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PRIME IDEALS IN A SEMIGROUP OF MEASURES

BY

H. L. CHOW (HONG KONG)

Throughout 8 denotes a compact topological semigroup, i.e. a compact
Hausdorff space with a jointly continuous associative multiplication,
and P(S) the set of probability measures on S. It is well known that
P(8) is a compact semigroup with convolution and the weak* topology
(see [1]). If the support of a measure ueP(8) is denoted by suppu, we
have [1]

suppuv = suppusuppr (u, veP(8)).
For a subset 4 < P(8), let
&(4) = U suppu.

ued

It follows that & (4) is an ideal of S, provided 4 is an ideal of P(S).

An ideal @ of 8 is said to be prime if AB < @ implies that 4 <« @
or Bc< @, A, B being ideals of S. It is the purpose of this paper to in-
vestigate prime ideals in P(8) and their intersection. In particular, if a
prime ideal @ of P(8) is open, we show that ¢ is convex and dense, and
&(Q) = 8; moreover, the intersection of all open prime ideals in P(S)
also has similar properties.

LEMMA. Given a mon-emply subset A of P(S), let
V(4) ={tu+ QA —t)r: yed, veP(8), 0 <t < 1}.
Then V(A) is8 convex and dense, and & (V(A)) = 8. Further, V(A4) is
an tideal if 4 is an ideal.

Proof. It is easy to check that ¥V (4) is a convex set. To show that
V(4) is dense, take re P(8) and ueA. Let
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Obviously, u,eV(4) and u,—», so that V(4) is dense in P(8). Now
take any aeS and consider the Dirac measure d(a) at a. Since

}(u+06(a)eV(4) and aesupp}(p+ d(a)),
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we see that & (V(4)) = 8 follows. Finally, if 4 is an ideal, it is clear
that V(4) is an ideal, completing the proof.

THEOREM 1. If A i8 an open prime ideal of P(8), then 4 = V(4).
Hence, the open prime ideal A is convex and dense, and & (4) = 8.

Proof. Evidently, the theorem holds if 4 = P(8). Now suppose 4
is a proper open prime ideal of P(S). By virtue of Theorem 2 of [2], there
exists an idempotent reP(8) such that 4 is the largest ideal contained
in the set P(8)\{r}. We assert that ¢V (4). Suppose not, i.e. reV(4),
and we have v = tu+ (1 —t)» for some ued, veP(8), 0 <t < 1. It follows
that suppr o suppu. This together with Lemma 3 of [3] gives tur = 7,
whence 7ed, a contradiction. Thus v¢V (4), i.e. the ideal V(4) is con-
tained in P(S)\{z}, implying that V(4) = 4. The result follows from
the fact that V(4) o 4.

COROLLARY 1. Suppose I' is the intersection of all open prime ideals
of P(8); then I' = V(I'). Hence I' 18 convex and dense, and £ (I') = S.

Proof. It is clear that I" is non-empty. Let veV (I'), i.e. v = tu+
4 (1 —1¢)» for some uel', veP(8S), 0 <t < 1. For any open prime ideal 4,
we have ued, so that re V(4) = 4. Consequently, vel’ and so V(I') = I

Note that Theorem 1 and Corollary 1 do not hold for general prime
ideals in P(S). For instance, consider the semigroup 8 = [0,1] with
usual topology and multiplication. As is easily seen, {§(0)} is a prime
ideal of P (8) and also the intersection of prime ideals in P(S8). It is trivial
that {4(0)} is not dense in P(S) and &({6(0)}) = {0} = 8.

For a non-empty subset A = 8, let P(4A) = {ueP(8): suppu < A}.

THEOREM 2. Let I = S be non-empty. Then I is & prime ideal of 8
if and only if P(I) 48 a prime tideal of P(S).

Proof. First we suppose that I is a prime ideal of 8. It is obvious
that P(I) is an ideal of P(8). Let 4,, 4, be ideals of P(8S) such that
4,4, < P(I). Then

&(4,) & (4y) = £(4,4,) = 1.

Since & (4,) and & (4,) are ideals of 8, and I is a prime ideal, we
have #(4,) = I or &#(4,) < I. It follows that 4, =« P(I) or 4, = P(I),i.e.
P(I)is a prime ideal of P(8). Conversely, suppose I is a non-empty subset
of § such that P(I) is a prime ideal of P(8S). For a<I and beS, we have
d(a)eP(I) and 6(b)eP(8). Since d(ab) = 8(a)d(b)eP(I)and é(ba)eP(I), we
see that abel and bael, i.e. I is an ideal of §. To show that I is prime,
let A, B be ideals of § such that AB < I. Hence

P(A)P(B) c P(AB) < P(I).

Since P(4) and P(B) are ideals of P(8), P(4) < P(I) or P(B) = P(I).
Therefore, A = I or B c I, and the theorem is proved.
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We notice that the prime ideal P(I) is not open when I is a proper
open prime ideal of 8. For, if aeS\I and ueP(I), then

n—1 1
pn = == p+— 8(a) eP(S)\P(I),
but u,—u, i.e. P(S8)N\P(I) is not closed. So P(I) is not open.

CoROLLARY 2. Let {I,} and {Jz} be the families of all prime ideals
in 8 and P(S), respectively. Then

O I,> y(QJﬂ).

Proof. Take any prime ideal I, of 8. It follows from Theorem 2
that P(I,) is a prime ideal of P(S), so that P(I,) > (M J;, whence
B

I, > .SP(QJﬂ),

and the result is immediate.
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