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PRIME NUMBERS SUCH THAT
THE SUMS OF THE DIVISORS OF THEIR POWERS
ARE PERFECT POWER NUMBERS
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Introduction. Let n be a positive integer and denote by & (n) the sum of
the divisors of n. Let a and b be integers and a > 1, b > 3. We consider the
primes p such that

(1) o (p”) = perfect b-th power number.

Gerono (see [2]), Moreau (see also [2]), Schinzel [3], Thébault [6], and
Takaku [5] treat equation (1) for b = 2. By the celebrated general theorems
of Siegel [4] and Baker [1] it is known that only a finite number of primes p
satisfy (1) and

p < expexp {(5b)1° a1}

We prove the following
THEOREM. Suppose that a is a positive integer, b is an odd prime, b/l
1>1, blla+1, and p is a prime. If equation (1) holds, then
p < ab*(2b)e~ 1,

1. Let a and b be integers and a > 1, b > 3, let X be a positive integer,
and p be a prime. Suppose that

o(p”) =1+p+p*+ ... +p° = X°.

We have plX—1 or p|X*"'+X* 24+ ... +X+1. If p|X—1,,then the
following lemmas hold.
LemMa 1L If X =1 (modp), a>2 and 2<k < a, then

(b-1)k-b b-1
POU+p+ ..+ ) =P Dbt Y Y i oxp+bx,
i=0 j=0

where B(k), u(k), and y{) are the integers that depend on b, k and are
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independent of a, p, X and
uky=b*"1  Bk)=b(1+b+ ... +b*72) < b
W < @b " for any i, j,
and x, is an integer. '

Proof. If we write X—1 = px,, then x;, > 1 and

b )
.)(le)b-'—l-

X714 X7 L+ X+l =)

—
-~

Since
1+p+ ... +p*! —x,z ( )px)" 1-i

we have plbx,—1. If we write bx; —1 = px,, then x, > 1 and

b-2

b . )
B*(1+p+ ... +p" )= ) (i+2)b"'2"p'(px2+l)'”-l-b"xz
i=0

Hence f(2) = u(2) = b and

b 42
Y§3) =£‘j( )hb_z_. ('fz), 8,"1' = 0 or l.

i+2 J
Since
) (I+1 for k <1,
we obtain
b b—1y b=2, j -
0<(,,+1’)=( ; )+( ; )+...+(j,)<zh !
and

0<, ,(2)<2h Lpp-2-i, 2'+2<(2b)

Let 2 <k <a and we assume that Lemma 1 holds for k. Since

b-1)k-b b-1

POp(1+p+ ... +p7 1) = p* g+ PIN 4 Z Vi (PXiY +

+705-1(px)" 1+ . +98) (pxk)+v"" + b0 x, — bPW,

we have p|b*® x, —bP®) 18 If we write

k) K LK)
h*® x, — BP0 4 ;’3.’0 = PXpyqs



PRIME NUMBERS 321

then
POOA+p+ .. +p27 )

p(b 1) k- l%(P“kH) + Z (b )(bﬂ(k)_«,(k) )b J(any}

(b-1)k—-2 b-1

J i -
T T e o (A S
m=0 "

b1 ip—1 , .
+pP g, b Y ( . )(b”""—y%‘,'ob”‘“’(pxm)’+ ¥
j=o\ J
+7(0k.)l h(b- Du(k) PXy 41 +'Y(0k.)1 b(b-— 1)udk) (bﬂ(k) —7((;‘.,0)"’ bbn(k) Xi41

Hence, for m=0, 1, 2,..., b—1 we have

b
@ i = [y, J O =P

u.+ n Z ﬂk p- jm(k)( )(hp(k) (k) V L

b—1

+¢ pe— 1= bt (
tj}ou b—1—m

)(bﬂ(kb _ },(&)0)1— m+ 1,

where | <(h—1)k—1, £;=0if I=b—1 and ¢; =1 if | <h—2; moreover,
' uik+1) = bu(k) =
Bk+1)=BK)+buk) =b(1+b+ ... +b*" 1) <b**1
Hence
e B 1ml < 22(2(2D)% VPP < (2B,
|'}’(H D < 2b(2b)*~ 1)pk pou) . gb— 1 (2(2b)(k- l)b")b— 1
=2by* T (b2 Yy T (L < (b= 1)k —1).
LEMMA 2. Let 2<a and 3<b. If bfa and
p > 2(2b)e" ¥,

then x, #0 (2< k < a).
Proof. Let k be the smallest r such that x, = 0. By the proof of Lemma
1, we have k > 2 and

(3) POA+p+ . +p7H =2 Pl

Since bfa, we have a—k # (b—1)k—b.
1. If a—k > (b—1)k—b, then, by the p-adic expressions of the both sides
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of equation (3), the leading coefficient b*® of the left-hand side is zero; a
contradiction.

2If a—k <(b—1)k—b, then y§_,,_» 0 =0. Hence, by (2), we have
bPE—D = &S Since

@ PEVA+p+ . +pETY)
G-1Dk-1)-b b-1

— p(b—l)(k—l)xz—l + Z z Pl')’g‘j—”(px"'ly-‘-
.'-:.}30 .'1}-30

k-1 k-1
+y5o N+ D x,

we have p|b or p|x,_,. Since p > b, we obtain p|x,_,. If x,_, # 0, then, by
the p-adic expressions Y a; p’ (la;] < p/2) of the both sides of equation (4), the
exponent of the maximal power of p in the left-hand side equals a—(k—1)
<(b—1)k—b+1 and the exponent of the maximal power of p in the right-
hand side is greater than (b—1)(k—1)+b—1=(b—1)k; a contradiction.
Hence x,_, = 0. This contradicts the choice of k.

LeMMA 3. Suppose that a> 1, b>=3, bfa, p is a prime, and X is a
positive integer. If o (p®) = X® and p|X —1, then

p < ab?(2b)e~1%°,
Proof. We put 1 =ab?(2b) ™  If p > 4, then 0 < A/p < 1. Define

(b-1)a-b b-1

FOI=p> P+ 3 T o (pyY+bee y— b,
i=0 J

i=0

If max(1, 4/p) <|y|, then

(b-1a-bb-1

If (D >p®~ DYy~ plyl— .Zo ‘Zolv.‘f'}l—b““"—b"““l
i= Jj=

> p®= a1 yb=1(p| y| —ab?(2b)e~ ") > 0,

and so f(y)#0. Hence |x| <1. By Lemma 1, we have x,=0. This
contradicts Lemma 2. Therefore p < A.

2. Let b be an odd prime, a be an integer not less than 1, and p be a
prime. Suppose that ¢ (p®) = X°, where X is an integer not less than 1. Then
we have the following lemmas.

LemMma 4. If o(p") = X® and p divides X'+ ... + X +1, then p=1
(mod b), provided both p and b are primes.

Proof. Since X* =1 (modp), the order of X (modp) divides b. If it
would equal unity, then X =1 (mod p), which in view of

pl+X+ ... + X1

implies p%|X®—1; however X*—1 = p (mod p?). Thus this order equals b, and
bljp—1.
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LEMMA 5. Suppose that b is an odd prime, and a is an integer not less
than 1. If b¥l, 1>1, and b'la+1, then the primes p such that

o(pP)=X* and pIX*'+X" 24+ .. +X+1

do not exist.

Proof. Assume ¢(p°) = X® and p|X* !+ X*"2+ ... + X+1. By Lemma
4, we have p=1 (modb). Hence

O=a+1=14p+ ... +p°= X" = X (modb).
If we put p=>by+1, then
Xb=1+4p+ ... +p°

e, [at] a1 ‘a+1 a+1
—(by)+( a )(by) +...+( 5 )by+( 1 )

1
In the right-hand side, the last term (a-;— is divisible by b' and is not

divisible, by b'*'. Other terms are divisible by b'*'. On the other hand, the
exponent of b in the left-hand side is divisible by b, so b divides min(/+1, ])
= [; a contradiction.

Now we see that the Theorem follows from Lemmas 3 and 5.

The author thanks the referee who improved Lemma 4 and simplified
the proof and gave him helpful advices.
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