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A CHARACTERIZATION OF THE DOMAIN OF ATTRACTION
OF A NORMAL DISTRIBUTION IN A HILBERT SPACE

BY

M. KLOSOWSKA (LODZ)

This paper gives the necessary and sufficient conditions for a prob-
ability distribution in a Hilbert space to be attracted by a Gaussian
measure. In paper [2] these conditions have been formulated in terms
of certain operators with finite trace, whereas the characterization given
here is connected with the distribution of the norm.

Let H be a separable real Hilbert space. Denote by IR the set of all
probability measures in H, i.e. the set of normed regular measures defined
on the o-field # of all Borel subsets of H. I is a complete space with the
Lévy-Prokhorov metric (see [3], p. 188). Convergence in this metric space
is equivalent to the weak convergence of distributions.

Let us recall that a sequence of distributions p,, is said to be weakly
convergent to a distribution p if, for every continuous function f bounded

in H, we have .

lim [f(h)p,(dh) = [f(R)p(dh).
n—mH H

The convolution of distributions p and ¢, which is defined by the

formula
p*q(A) = fp(A—h)q(dh) for every Ae %,
A

is a continuous operation in 9. The »-th convolution power of a distri-
Mhtion p will be denoted by p™.

A sequence of distributions {p,} is called shift-convergent if there
exists a sequence {z,} of elements of H such that the sequence of distri-
butions {p,* 6%} is convergent in Ik, where §, denotes the measure conden-
_sed atapointwreH,i.e. 6,(A)=1if xed and 6,(4)=0if ¢ A for every A ¢ &#.

A linear operator in H is called an S-operator if it is non-negative,
self-adjoint and has a finite trace (see [3], p. 193).

The characteristic functional p of a distribution p is defined by the

formula . :
p(f) = [¢=0p(dn), feH.
H
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A distribution ¢ is called normal if

q(f) = exp[i(xy, f) — $(Df, /)1,

where x,e H and D is an S-operator.

For every positive ¢ and every distribution p in H, we put by defi-

nition
T,p(A) =p{reH:areA} for every Ae A.

The set of distribution pe It for which there exists a sequence of
positive numbers {a,} such that the sequence of distributions {T, p™}
is shift-convergent to a distribution ¢ is called the domain of attraction of the
distribution gq.

Denote by /I the domain of attraction of a normal non-degenerate
distribution in H.

Assign with a distribution p in H the distribution p on the real
line defined by the formula

() (B) = plocH: |v] B}

for every Borel set B on the real line and the family of S-operators Dy
defined by the bilinear form

2)
(Dxg, 0) = [ (&, 9)@, )p(da)— [ (2,9)p(da): [ (z,h)p(da),

llell<X llell<X llzli<X

and the numbers ¢% defined by the formula

(3) % = [ loltp@n)—| [ Iallp@o)].
i< X lell<X
Let k(n) be an arbitrary sequence of natural numbers such that
lim %k(n) = 4 oo and let {z,} be an arbitrary sequence of positive numbers

n—-oco

such that lima, = + co.

n—o0
LEMMA. A sequence of distributions {T, p*™*} is shift-convergent
to a normal distribution in H if and only if for every e > 0 the following cony
ditions are satisfied:

(4) limk(n) [ Ty, p(do) =0,
n—>00 llzll=8
(5) lim sup k(n) 2 (Dez, €5 €) = 0,
N-sco n Py

where {e;} i8 a basis in H,

(6) limk(n) — (-Ds:cn yJ) = (Df,f)  for every feH.

n—>o0
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The quadratic form (Df, f) defines then the S-operator D which determines
the limit mormal distribution.

This lemma is a corollary to theorem 2.1 in [2].

THEOREM. A non-degenerate distribution p belongs to II if and only if
the following conditions are satisfied:

y X* [ p(de)
i lim ldi=>X - =0
@) fote | loPp@a)
lzll<X

i.e. the distribution p defined in (1) is attracted by a non-degenerate normal
distribution on the real line (see theorem 1, § 34 in [1]);

o (D
(ii) lim sup (Dxés, &)

= 0,
N0 X>X ocd o’x

where {e;} "’f a basis in H, and X, is a positive number;

i Do)

= (S8f,f) for every feH.

Then the quadratic form (Sf,f) determines, up to a constant factor,
the S-operator characterizing the limit normal distribution.

Proof. Necessity. Let {a,} be a sequence of positive numbers
for which the sequence of distributions {Tanp”*} is shift-convergent to
a proper normal distribution in H determined by the S-operator D. Let
{z,} be an arbitrary sequence of positive numbers such that limz, = -+ oo.

Since oo

. . a
limag, =0 and lim-—— =1,
n—>00 n—»0 an+1

for every sufficiently gfeat natural number n, a natural number k(n)
may be found such that (see lemma 3.1 in [2])

Ciiry+1 S T < Gn
wﬂ
and thus such that

(7) lim 2, @y = 1.
f—>00
It follows from (7) and from theorem 1.10 in [3] that the sequence
of distributions {T,, p*™*} is shift-convergent to the normal distribution
determined by the S-operator D. Thus conditions (4), (5) and (6) of the
lemma are satisfied. Simultaneously, it follows from the assumption
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that the sequence of distributions {Tanf)’“'} is shift-convergent on the real
line to a normal distribution with the variation

\

0 #Z(D&“ Gi) = a2 #* 4 o0
t=1

(see the proof of theorem 3.2 in [2]). Thus condition (i) is satisfied and,
by (7), the sequence of distributions {T,, p"™*} on the real line is
shift-convergent to a normal distribution with the variation a2 By theo-
rem 2, §26 in [1], we obtain

1
(8) lim % (n) ;2-02,% =a® #0 for every ¢> 0.
n

n—»00

Condition (ii) follows from conditions (5) and (8) while (iii) follows
from (6) and (8). .

Sufficiency. It follows from (i) that the distribution p is attracted
by a non-degenerate normal distribution on the real line, and hence
by theorem 2, §26 in [1], for some sequence of positive numbers {a,}
the following conditions analogous to (4) and (8) are satisfied for every
e>0:

(4) limn [ T, p(ds) =0,

0 izi>e

(8%) limna} oy, = a* # 0.

From assumptions (ii) and (iii) and from condition (8) we obtain
for every ¢ > 0 the conditions analogous to (5) and.(6):

(5) lim sup ' na}(Dyq, 6, €) =0,

N—oo n =N

where {¢;} is a basis in H;

(6") lim na, (D, f, f) = a*(8f,f) for every feH.

n—>oo

By the lemma the sequence of distributions {T, p"*} is shift-conver-
gent to a normal distribution in H determined by the S-operator D = a28.
It is easily seen that (Df, f) # 0, i.e. the limit normal distribution is non-
degenerate.
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