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Let X denote a metric space with the distance |x—y| and b(X)
the space of sequences & = {®,,®,,...} bounded in the space X
(with the metric |&—n| = sup |@,— Yil)-

k

Definition. A sequence & = {x;}eb(X) is said to be almost-periodic
if the set of sequences &, = {x,, Ty 1,y...}, P =1,2,..., 18 precompact
in the space b(X).

Remark. A sequence so defined is an almost-periodic function
on the semigroup of positive integers. It is well known and easy to prove
that for every such sequence {w,,a,,...} there exists a sequence
{eey¥ 1yYos Y1y ---}, almost-periodic as a function on the group of
integers, such that z,—y; > 0 as k — oo.

It is evident that 1° any almost-periodic sequence is also precompact
in X, i.e. every its subsequence contains a fundamental subsequence,
and that 2° any convergent sequence is almost-periodic.

LeMMA. A sequence & = {x} is almost-periodic if and only if
(2) for any ¢ > 0 there exist a sequence of integers (N} and two
constants K, and M, such that 0 < N& , —NP < M, (k=1,2,...) and

|y MO— 2| <& for n>K,j=1,2,..

The proof of this lemma is analogous to the proof of a well-known
theorem of Bochner ().

The purpose of this paper is to prove the following

THEOREM. For any sequence {x,}, precompact in X, there exisls a per-
mutation ¢ (k) of the set of positive integers such that the sequence Y = Tyy)
18 almost-periodic.

Proof. Let the sequence ¢ = {x,} be precompact in X. By E we
denote the graph of & (this means that terms of & with distinct indices

(1) See for example N. Dunford and T. Schwartz, Linear operaiors, New
York-London 1958, §1V, 7, Theorem 2.
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are considered as distinct elements of the set E). Let Z, be the set of
those terms x of the sequence & for which the sphere with centre » and
radins 27" contains only a finite number of elements of & It is easily
seen that all the sets Z, are finite.

A finite system A = {&;, »,, ..., 2,} shall be called an e-multiple of
a system B = {y,, ¥y, ..., ¥, if

1° p = mr (n is an integer > 1),

2° i~ <efor i=1,2,...,7r;v=1,2,...,n—1.

We shall construet the required sequence {y} = {Z,m)} step by
step. A set A is termed to be an s-network for the set B, when 4 =< B
and for every beB there exists an aed4 such that la—b| < e.

Let now U, =27, = {y,,..., Ym} and V= {Yum 1y ..., Yn,b be
a $-network for the set BN U, such that 2 eUy o V,y. Let U, = {Unys1y
ooy Ymyp be a L-multiple of the set V, and simultaneously a }-network
for the set E (U, v V,) such that

ZN(Uy v Vy) e Uy e EN(U, w Vy).

We shall prove that such a set exists. In fact, we may choose a finite
3-network for the set BN (U, o V,) which contains all points of the set
ZN(Uy o Vy). Next we may extend this network to a +-multiple of the
set V,. This is possible because the set V, is a $-network of EN(U, u V)
and it is disjoint with the set Z,.

Let further V, = {yu,1,-.., Yn,t be a }-network of the set
EN(U, v Vy o U,) and simultaneously a 1-multiple of the set U, and
such that V,~Z, =0, 2,eU, oV, U, u V,. The set V, may be
constructed in the following way. We choose a finite }-network of the
set EN\(U, v V, o U,) which may or may not contain the point x, and
next extend this network to a §-multiple of the set U,. This is possible
because the set U, is disjoint with the set Z, and it is a i-network for
EX(Uy v V,y). Suppose the systems Uy, V,,..., U, V, have been de-
fined. We define the system U, , = Wngi1y ooy Ymg, ) as the 27°
network for the set EN(U; v ... o Uy u V, U ... U V) being simulta-
neously a 27° multiple of the system V, such that

Zs+1\U (Uz -/ Vz) < Us+1-
i=1

We define the system V., = {yu, .1, cooy Yng, ) @8 @ 2% net-
work of the set EN(U, v ...o Ug o Viu...u V) which is simul-
taneously a 27° multiple of the system Ug ., such that

841 7
tane U (U o V).
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The inductively defined sequence of systems U, V,, Uy, V,,...
determines the sequence {y;} = {Zyu)}-

We shall prove that the sequence {y,} satisfies the condition (£)
of the lemmma. To this end let K,, for n = 1,2, ..., be the n-th term of
the sequence of systems V,, U, ,, V, .1, U, 2y...

Next let |[K,| denote the length of the system K,. We shall define
a function ¢ = p(p) for p = 2,3, ... Let y; be a fixed element of the
system V, and let a denote the length of the system V,, i.e. let a = |[K |
= n,—m,. If y;, .cl,, then p(p) = ¢ is defined to be a non-negative
integer for which

(*) '.’/l.|.Q{1€Ifr--1 ’
and

(**) there exists a positive integer s such that ga-| s|K, ,| = va.
It is obvious that the function g is well defined. Let us remark that

for every p there exists a » such that ¢"(p) = 0, where " denotes the
y-th iteration of . If K, is a 2 "-multiple of K, ,, then

y —f
l.?/l+))a_?/l+w(p)a’ < 275
Hence we have

o0
Yirma—yi| < 2 D27
I=pn
for every p.
Now, let » > n,. Then there exists a positive integer p such that
Yn = Yi1pay Where x;eV,. Therefore we have

)
M o-i
P
I=pn

(1) |?/n—?/n k-lml < |?/l+;pm—yll+!y1+(7)+ls)q'_yl| =4

Let now ¢ >0 and pu be such that

o0
) 422_7' < &.
j=p

In view of (1) condition () is satisfied with
K,=n, M, =n,—m, NP==kn—m,), k=1,2, ...
This completes the proof of the theorem.
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