in I,(A) which vanish beyond B can be identified with our previous

space l,. By the same construction, as b, # 0, we get

CoroLLARY. The sequence ay, @, ... forms a maximal discrete 8sub-

space of F,.
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