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ON TESTING THE EQUALITY OF PARAMETERS IN
RECTANGULAR POPULATIONS FOR UNEQUAL SAMPLE SIZES

BY

W. KLONECKI (POZNAN)

Khatri () has given a statistic for testing the equality of ranges
in k rectangular populations when the lower limit of each population
is known to be zero. He has also found the distribution of that statistic
for equal sample sizes and tabulated the 5°/, points. In this paper the
distribution of the Khatri’s statistic for unequal sample sizes is given.
The o/, points can be then computed when sample sizes are known.

For ¢+ =1,2,...,k let Xy, where j =1,2,...,%;, be independent
observations from rectangular populations with range ©; and lower limit
equal to zerc. Let D; be the sample maximum value. The density function
of D; is given by

n; dr,;
y (

n;—1
for 0 < d; < @-,;.
0; @i) '

Let D,,, be the maximum value and D,;, be the minimum value
of the random variables D,, D,, ..., D;.

The hypothesis H,: 6, = @, = ... = 6, can be tested by Khatri’s
statistic Dy, /Dy and is accepted if
u.
Dmax

An a’/, test of H, is then obtained by taking w as the lower a9/,
point of D, /D, .. .

The distribution of D, /D, .. under the null hypothesis is obtained
as follows.

Let 6, =6, =... =0, =060. Without any restriction we can
assume that & = 1. Let (t,,1?,,...,{) be a permutation of the indices

(") C. G. Khatri, On testing the equality of parameters in k rectangular popu-
lations, Journal of the American Statistical Association 55 (1960), p. 144-147.
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1,2,...,k) and
(3) Xty to, .. t)

be the region in the sample space leading to 0 < dy < dy, <... < dy, < 1.
Using the above given nomenclature, we have

D D
(4) P{Dm‘“>u}= Z P{D’mn>u

HifeE (t1tg, s )

where the summation is over the k! permutations corresponding to the
disjoint k! sets (3). Note that

‘Dh
X(tl,t2,,,_.tk) =P D X(‘btz,--.,tk) .
b

First take (t, %o, ..., t) = (1,2, ..., k). According to (5) we have

> U

D
(5) P{D::i > u

(6) P{Il))mm > u

max

To evaluate the conditional probability (6) write

k
(7) fd,,d d;) I-I] ndiit for 0 <d, <dy,<...< d, <1,
J ‘119 29 sesy 4% = i=

0 otherwise.

When divided by pg,s,. . K = P{X ., 1 function (7) represents
the density of a random variable, say (D®, D®, ..., D®). Thus
D_.
(8) _P{ min > m

Do
.X ”,k}=P{——">u}
max o ) -D(k)

Now, putting U, = DV/D®, and U; = DY for i=2,3,...,k
we obtain the joint distribution of (U,, U,, ..., Ux) whence, after integ-
ration, the distribution of U, can be found.

The density of (U, U,, ..., Uy) is given by

(9)  h(uy, wgy ..oy uy)

1 k k-1
([ ([Tt tor (s e wed,
i=1

= { Pa,2,....k) i=1 i

0 otherwise,

and the region A by the inequalities 0 < u; <1, 0 < U < Uryy, when
r=2,3,...,k—1, and 0 < uyu; < u,. We obtain by integrating the
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following expression for the density of U,:

a0 glw) = ——— f[ ne) ! f Qg+
Pa,z,...,k)

i=1
f du,f‘;_luk]i_ll_ f du3u33_ f uzz_lduz
g bt by ¥1%k

for 0 < u, <1 and g(u,) = 0 for u, <0 or u, > 1. To find a convenient
formula for the integral (10) first note that

Ug
(11) f duty_ a1, f w1 du,
uug Uy g,

1

— u;12+71~3+...+7b5_1_{_

Ny (N~ Ng). .. (Mgt Ng+...+ Ng_y)

1
X
T Z AT+ My q) oo (Wi Nip1teo+Ng_y)
1
X u’?s'bi+...+n3—1 WU Ng—1+...+ng
i1 (Mg +Mi_g) e (M1 + Mg +...+ 1) (atie) T
+(—1y = (g g2+,

Ms_1 (Ns_1+ Ng_g).ee(fg_1+1Ms_o+.. )

Formula (11) is obtained by induction. In the proof of (11) the for-
mula

(=1
(12) —— e
N (et Ryp_1) oo (Nt Ny + o 1y)
Ry (Mg + Ry) .o (4 ng+ 4. ..+ 1y)
- 1
_1 1—1 X
" g( : N (1 + ni+1)"'(n’i+ni+1+‘--.+nr)

1
X
Wiy (M +Ni_g) .o (Mg + 25 _s+...+my)

is used, which holds whenever nz+...4n, 0 for 1 <g <y <.

To prove (12) multiply both sides by 'n,(n,.—}—n,._l) (N ...
...+ n,). Consider the left side as a function of n,, say h(n,). This is
a polynomial. Moreover, the degree of this polynomial is lower than 7.
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On the other hand, there are r points such that

h(0) = h("‘nr) = h(—tp—Np_y) = W(—Np—Mp_1—Np_3) = ...

= h(—Bp_y—...— 1) = (—1)L

Hence h(n,) = (—1)"", and (12) follows.
Formulas (10) and (11) yield

u}"l‘l[ 1
Ng(Ny+ Ng) ..o (Mot Mg+ M)

+

+ ) (-1 : x
Ny (Mgt Mipy) oo (Mg Mg e+ py)
y 1
i (M1 Mi_g) e (R Moo 1)
1

gy (Mg + Mgp—g) o oo (Rp—1 + Mp_a+. ..+ 1)

u?l'l«i—1+...+n2+

+(—1)*

u'lllk_1+...+n2] .

Finally, by integrating and using (12) we conclude that

Dmin :
(19) P> w| Xy nf = [0
u

max
k
_ 1 iI—__]: i [ 3 n
Pq,e,..., k) - e nl(”1+n2)---('n1+'nz+---+nk—1)
i=1
k—1

, 1
+ __1 1—1 b4
Z( ) (M +Mig1) oo (Mgt n e 0 n)

1=2
X 1 u‘ni_1+...+‘n]+
VPR (PR o TIPS BN (PR PRPE SO S 5
(=1 . uﬂk—1+---+"1].
i1 (Mk_1+Nie—g) . - - (Mg FMpe_gt+. o o +1)

Now, using the fact that by appropriate permutations of indices
(1,2,...,k) in formula (14) the expressions for the particular terms
in the sum (4) are obtained, we get
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(15) P{D“‘i“ >u}
‘ D

max

DN : +
‘2161 ni (tl,tzq ,tk) ntl(ntl—i_ ntz) e (ntl + nt2+ vee + ntk—l)
=1

1
+ 2 x
%t + In’tl.’_l) (nt%+ntb+l+' . '—I_ ntk—l)
X 1 unti—1+"'+nt2—|—
ng_ (M, + "ti—z)'"("ii-1+”ti—z+'“+"‘1) "
+(—1)*! ‘ ! u”tic—ﬁ“'“""’h],
Ny (Mg M)y g+ e 1)

where the summation is over the k! permutations of the indices.
It is also easy to show that formula (15) can be simplified and pre-
sented in the form

- D in
(16) P{ — u}
Dma.x

e o DL
- nl+n2+ "I‘nk[ (nl +nt 1—}—%@_,_1-} ‘1“”]{)

N Z (”1’!‘---+ni_1+'ni+1+---+ni—1+”j+1+---+”k)uni+nj+---i

1<i<i<k
I
e g ,niu’n1+...+ni_1+‘n@'+1+...+'ﬂk].
i=1

It may be remarked that (16) agrees for n, = n, = ... = n;, with
the formula given by Khatri.

When the lower limits are not known to be zero, the distribution
of the Khatri’s statistic for unequal sample sizes may be obtained in the
same manner. Unfortunately, the formula is too complicated to be pre-
sented here.
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