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A SURVEY OF VARIOUS MODIFICATIONS
OF THE NOTIONS OF ABSOLUTE RETRACTS
AND ABSOLUTE NEIGHBORHOOD RETRACTS

BY

JACEK KLISOWSKI (LUBLIN)

Our purpose is to expose various modifications of the notions of
absolute retracts and absolute neighborhood retracts, originally defined
by Borsuk [3], [4] for compact metric spaces and later generalized to
other classes of spaces (see [17], [6], and [18]). And in some recent general-
izations the usual notion of retraction has been replaced by a more general
one. This leads in a natural manner also to other modifications of the
original notions. We shall describe some their basic properties and inter-
relations.

1. Preliminaries. The symbol @ will be used to denote one of the
following classes of Hausdorff spaces: class IR of all metrizable spaces,
class € of all compact spaces, class of compacta, i.e. compact metrizable
spaces. Let AR(Q) (ANR(Q)) denote the class of absolute (neighborhood)
retracts for the class @ (see [17]). Recall that every @-space can be embed-
ded as a closed subset in some AR (Q)-space.

By a map we mean a continuous function. Let X and Y be compacta
with metrics o’ and p, respectively. Let ¢ > 0 be a real number. A function
f: X — Y is said to be e-continuous if there exists a é > 0 such that"
o' (@, ') < 8, », o’ € X, implies o(f(2), f(2')) < & (see [25]).

Now let us recall some definitions from [6], [13], and [32]. For the
definitions of undefined terms of shape theory used in this paper the reader
is referred to the above-mentioned papers.

Let X and Y be closed subsets of AR (9)-spaces M and N, respec-
tively. A sequence of maps f,,: M — N is called an S-sequence from X to ¥ in
M, N (in symbols, f = {f,, X, Y},, 5) if it satisfies the following two
conditions: -

(1.1) For every compactum A — X there is a compactum Bc Y
such that for every neighborhood V of B in N there exists a neighborhood
U of A in M such that f,|U~f,,,|U in V for almost all k.
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(1.2) For every neighborhood V of Y in N there exists a neighborhood
U of X in M such that f,|U ~f,.,| U in V for almost all k.

By a W-sequence (respectively, P-sequence) we mean a sequence a8
the above one which satisfies (1.1) (respectively, (1.2)). In the case where
both spaces X and Y are compact, conditions (1.1) and (1.2) are equivalent
and then we use the term fundamental sequence.

Let X be a closed subset of an ANR (I)-space M. The family U(X, M)
of all open neighborhoods of X in M is called a complete neighborhood system
of X in M. Consider two complete neighborhood systems U(X, i)
and U(Y,N). A family f of maps f: U -V, where U € U(X, M) and
VeU(Y, N), is called a mutation from U(X, M) to U(Y, N) (in symbols,
f: UZX, M) ->U(Y, N)) if the following three conditions are satisfied:

13) I fef, fU->V,UcU, UeUX, M), Ve V' eUY,N),
and f': U’ — V' is defined by f’'(x) = f(x) for x € U’, then f’ €f.

(1.4) Every Ve U(Y, N) is the range of some map f €f.

(1.5) If fi,f.€f and f,,f,: U — V, then there is a U’ e U(X, M)
such that U' < U and f,| U’ ~f,|U".

By an ANR(C)-system we mean an inverse system X = {X,, P.., 4},
where (A4, <) is a closure-finite directed set, i.e. for every a € A the set
of all predecessors of a is finite, and each X, is an ANR(C)-space. A map
of systems f: X —Y = {¥;, g, B} consists of an increasing function
f: B - A and a collection of maps fz: Xy, — ¥, such that § < g’ implies
ToPseyrey = s fp - TWo maps of systems f, g: X — ¥ are said to be homo-
topic, f ~ g, if for every B € B there exists an a € 4, a > f(f), g(B), such
that fsPrs. =~ 9sPys.- A ANR(C)-system X is said to be associated
with a compact Hausdorff space X if X is homeomorphic to the inverse
limit of X. Then p,: X — X, denotes the natural projection. Let X and
Y be ANR(C)-systems associated with spaces X and Y, respectively.
The map of systems f: X — Y is said to be associated with a map f: X Y
if for every § € B we have f;p5 =~ gf.

2. Generalized retractions and relations between them. Let X bo
a closed subset of a metrizable space X’. Consider the following conditions:

HR(M). There is a map r: X’ > X such that r|X ~ 15, where
1x: X — X is the identity map.

SR(M). For some (hence, by [13], p. 52, for every) ANR(IN)-space
M containing X’ as a closed subset there is a mutation r: U(X’, M)
— U(X, M) such that () =x for x e X and r e r.

FRg (M) (respectively, FRw (M), FRp(M)). For some (hence, by [6],
p. 182 and 186, for every) AR(IR)-space M containing X’ as a closed
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subset there is an S-sequence (respectively, W-sequence, P-sequence)
r = {ry, X’y X}p,n such that r,(¢) =z forzeXand k =1, 2, ...

WR (). For some (every) ANR(I)-space M containing X' as a
closed subset and for every neighborhood U of X in M there is a map
r: X' - U such that r(z) =z for v € X.

If X satisfies HR (M), SR (M), FRg (M), FR (M), FRp (M) or WR (M),
then X is called a homotopy retract, mutational retract ([13], p. 53), S-retract
([6], p. 186), W-retract ([6], p. 183), P-retract or weak retract of X', respec-
tively.

Remark. It follows from the homotopy extension theorem for mu-
tations ([14], p. 88) that a closed subset X of a metrizable space X’ is
a mutational retract of X’ iff there is a mutation »: U(X’', M) - U(X, M)
such that rj ~1{, where the mutations j: U(X, M) > U(X', M) and
i: UX, M) > U(X, M) are extensions of the inclusion j: X - X’
and the identity map ¢: X — X, respectively (for definitions see [13]).

The following diagram shows the relations between the above notions
for metrizable spaces (arrow indicates implication):

—FRg(M)——
by defi- by deti-
nition nition
Y
FRy (M) FRp (M) HER (M)
(13}, Theo-
p. 54 rem (2.4)
»SR (M) <
Theo-
rem (2.5)
v
WR(IN)

Now, let X be a closed subset of a compact Hausdorff space X'.
Consider the following conditions:

HR(C). There is a mapr: X’ — X such that r| X ~1%.

SR (€). For some (hence, by [29], for every pair of) ANR (C)-systems
X’ and X associated with X’ and X, respectively, there is a map of systems
r: X' - X such that i ~ 1y, where i: X — X’ is any map of systems
associated with the inclusion ¢ and Iyx: X — X is the identity map of
systems.
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WR(C). For some (every) ANR(C)-space M containing X' and for
every neighborhood U of X in M there is a map r: X' - U such that
r(z) = v for x € X.

AR (C). For every open covering [ of X there is a map r: X' - X
(called a U-retraction) such that for every x € X there is a U €U such
that z,r(x) e U.

If X satisfies HR(C), SR(C), WR(CE) or AR(CE), then X is called
a homotopy retract ([36], [37]), shape retract ([29], p. 155), weak retract
or approximative retract [21] of X', respectively.

For compact Hausdorff spaces we have

HR(C)

(291,
p. 156

Y
SR () AR(G)
Theo- Theo-
rem (2.5) rem (2.6)
>WR(€)<

Now, let X be a closed subset of a compactum X’ (with metric o).
Consider the following conditions:

HR. There is a map r: X' — X such that r| X ~14.

SR. For some (every) AR-space M containing X’ there is a funda-
mental sequence r = {r,, X', X}, such that r,(z) =« for v € X and
k=1,2,...

WR. For some (every) ANR-space M containing X’ and for every
neighborhood U of X in M there is a map r: X' — U such that r(z) =«
for z € X.

AR. For every ¢ > 0 there is a map r: X' — X (called an e-retraction)
such that oz, 7 (%)) < ¢ for & € X.

SPR. For every ¢ > 0 there is a neighborhood U of X in X’ such
that for every & > 0 there exists a d-continuous function r: X' — X such
that oz, r(x)) < ¢ for z € U.

PR. For every &> 0 there is an e-continuous function r: X’ - X
such that r(z) = o for z € X.

If X satisfies HR, SR, WR, AR, SPR or PR, then X is called a homo-
topy retract, fundamental retract [6], weak retract ([2], p. 96), approzima-
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tive retract ([36], p. 20), strong proximate retract [25] or proximate retract
[25] of X', respectively.

Remark. It follows from the homotopy extension theorem for
fundamental sequences (see [6], p. 213) that a subcompactum X of a com-
pactum X' is a fundamental retract of X’ iff there is a fundamental se-
quence r = {r;, X'y X} 5 such that rj ~ ¢, where fundamental sequences
J ={jx, X, X'}y and § = {3}, X, X}, 5 are generated by the inclusion
j: X - X’ and the identity map ¢: X — X, respectively (for definitions
see [6]). ‘

For compacta we have

AR—1 _ ,spPR— 27 PR

A
(23, p. 102

Y

29], p. 156 2], p. 97
HR 22k P 156 Sp- 229 _wR

Let us notice that for compacta we have the following three propo-
sitions:

(2.1) The conditions SR (M), SR(C), and SR are equivalent (see [13],
p. 61, and [29], p. 161).

(2.2) The conditions WR (M), WR(E), and WR are equivalent.
(2.3) The conditions AR (C) and AR are equivalent (see [21]).
From the last remark we obtain the following

(2.4) THEOREM. If X i3 a homotopy retract of a metrizable space X',
then X i8 a mutational retract of X'.

Remark. From now on we shall use the term “shape retract” instead
of the terms “mutational retract” and “fundamental retract”.

Let us prove the following two theorems:

(2.5) THEOREM. If X is a shape retract of a Q-space X', then X is a weak
retract of X'.

Proof. This is clear for metrizable spaces.

Now let X’ be a compact Hausdorff space. Assume that X' is a subset
of a Tychonoff cube I°. Let X = {X,, Por, A} and X' = {X., por, 4}
be inclusion ANR (€)-systems (see [29], p. 159) associated with X and X',
respectively. Then all bonding maps and projections are inclusions. By
assumption, there exists a map of systems r: X’ — X such that ri ~ 1,
where ¢: X — X’ is a map of systems associated with the inclusion ¢, The
map 7 consists of a collection of maps r,: X, — X,, and i consists of a col-
lection of maps i,: X, — X..
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Let U be any neighborhood of X in I?. Clearly, there is an aec A
such that X, « U. Since 7t ~ 1y, there is an o' € 4, &’ > a, such that
Yalpa)Pir(a),a = Paar- WO have also p,’,(,,)'i =~ i) Pira) DECaUSE & i8 associated
with 7. Consequently

rap;(a)i = rair(a)pir(a) = 7'c:":f(a)p‘ir(a),a'pa’ > Poa’Par = Pa-

Since the map 7,p,,: X' - X, is an extension of the map 7,p,q,i:
X - X,, and X, is an absolute neighborhood extensor for compact Haus-
dorff spaces (by Theorem 8.1 of [17]), we conclude by the homotopy ex-
tension theorem ([17], Theorem 28.2) that there is a map r: X' — X,
which is an extension of p,, i.e. 7(x) = = for € X. This proves that X is
a weak retract of X',

(2.6) THEOREM. If X 18 an approximative retract of a compact Haus-
dorff space X', then X is a weak retract of X'.

Proof. Assume that X’ is a subset of a Tychonoff cube I°. Let U be
any neighborhood of X in I°. There is a family B of open convex subsets
of U such that W = {VnX:V € B} is a covering of X. By assumption
there is a U-retraction r: X' - X. We define a homotopy # of X x <0, 1)
into U by

F(o,t) =t-o+(L—1)-r(z) for ze X and ¢t e <0, 1).

Since U is an absolute neighborhood extensor for compact Hausdorff
spaces (by [17], p. 318), it follows from the homotopy extension theorem
that there is a map 8: X’ — U such that s(z) = = for z € X. This proves
that X is a weak retract of X'.

3. Generalized absolute retracts and their properties. In order to
make formulation of this section easier we shall use the term G-retract
to denote one of the terms defined in Section 2. We consider some elementa-
ry properties of G-retracts.

(3.1) If X is a G-retract of X' and X' i3 a G-retract of X'’, then X is
a G-retract of X"'.

A closed subset X of a Q-space X' is called a meighborhood G-retract
of X' if there exists a closed neighborhood V of X in X’ such that X is
a G-retract of V. Notice that the properties of being a G-retract or a neigh-
borhood G-retract are topological. It is clear that every G-retract of X’
is a neighborhood G-retract of X’'; the converse statement is not true.

(3.2) Every (meighborhood) retract of X' is a (meighborhood) G-retract
of X'.

We say that a Q-space X is an absolute (neighborhood) G-retract for
the class Q and write X € AGR(Q) (X € ANGR(Q)) if, for every Q-space
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Y containing X as a closed subset, X is a (neighborhood) G-retract of Y.
It is clear that every AGR (Q)-space is an ANGR (Q)-space.

(3.3) Every AR (Q)-space (respectively, ANR(Q)-space) is an AGR(Q)-
space (respectively, ANGR(Q)-space).

(3.4) THEOREM. AGR(Q)-spaces (ANGR(Q)-spaces) are the same as
G-retracts of AR (Q)-spaces (ANR(Q)-spaces).

(3.5) CorROLLARY. Every G-retract of an AGR(Q)-space (ANGR(Q)-
space) i8 an AGR (Q)-space (ANGR (Q)-space).

Remark. There are also some theorems éha.racterizing AGR(Q)-
and ANGR(Q)-spaces by “extendability” (see [36], [37], [6], p. 261,
[15], [29], [2], [35], [21], and [25]).

Classes of absolute (neighborhood) homotopy, shape, weak, approx-
imative retracts for the class @, absolute (neighborhood) S-retracts, W-re-
tracts, P-retracts for metrizable spaces, absolute (neighborhood) proximate
and strong proximate retracts for compacta will be denoted by AHR (Q)
(ANHR(Q)), ASR(Q) (ANSR(Q)), AWR(Q) (AWNR(Q)), AAR(Q)
(AANR(Q)), FARg(TM) (FANRg(M)), FARw (M) (FANRy (M), FAR (M)
(FANRp (), PAR (PANR), and SPAR (SPANR), respectively. Some
proofs of (3.1)-(3.5) can be found in the papers by the following authors
who introduced the above notions: Saalfrank [36] and [37], Borsuk [6],
Mardesié [29], Godlewski [13], Bogatyi [2], Noguchi [35], Kalinin [21],
Klee and Yandl [25].

Remark. Let us notice that AWR (IM)- and AWNR (IN)-spaces are
the same as GAR(IR)- and ANS(I)-spaces, respectively, introduced
by Zivanovié [39] and [40]. Bourgin [9] introduced SNR’s and aNR’s
which are the same as AWNR(C)- and AANR(C)-spaces, respectively.

Let us give a sketch of proof of the following
(3.6) THEOREM. Every component of an ANGR (Q)-space X is open in X.

Proof. This is known for FANR (9M)-spaces ([6], p. 193) and can
easily be proved for AWNR (Q)-spaces. Hence, by the .results of Sec-
tion 2, we obtain the thesis.

(3.7) COrROLLARY. Every compact ANGR (Q)-space has a finite number
of components.

(3.8) CorOLLARY. Every component of an ANGR (Q)-space is again an
ANGR(Q)-space.

Let us mention one modification of the notion of a neighborhood
approximative retract. A closed subset X of a compact Hausdorff space
X' is called a neighborhood approximative retract in the sense of Clapp (see
[10] and [21]) of X’ if for every covering U of X there are a neighborhood
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V of X in X' and a U-retraction r: V — X. It is clear that every neighbor-
hood approximative retract of X’ is a neighborhood approximative re-
tract in the sense of Clapp of X’ and every AANR (C)-space is an absolute
neighborhood approximative retract in the sense of Clapp (AANR(C)-
space). It is known that AANRy-spaces are the same as NE-sets intro-
duced by Borsuk [7].

Let us notice that the results of Section 2 imply analogous relations
between neighborhood generalized retracts and between absolute (neigh-
borhood) generalized retracts. Some other relations will be studied in the
next section.

4. The relations between absolute (neighborhood) generalized retracts.

(4.1) THEOREM. Every AAR (C)-space (AANR (C€)-space) is an ASR (C)-
space (ANSR (€)-space) ([21], [12], see also [2]).

One can easily show the following (compare with [8], p. 163, Epi-
logue by Iu. M. Smirnov)

(4.2) PrOPOSITION. If X i8 a Q-space, then the following conditions
are equivalent:

(1) X e AWR(Q).

(2) X 18 contractible in each of its neighborhoods in some (every) ANR (Q)-
space containing X as a closed subset.

(3) Every neighborhood U of X in some (every) ANR (Q)-space M con-
taining X as a closed subset contains a netghborhood U, of X in M which
18 contractible in U.

(4.3) THEOREM. A Q-space X is an ASR(Q)-space iff X is an AWR(Q)-
space.

Proof. It follows from Theorem (2.5) that every ASR(Q)-space
is an AWR(Q)-space.

Now assume that X e AWR(IR). Then X is a weak retract of some
AR(IM)-space M. Let r: UM, M) - U(X, M) be a family of all maps
r: M — U such that U e U(X, M) and r(#) =« for x € X. It is clear
that r is a mutation. We conclude from Theorem (3.4) that X € ASR ().

Now assume that X e AWR(C). Let X = {X,, P, A} be an inclu-
sion ANR(€)-system associated with X. It follows from Proposition (4.2)
that for every a € A there is an a’ € 4, a’ > a, such that X, is contractible
in X,, i.e. p,,- is null-homotopic. Hence from Theorem 5 of [29] we infer
that X € ASR(CE).

For compacta this is also proved in [8] (Theorem 27.1) and in [39].

The following theorem is well known:

(4.4) THEOREM. A Q-space is an ASR(Q)-space iff its shape (in the
sense of [34]) is trivial ([6], p. 257, [14], p. 90, and [29], p. 156).
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There are also some other chafracterizations of ASR(C)-spaces [22],
ASR-spaces ([19], [20], [30], [27]), and ANSR-spaces ([6], p. 254, [31]).
One can easily prove that

(4.5) AHR(Q)-spaces are the same a8 contractible Q-spaces.

Now let us give some propositions connecting AWR(Q)-spaces with
other absolute generalized retracts.

(4.6) PROPOSITION. A Q-space X is an AR (Q)-space iff X is an AWR(Q)-
and ANR(Q)-space.

The metrizable case is proved in [39] (Thcorem 2.10). By similar
arguments one can easily prove other cases and the following

(4.7) PROPOSITION. A Q-space X 18 an AHR(Q)-space iff X i3 an
AWR(Q)- and ANHR (Q)-space.

(4.8) PROPOSITION. A compact Hausdorff space X is an AAR(C)-
space iff X is an AWR (€)- and AANR(C)-space ([2], p. 98, [21], p. 731).

(4.9) PROPOSITION. A compact Hausdorff space X is an AANR(C)-
space iff X i3 an AWNR(C)- and AANR(CE)-space (for the proof for com-
pacta see [2], p. 99).

(4.10) PROPOSITION. A compactum X is an SPAR-space iff X 18
an AWR- and SPANR-space.

Proof. It is clear that every SPAR-space is an AWR- and SPANR-
space.

Now assume that X is an AWR- and SPANR-space contained in
some AR-space M (with metric g). There are a neighborhood W of X
in M such that X is a strong proximate retract of W and a maps: M - W
such that s(z) =z for v e X.

Let ¢ > 0 be any real number. Then there is & neighborhood U of
X in W such that for every 6 > 0 there is a dJ-continuous function
r: W — X such that ¢(z, r()) < e for x € U. Observe that a set

V = g—l(U)n{w eEM: 9(93, 8(90)) < ‘1‘8} '

is a neighborhood of X in M. For a given 6 > 0 let »: W — X be a é-con-
tinuous function such that g(x, () < ¢ for # € U. Then the function
r8: M — X is d-continuous and

o(rs(2), @) < o(rs(x), s(2)) +o(s(2), ¢) < e +ie =¢

for z e V. This proves that X is a strong proximate retract of M and by
Theorem (3.4) it is an SPAR-space.

(4.11) PROPOSITION. If a metrizable space X is an AWR(M)- and
FANRg(M)-space (FANRyp(IM)-space, FANR (M)-space), then X is an
FARg(M)-space (FARp(IM)-space, FARw (M)-space).
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Proof. Assume that X is a closed subset of some AR (I)-space M.
Let r = {r,, V, X}y » be an S-retraction (P-retraction, W-retraction),
where V is a closed neighborhood of X in M. Since X € AWR (IR), there
is a map s: M — V such that s(z) = « for # € X. It remains to prove that
if r is a P-sequence (W-sequence), then 8 = {r, 8, M, X},, ,,is a P-sequence
(W-sequence).

First assume that r is a P-sequence. Let U be any mneighborhood
of X in M. There is a neighborhood V' of V in M such that r, |V’ ~7; |V’
in U for almost all k. Then 7,8 ~17,,,8 in U for almost all k. This proves
that 8 is a P-sequence.

Now assume that 7 is a W-sequence. Let A be any compactum in M.
Then 8(A4) is a compactum in V. Let U be any neighborhood of B in
M, where B is a compactum in X associated with s(4) (see the condition
FRyw(M)). Then there is a neighborhood V' of 8(4) in M such that r, |V’
~ ..,V in U for almost all k. Let U’ = s~'(V’). Then U’ is a neigh-
borhood of A in M such that 7,8|U’ ~r,,,8|U’ in U for almost all k.
This proves that 8 is a W-sequence.

Clearly, for FARg(I)- and FAR, (M)-spaces, the converse statement
is also true.

5. Examples. Let us give some examples which show that the con-
verses of the statements in Section 2 are not true.

(5.1) Let us denote by X,,» =1, 2,..., the closed half-line in the
plane E? with the end-point (0, 0) and containing the point (n, 1), and
by X, the half-line with the end-point (0, 0) and containing the point

(1,0). Let X = () X,. Then X is an AHR(IM)-space which is not
n=0

an FANR,(IM)-space (see [16]). One can easily see that X is an
FARy (M)-space.

However, not all relations between FARg(M)-, FARp(IM)- and
FARw (9M)-spaces are known.

(5.2) Let X be any infinite 0-dimensional compactum. Then X is
an AANR-space ([2], p. 93) but, by Corollary (3.7), it is not even an
AWNR-space.

(6.3) Let X,, n =1,2,..., be a decreasing sequence of compacta

such that X, , is a retract of X, for all n, but X = (") X, is a compactum

n=1

which is not a shape retract of X, (see [11]). It is clear that X is a weak
retract of X,.

We do not know if there exists an AWNR(Q)-space which is not

an ANSR(Q)-space (for compacta it is the question of Zivanovié [39]
and Bogatyl [2]). (P 1244)
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(5.4) Let X be a contractible continuum which has no fixed point
property [24]. Then X is an AHR-space but it is not an SPAR-space
because, by the results of [25], every SPAR-space has fixed point property.
Hence, by Proposition (4.10), X is not an SPANR-space.

(5.5) Let X denote the closure of the curve in the plane E* whose
equation is ¥ = sinw/z for 0 < # < 1, and let L denote the segment with
the end-points ( —1, 0) and (0, 0). Then one can easily see that Y = X UL
is an SPAR-space which is not an AAR-space. Hence, by Proposition (4.8),
Y is not an AANR-space. This example gives a negative answer to the
problem of [25].

Let us notice that X is an AAR-space which is not an AHR-space,
and hence, by Proposition (4.7), X is not even an ANHR-space.

6. A short review of other modified AR- and ANR-spaces. First let
us mention the notion of absolute (neighborhood) homology retracts intro-
duced by Lefschetz [28]. Sher [38] has studied absolute (neighborhood)
proper retracts, where retractions were restricted by some conditions.
Ball [1] transferred the notions of AR- and ANR-spaces to proper shape
theory which is a remarkable extension of shape theory from compacta
onto locally compact metrizable spaces. Kozlowski and Segal [26] extended
the notions of ANSR-spaces to paracompacta.

Instead of continuous retractions one can consider more general
almost continuous and weakly continuous retractions. This leads to modi-
fications of AR- and AAR-spaces but, as has been proved by Kellum [23],
these classes are the same as the class of AAR-spaces. It is not known
if an analogous statement is true for AANR-spaces. (P 1245)

Finally, let us mention another notion. A closed subset X of a space
X’ is called an approximate retract of X' if for every neighborhood U of
X in X’ there is a retract R of X’ such that X ¢ R < U. This leads to the
notion of absolute approximate retracts [33]. Notice that here analogues of
(3.1) and (3.4) are not true. It is not known if there exists an absolute
approximate retract which is not an AR-space. (P 1246)

Added in proof. K. Tsuda (On AWNR-spaces in shape topology, Ma-
thematica Japonica 22 (1977), p. 471-478) has given a partial answer to
P 1244.
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