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THE CATEGORY OF NON-INDEXED ALGEBRARS
AND WEAK HOMOMORPHISMS

BY

JOSEF NIEDERLE anxp LIBOR POLAK (BRNO)

This paper deals with the category 4" of non-indexed algebras and
weak homomorphisms. The monomorphisms and epimorphisms are de-
scribed, and some questions concerning the existence of limits and colimits
are solved. Some other remarks about 4" are also presented.

Section 1 includes the notation and definitions. In the next sections
the individual basic categorical notions in 4" are successively studied.
More information about non-indexed algebras and weak homomorphisms
can be found in [1] and [2].

The impulse to write this paper was given by K. Glazek’s report
during the summer school on general algebra in Czechoslovakia in 1974.
The following problem arose in the discussion: “Do the products in A4
exist and if they did, how would they look like?”

Some parts of this work were prepared during the second-named
author’s stay in Poland at the Copernicus scholarship. This enabled the
author to have valuable conversations with K. Glazek and J. Michalski,
the authors of [1] and [2].

1. Preliminaries. Let N be the set of all natural numbers (including
zero) and N* = N —{0}.
Let A be a set. We will use the following notation:
0"(A) denotes the set of all n-ary operations on A (neN), O(4)—
the set of all operations on A, i.e. .
0(4) = U0o*(4),

neN
and |A| — the cardinal number of 4.
We define the operations “p? € 0"(A4) for n e N* and 1€ {1,...,n}
by the rule

Ap(@yy ...y @,) = a, for all a;,...,a,€ 4.

For simplicity, we will often write only p?.
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If feO™(4) and fy,...,f, €0"(4), we define f(fy,...,f,) €0"*(4)
by the rule

(f(fl, "”fm))(a17 ceey @) = f(fl(an vy @)y ooy @y ooey a'n))

for all a;,...,a, € A.

An ordered pair (4, D) is called an algebra if A is a set and & = O(A).

For F < O(A), we put F* = FnO™(A).

F < 0(4) is called a clone on A if

(i) “4p* e F for all ne N* and 1€ {l,...,n},

(ii) fe F™ and fi,...,f, € F" implies f(fyy...;fm) €F.

We say that an algebra (A, F') is non-indexed if F' is a clone on A.

Note that (9, {Q}) is also a non-indexed algebra.

It is evident that the intersection of any family of clones on a set A
is a clone as well. Therefore, for any @ = 0(A) the smallest clone F on A
containing @ exists; we denote it by 4[®] (briefly, []).

For & = {f} we write only “[f].

Let A = (A4, D) be an algebra and let X < A. The set X is called
closed with respect to f if »,, ..., z, € X implies f(2;,...,2,) € X. In this
case we denote the restriction of f on X by f| X. If X is closed with respect
to f for every f e @, then X is called a subuniverse of W and the algebra
(X, @|X), where @|X = {f| X | f € D}, is called a subalgebra of A.

If ¢ is a congruence on U, then the class of ¢ which includes the ele-
ment a € A is denoted by a? and the mapping a — a? by nat q.

Note that the algebras (4, @) and (4,4[®P]) have the same subuni-
verses and the same congruence relations.

Let A and B be sets and let a : A — B be any mapping. For f € O"(4),
ge0*(B),neN, we write (f,g) e R, if

af(@yy ..., a,) = g(adyy...,aa,) for all a,,...,0a,€4.

Let A = (4, F) and B = (B, @) be non-indexed algebras. A map-
ping a: A — B is called a weak homomorphism if for all n e N we have:
(i) for every f e F" there exists a g € " such that (f, g) e B,,

(ii) for every g € G" there exists an f € F* such that (f, g) € R,.

Evidently, in this case ad = {aa|a € A} is a subuniverse of B.

Any bijective weak homomorphism is called a weak isomorphism.

For any non-indexed algebra U = (4, F), its subalgebras and its
factor-algebras are non-indexed algebras, and natural embeddings of
subalgebras into % and natural mappings of U onto factor-algebras are
weak homomorphisms.

Let A and B be sets and let a: 4 — B be any mapping. We define
the equivalence relation kera on A as follows:

(a,a’) ekera iff aa = aa’ for all a,a’ € 4.
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If ® < O(A), a is onto, and kera is a congruence relation on (4, @),
then for every f € @ there exists exactly one g € O(B) such that (f, g) € B,;
we denote it by of.

IfA = (4, F)and B = (B, @) are non-indexed algebras and a: Y — B
is a weak homomorphism, then kera is a congruence relation on . If
a is onto, € = (C, H) is another non-indexed algebra, and a': % — ¢
a weak homomorphism which satisfies kera < kera’, then the unique
B: B—C, for which fa = o', is a weak homomorphism of B into €. If
q is a congruence relation on U, which satisfies ker a = ¢, we denote the
congruence relation induced by ¢ on B by agq ((b,, b,) € aq iff (a,, a,)eq
for all a,ea'b, and a, € a™'b,).

If an algebra B = (B, ¥) is a subalgebra of the algebra A = (4, D)
and ¢ is any congruence relation on A, we denote the restriction of ¢ to
B by ¢q|B. Evidently, it is a congruence relation on B. The algebra B
is called a proper subalgebra of U relative to q if the following condition
does not hold:

For every a € A there exists a b € B such that (a, b) €q.

For categorical notions see [3]. For our purposes, it is convenient to
denote morphisms being the same mapping by the same symbol.

Let 4 be the category defined as follows:

a. objects are all non-indexed algebras,

b. morphisms are all weak homomorphisms,

c. the composition is the ordinary composition of mappings.

Let

No={A,F)eNV|F #0} and A, ={d,F)ens |F =0)}.
Let 4y and 4", denote also the full subcategories of the category A4

defined by the classes 47, and 4,, respectively.

Evidently, if A e Ay and B € 4", then

hom (A, B) = hom (B, A) =A.

One-element non-indexed algebras are terminal objects in 47, and
in 4. (@, {@}) is the initial object in A47,.

Therefore, 4" is formed by two disjoint connected components 4",
and A7,.

Let I be any set and let (A; = (4;, F;));; be a family of non-indexed
algebras. The non-indexed product A = (4, F) of the family (U,),r is
defined as follows:

A=[]4, F =[]F;tfornen, F=L%TF”,
i€l iel ne
(Sfidier ((a:)iel’ ceey (“?)iez) = (fi(a}.’i ceey a?))iel

for all neN, f,e F? and a},...,at € A;.
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Evidently, % is a non-indexed algebra.
We define the projections ¢;: A — A, for ¢ € I by the rule
8{((“1')151) = ai fOl' ai]]. (aj)jeI € .A..

Obviously, kere; is a congruence relation on U for all ¢+ € I, and if
WU, e ¥y or A, W, € &, then ¢ is a weak homomorphism of A into ;.

2. Monomorphisms and epimorphisms.

LEMMA 1. Let A = (4, P) and B = (B, V) be algebras and let a:
A — B be any mapping which satisfies:

(i) for every f e ® there exists a g € E[¥] such that (f, g) € R,,

(ii) for every g € ¥ there ewists an f e 4 [®] such that (f, g) € R,.

Then a is a weak homomorphism of the non-indexed algebra (A ,2[D])
into the mon-indexed algebra (B, Z[¥]).

Proof. (“p?,Bp})e R, for all ne N* and i e {1,...,n}, and the re-
lations

fel®1”, fi, ""afm e[®]", ge[¥I™y G1y.-esIm €[¥],
(3 9)s (f1s 91)s -y (fms 9m) € R,
mply
(f(fl: coesSm)r 9(G1s 2oy g'm)) € R,.

Now it is easy to see that (i) and (ii) of our lemma imply the condi-
tions (i) and (ii) from the definition of weak homomorphism.

ProrosiTioN 1. If A = (4, F), B = (B,@)e N, and a: A - B, is
a weak homomorphism, then the following conditions are equivalent:

(i) a i8 a monomorphism in N,

(i) a ts ome-to-one.

Proof. The part (ii) = (i) is satisfied in every concrete category.

Assuming that a is not one-to-one, we prove that a is not a monomor-
phism in A4". There exist a,, a, € A, a, # a,, such that aa, = aa,. Let A

be the algebra of operations of U (see [1]), i.e. A = (F, F), where F =

r} n m My F wtm
{fIfeF} and, for feF",fieF ..., f € F", f(f1, ..., fu) e F"1TF"n
is defined by

(f(fn ooy Fa @1y oo ey Qs ooey Opyy oevy Onm,)
= f(fl(all7"'1 alml)a "'7fn(an17 LA | a’nmn)) fOI‘ a‘u aﬁ E‘A'

For a € A we define ¢,: F — A by the rule
0 f = f(a,. .,a) for feF" and neN.

n tunes

Since (f, f) € E,_, the conditions of Lemma 1 are satisfied. Therefore,
¢, 18 a weak homomorphlsm of the non-indexed algebra X = (F,"[F])
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into %. In this case ¢, # @, but ap, = ag,,, which completes the proof
of the proposition.

PROPOSITION 2. Let A = (A, F) be a non-indeved algebra. Then for
every X < A there exist a non-indexed algebra B and weak homomorphisms
ay, ag: W — B such that

X ={acd|aa=aya}.
Proof. We write
B = (X x{0hu((4—X)x{1}u(4—X)x{2}),
A; = (X x{0})v((A—X)x{i}) fori=1 and 2,
and define the mappings a;: 4 - B for ¢t =1 and 2 by

4 — (a,0) for aeX,
%% = \(a,i) for ae(d—X).

Since kera, and kera, are congruence relations on 9, we may define
the clones a;F on A, and A,, respectively (a;F = {a,f |feF} for i =1
and 2). Now,

G ={gecO0(B)|glA;eaF for i =1 and 2}

is a clone on B and a; and @, are weak homomorphisms of U into
B = (B, G). Evidently, X = {ae Ad|a,a = aya}.

PROPOSITION 3. If A and B e A, and a: A — B is a weak homomor-
phism, then _

(i) a ts an epimorphism in A iff a i8 ondo,

(ii) a 48 an isomorphism in A iff a is a bijection.

Condition (i) follows from Proposition 2 and the proof of (ii) is
trivial. .

3. Limits.

PROPOSITION 4. Let I be a set and let U, = (A;, F;) e & for all 1 € 1.
If the family (W;);cr has a (categorical) product in A", then the non-indexed
product W = (A, F) of this family, together with the family of projections
(&)iez, 8 also a product of the family (W;);er-

Proof. Let us suppose that (X = (X, &), (%,);c;) is a product of the
family (U;);e;- Now ¢; is a weak homomorphism for every ¢ € I. Thus,
there exists exactly one weak homomorphism ¢: % — X such that m;p
=¢; for all ¢ e I.

We define a: X -~ A as ax = (w;2);;. Evidently, s,a = =; for all
tel.

We need only to prove that ga is a weak homomorphism. (Then ¢a
= idx, ap = id,, and hence ¢ is an isomorphism in .4".)
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At first we prove that if (g,f;) e R, for iel and ((f;)ic1, 9) € R,,
then f; = f; for all i e I.

Let g, f; and f; for ¢ € I be n-ary. For all z,,...,z, € X and for all
2 € I the following equalities are satisfied:

fi(m@yy ...y mm,) = fi(m;pay, ..., mpax,)
= m;g(pakyy ..., pax,) = ”i'P(f;)ieI(a‘”l’ ooy GZy)
=fi,(niw1’ covy M%)

Now, for every ¢ € I, m; is onto since ¢; = ;¢ is onto. Thus f; = f; for
all ¢ € I. Further, for all z,, ..., z, € X we have

Pag(Tyy ...y T,) = ‘P(”ig(mu ceey wn))iel
= ‘P(fi(-"‘iwu ceey niwn))ieI = ?’(fi'(”ia’n ) Wz"’”n))iez
= ‘P(fi')iez((“i-’”l)ieza coey (Wia’n)iez)
= g(?’ (7081)sery + s ‘P(“iwn)iel) = g(paxy, ..., paz,).

Thus, for every g e G we obtain (g, g) € R,, and, therefore, ga is
a weak homomorphism.

PROPOSITION 5. Let I be a set and let W, = (A;, F;) e & for i e I. Let
W, eANoforalli eIl or W, e & for all © € I. Let We (A, F) denote the non-
indexed product of this family and let (¢;);c; be the family of projections. Then a
product of the family (U;);.; exists iff there exists no clone F’ on A with (i) F' = F
and (ii) &F' = F; for all i e I.

Proof. 1. Let us suppose that there exists a clone F’' on A with prop-
erties (i) and (ii). We put A’ = (4, F'). Now the projection ¢; is a weak
homomorphism of %’ into A, for all ¢ € I. Since id, is not a weak homo-
morphism of A’ into A and id, is the unique mapping a: 4 — A for which
&; = ga for all iel, (U, (¢),;) is not a product of the family ().
By Proposition 4 the product of the family (2;);.,; does not exist.

2. Let us suppose that the product of the family ()., does not exist.
Then there exist a non-indexed algebra X = (X, @) and a family of weak
homomorphisms (7;: X — A;);c; such that there exists no weak homo-
morphism a: X — U for which ¢;a = =; for all ¢ € I or there exists more than
one weak homomorphism with these properties.

If we define a: X — A by ax = (m;%);r, then a is the unique mapping
for which &;a = =#; for all ¢ e I.

Now we know that « is not a weak homomorphism. But if (g, f;) € B,
for ¢ € I, then (g, ( fi)ie1) € B,. Thus there exists a family (f3);; € F such
that there exists no g € G. with (g, (f%),;) € B,. But

F' = |(fi)ies € I | there exists a g € @ such that (g, (f)ic) € B}

is a clone on A.
Finally, F’ satisfies (ii) since x; is a weak homomorphism for all ¢ € I.
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COROLLARY 1. Let I be a set, U; € & for all ¢ € I. . Any of the following
conditions implies that the product of the family (W;);c; does not exist:
(i) There exists J <= I with |J| > 2 such that a product of the family
(A;);cs does mot exist.

(ii) I = {1, 2} and there exists a weak homomorphism of U, into A,
which is not constant.

(iii) For every i eI, W, € /'y, and for at least two i eI, A; has an
operation which is nmeither a constant nor a projection.

(iv) For every iel, W, e ¥y, and for infinitely many ¢t €I, ; has
an operation which is not a projection.

To get the proofs, it suffices to find suitable clones ¥’ of Proposi-
tion 5. It is easy and we omit it.

Note that if there exist 4, j € I such that UA; € 4, and U; € #,, then
the product of the family (%;);.; does not exist.

Example 1. Let (4, {-}) be a semigroup with neutral element e
which satisfies a-a = e for all a € A. Let (B, {¢}) be a unary algebra with
unique operation ¢ which has the following property:

There exists an m € N* such that ¢™(b) = b for all b € B. We put
F =4[] and @ = B[q]. Then the non-indexed algebras % = (4, F) and
B = (B, @) have a product in the category 4.

Indeed, any ¢ € G® is of the form

g(by, b)) = ¢*(b,) for a suitable ke N,i {1, 2}.
We write

H" =F"x@ and H = |JH".
Obviously, ney

<5[{4p}, ¢ G| = 475}, ¢* b)) = H.
Thus

) “4<Bl(-, ¢*(by), (“P}, £(by))] = H  for any k,leN,
since
(1P, ) =4p5, @ (0:) (¢ (), €¥(by) = g*H(Dy)-

Analogously we have
4xB[(-, g*(b,)), (“p%, ¢'(bs))] = H for any k,leN.

Thus there exists no clone F’ on A xB satisfying (i) and (ii) from
Proposition 5. Following this proposition the non-indexed algebras U and
B have a product in 4.

Let I be a set. Let A; = (4;, F,),B = (B,G) e & for iel and let
a;: A; - B for 1 € I be a weak homomorphism. By a pullback of the family
(o;: A; - B);cr we mean a limit of this diagram.
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We set

.A = {(a«‘)id € ”.A.‘ I a‘a‘ = ajaj fOl' a]l 'i’j EI},
iel
(F')* = {( fdier €[] F7 | there exists a g € G
1€l
such that (f;, g) € R,, for all i<},

and
F = @F)"
neN
It is easy to see that F” is a clone on [[ A4, and 4 is a subuniverse of
(T4, F'). “
tel

Finally, we put ¥ = F'|4A and A = (4, F), and we define, for ¢ € I,
&: A — A; by &/((a;);e1) = a;. Evidently, ¢, is a weak homomorphism
of % into U, for all ¢ € I and a;¢; = a;¢; for all 4, j e I.

ProOPOSITION 6. If the family (a;: ; —B);; has a pullback in N,
then (A, (€:)sez) described above is also a pullback of this family.

The proof is analogous to that of Proposition 4.

PROPOSITION 7. Using the motation as above, we have the following
equivalence:

A pullback of the family (a;: W; — B),; ewists iff there exists no clone
P on A which satisfies

(i) P < F and (ii) & F"' = &F for all ¢ € 1.

The proof is analogous to that of Proposition 5.

Let A, B € 4 and let a be a weak homomorphism of U into B. By
a kernel pair of a we mean a pullback of the diagram (a: U — B),; for
|I| = 2.

PROPOSITION 8. Let A = (4, F),B = (B, G) e & and let a be a weak
homomorphism of W into B. A kernel pair of a exists iff a: F — G|ad 18
one-to-one. Particularly, if a is one-to-one, then a kernel pair of a exists.

The thesis follows from Proposition 7.

ProPOSITION 9. For A = (4, F),B = (B,G) e &/ and weak homo-
morphisms a,, ay: W — B there exists an equalizer of morphisms a, and a,
iff among the subuniverses X of W with the property

X < A, = {a EAIa_lav = aza}
the greatest one exists.
The proof is obvious.

Note that if % is idempotent (i.e. f(a,...,a) = a for all feF and
all a € A), then the equalizer of the pair a,, a,: A — B exists iff A’ is
a subuniverse of .
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COROLLARY 2. Every monomorphism of A is an equalizer of a suitable
pair of morphisms of A .
The corollary follows from Propositions 2 and 9.

4. Colimits.

ProPoSITION 10. For any A = (4, F),B = (B, @) € & and for any
weak homomorphisms a,, a,: W — B there exists a coequalizer of the pair
a, and a,. '

Proof. If ¢ is the smallest congruence relation on B for which the
inclusion {(a,a@, aza)|a € A} < q holds, then natq: B —-B/g is the co-
equalizer of the pair a, and a, in 4.

In the next considerations it will be convenient to understand the
notion of colimit as follows:

Let o be a small category (i.e. the class of objects of o is a set).
Let D: 4 — & be a functor. For every W e A4 there is a constant
functor Dg: X — A". For X, A € & every weak homomorphismg: X - U
determines the natural transformation @: Dy —> Dy A natural transfor-
mation n: D —>D, will be called a colimit of the functor D if for every
9% € # and for every natural transformation u: D—>Dy there exists exactly
one weak homomorphism ¢: X — U such that gz = u.

LeMMA 2. Let A" be any small category and D: A — A a functor.
Let J denote the set of all objects of A and let D(j) =U; = (4;, F;) for
Jj €dJ. Assume that there exist a set A and a family (u;: A; — A);; of map-
pings such that

(i) }é‘J’/‘jAj =4,

(i) [ljed | (”’A’_WUU} wA,) #0f > 2,

(iii) keru; i8 a congruence relation on U; for all j € J,

(iv) for any morphism a: ¢ — j of A we have w;D(a) = u;.

Then the colimit of the functor D does not exist.

Proof. The proof is illustrated by Fig. 1.
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We put -

= (4, F) is a non-indexed algebra. and u;: A; —A is a weak
homomorphlsm for all j € J. Further, we set B = 4 X A

={f,f) e F*XF" | fly;A; = f'|p;4; for all j eJ}
and
G=ya"
neN
Evidently, 8 = (B, #) is a non-indexed algebra.
Finally, we define ¢,, &: B—> A by

, &(a,a’) =a, &(a,a) =a,
and v;: A; - B by
via = (u;a, u;a) for all jed.

It is easy to see that ¢, &, and v, for all j € J are weak homomorphisms
and &v; = y;, &;v;= u; for all j e J.

Now we suppose that the natural transformation n: D - Dy, where
n = (m;)jes and X = (X, H), is a colimit of the functor D. Then there
cxists exactly one weak homomorphism ¢: X — U such that ¢n; = y;
for all j € J, and there exists exactly one weak homomorphlsm v:X->3
such that ym; =v, for jed.

We have &,yn, = &,v; = u;, and thus ¢y = ¢. Similarly, ey = ¢.
Thus yX < A’ = {(a, a)|a € A}. Following (i), for any a € A there exist
Jjed and a; € 4; such that u;a; = a. Then

vima;) = va; = (u;04, p;a;) = (a, a).
Thus pX = A'.
For a € A we define f, € OZ(A) as follows:

a, if there exists a j € J.such that a,, a, € ijj,
a in other case.

fa(aly az) = {

Evidently, for all a € A we have f, € F.
Let a,a’ € A be any elements. We have (f,, f,.) € G. Following (ii),
there exist j,, j. €J and a, € y; 4; , a, e,u,zA-2 such that

a;epj A;— \J md; for i =1 and 2.
EJ_{:’-;}

Then
(fa’fa’)((an a,), (a;, az)) = (fa(a’17 as)y for(@y, a’z)) = (a,a’).

Thus A’ generates B and this is a contradiction with the faects that
A’ is a subuniverse of B and A’ < B.
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PropoSITION 11. Let I be a set and let N, = (A;, F;) € /', for all i € 1.
If {tel|A; # 9} =2, then the sum of the family (U;);.; does mot ewxist.

For the proof, in Lemma 2 we put J = A4 =1 and yu;4; = {i} for
all i el.

PROPOSITION 12. Let I be a set and let A, = (A;, F;) € /o for all i € I.
Let gq; for © € I denote the smallest congruence relation on U;, for which F}
18 included in a single class. If

[P e I| |4/, > 2)| > 2,

then the sum of the family (U,);.; does not ewist.

Proof. We define the equivalence relation r on the set

A’ = LG% (A:/q; % {})
as follows:
((a, ), (a'y§)) er iff a=(F)", o = (F}))q" ori=3jand a =a'.

We put 4 = A’/r and define u;: A, > A fori eI by pax = (2™, i).
Evidently, keru; = g; for all ¢ € I and, therefore, we may apply Lemma 2
forJ = 1.

Example 2. Let A = (4, F) be a non-indexed algebra for which
|A] =1 and F° = 4. Then (A, (id4)sez) is the sum of the family ().

Let I be a set and let B8 = (B, &), U; = (4;, F;) e & for i e I. Let
(a;: B = W,;);er be a family of weak homomorphisms.

By a pushout of the family (a;);.,; we mean a colimit of the functor
D: A — A, where )

the set of objects of o is {0}UI, 0 ¢1,

A has no other morphisms than k;: 0 -4 for ¢ € I and identities,

D(0) =8B, D(id,) = idg,

. D(k;) = a;, D(id;) = id, for all 2 e 1.

For all i €I we put B; = ¢;B and B,= (B, F;| B)).

Between the congruence relations ¢ on B with the properties

(i) ¢ =kerqg; for all 11,

(ii) for every ¢ € I there exists a cohgruence relation ¢; on U; such that
;1 B; = a;q
there exists a relation, denoted by ¢° which is the smallest one.
The smallest relation, denoted by ¢J, exists also between the congru-
ence relations g; on A; (¢ € I) with the property
(iii) ¢;| B;= a;q"

ProPOSITION 13. Using the notation as above, we have the following
equivalence:
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There exists a pushout of the family (a;: B — W,);r ff

I, = |{i e I| B, is a proper subalgebra of U; relative to ¢f}| < 1.

Particularly, if all a,’s, with a possible exception of one, are onto, then
the pushout of the family (a,);.; exists.

Proof. We define the equivalence relation » on the set

4" = U (4:/q% x {33)

as follows: ((a, 1), (a’, §)) er iff there exists a b € B such that a € (a,-b)"g,

a = (a,b)“? or i =3 and a = a’.
We put A = A’[r and for ¢ € I define y;: A; - A by

0
wx = (&%, 3 for all ze A,.
Now keru; = ¢} and
F ={fe0(4)]| fluA, cnF, for all iel}

is a clone on A. Evidently, u; is a weak homomorphism of %, into
A= (4, F) for all i el and yu;e;= p;a; for all 4,jel. If I, > 2, we may
apply Lemma 2 for J = {0}UI and g, = y;a;.

Now let I, < 1. It follows easily from the construction of ¢°, ¢}, A
and u; for ¢ € I that the natural transformation u = (4;);.; is a pushout
of the family (a;);; (J = {0}UI and u, = y;a;).

5. Miscellanea. We define the functor #: 4y — A4, as follows:

F(A,F)=(A,F—F°) for all (4,F)e N, and F(a) = a for all
morphisms of A/,

PROPOSITION 14. The functor F: Ay — Ay 18 a full embedding.

Proof. Let A = (4, F)e A y. For ac A and n» € N we denote by
f2 the n-ary operation on A defined by

fe(ayy ...,a,) =a for all a;,...,a,€A.

Now, if a € F°, then f* ¢ F for all n € N, and, conversely, if f* ¢ F™
for some n € N, then a € F'. Hence the functor & is one-to-one on objects.

Now we prove that # is full. Let A = (4,F),B = (B,G) e A,
and let a: #(A) > F(B) be a weak homomorphism. We need only to
prove that a satisfies conditions (i) and (ii) from the definition of weak
homomorphism for n = 0.

Let ac P and be@’. There exist feF' and ge@ such that
(fas 9)y (f, 9}) € R,. Thus for all x € A we have

aa = afy() = g(ax) and of(z) = gy(az) = b.

Since F” and @° are subuniverses of % and B, respectively, we have
aa € @ (because aa = g(b)) and f(a) ¢ F°. Finally, (a, aa), (f(a), b) € R,.
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In the natural manner ((4,F)+> A) there are defined forgetful
functors ¥,: &y — Set and ¥,: A4, — Set.

ProposITION 15. The forgetful functors 4, and 4, do mot have left
adjoints.

The proposition follows from the fact that there exist non-indexed
algebras with a single generator and with supports of arbitrary cardi-
nality.

PROPOSITION 16. The non-indexed product forms monoidal categories
Jrom the categories Ny and AN'y.

Proof (for 47,). We need only to prove the mapping (%A, B) - AxB
can be extended to a functor of A4, XA, into #7;. But, for weak homo-
morphisms a: A - A’ and B: B —B’, the mapping

axpB: AXB - A’ xB’

defined by (a, b) — (aa, fb) is a weak homomorphism as well.

The unit is a one-element non-indexed algebra. The associativity
and coherence follow from the monoidality of the category Set relative to
the Cartesian product.
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