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In one of his papers Arnold (i) states the following conjecture:

If two structurally stable C*-diffeomorphisms ¢ and ¢ of the unit
circle 8' have the same

1. rotation numbers g, = g,

2. numbers of periodic points m, = m, = m,

3. prime periods of periodic points p, = p, = p,

4. values of the first derivatives dg®(x;) = dy®(y;) at the correspond-
ing periodic points #; and y; for ¢ =1, ..., m,
then ¢ and y are C'-diffeomorphically conjugate (loc. cit., p. 81).

It is easy to show that such ¢ and y are topologically conjugate.

In this note we shall show that the conjecture is not true. We shall
construct two structurally stable C*-diffeomorphisms ¢ and y of the
unit circle such that they have the same numbers defined in 1-3, and
do"(z;) = dy"(y;) for allr =1, 2, ..., where «; and y; are the correspond-
ing periodic points, ¢ =1,2,..., m, and ¢ and y are not C*-diffeomor-
phically conjugate.

Let J = {0,1) be the unit interval on the real line. It suffices to
find two C*-diffeomorphisms ¢ and y of J such that they have no fixed
points inside J, |dp(0)], |dy(0)], |dp(1)], |dyp (1)] # 1 (the necessary condition
for the structural stability), ¢ and y are equal each to other in some
neighborhoods of the end points ¢ and 1, and they are not C'-diffeomor-
phically conjugate.

(* B. . Aprouabp, Maave snameHamesu, I. O6 omobpdimceruszr oxpyorcHo-
cmu na ce6sa, UsBectma Axanemun nHayk CCCP 25 (1961), p. 21-86.
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Denote by f: <0,1)> — <0, 1) a continuous, piecewise linear function
with the following graph:

The function f is linear on the intervals {0, a) and {a,1). Let b,
be a point from the interval (a, 1) such that f(b,) = b,¢ <0, a), and let
¢, d be two numbers such that by<c<a<d<b,. Write I = (b,, b,).
We set yp(x) = f(x) for ¢ I and we extend it to a O°-diffeomorphism of
the whole {0, 1>, not linear on any subinterval of I. Now we set ¢ (2) = f(x)
for z¢ (¢, d) and we extend it to a C™-diffeomorphism of the whole {0, 1).

Suppose that ¢ and y are smoothly conjugate by a diffeomorphism
h:<0,1> -0, 1), ie.

Ko'g"(x) = y*oh(z), =n =0, +1,42,...

The function & is linear on the interval {0, min (b;, 4~*(b,))>. Indeed,
let # < min(by, k7' (d,)). Then
B (g (@) o™ (@) = ¢" (h(x)) B’ () for n =0,1,2,...

and ¢ = ¢ =", so b'(¢"(x)) = h'(@). Letting n — + oo, we get h'(»)
= h'(0). It means there exists a linear function ! such that k(z) = (o)
for all ze {0, min(b,, A7!(d))). In the same way we show that there exists
a linear function & such that h(z) = k(x) for v {max (by, 271(d,)), 1).
Let p be an integer such that
¢*(I) = {0, min(by, A~(d,))> and @?(I) = {max(by, b~ (b)), 1).

‘Then, for ze I,
log?(s) = hog?(@) = yPoh(x)
which yields

(1) h(x) = y~Polog?(x).
On the other hand, for ye¢p™®(I),y = ¢7P(x) and zeI, we have
ho¢®(y) = yPoh(y) = yPok(y);

hence
(2) h(z) = yPokop™"(a).
Therefore, by (1) and (2),
yPolog? () =¢Pokoep™(x) for wel.
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The latter equality we rewrite in the following way:
log?(z) = p*Pokoe™?(x).

For b, < z < ¢ the functions log®? and. kop™® are linear by con-
struction; therefore, ¢’ is linear on the interval koe=?((b,, c)). Let
Pckog™®((by, a)) be an interval such that there exists an integer 4 for which
y*(P) = I (such an interval exists in view of y(b,) = b,). Since P = (b,, 1)
and y*?(P) <0, b,), the index 4 is less than 2p. Therefore, the composi-
tion y** = poyo ... oy contains 2p —1 linear functions and one non-linear
function (the (i +1)-st term), so %*” cannot be linear on P. This completes

the proof.
QUESTION. Is the conjecture true for analytic functions? (P 932)
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