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A PROOF OF J. MARIK’'S LEMMA

BY

H.W.PU axp J.P. SPENCER (COLLEGE STATION, TEXAS)

In Matik’s paper [1],.the proof of Lemma 1 is incorrect as Hewitt
pointed out in the Mathematical Reviews [MR 19, p. 535-536]. However,
it was not mentioned whether this lemma is true or not. Since the proof
of Theorem 2 depends on this lemma and Theorem 3 is a consequence
of Theorem 2 in his paper, it is worth showing where the proof of this
lemma is not correct and proving its validity.

We begin with the statement of his L.emma 1:

If & is a o-algebra of subsets of A, v is a finite measure defined on L,
and A = O A,, then there is a sequence of positive numbers a,, a,, ...
with an—>n<;>l such that | [ fdv| < 1 whenever f is an Q-measurable function
satisfying conditions: wejl => |f@)<<a,n=1,2,3,...

The assertion in his proof that there is a sequence of numbers 0 = a,
< e, < a,<... with a,—» oo and

Zan(v(A)—an_l) <1 (a,=inf{»(B): BeL,B > Ln) A}

is not true as the following example shows. LLet 4 = (0, 1], » = Lebesgue
measure and 4, = [1/n,1]. Thus we have

A =.U Am
n=1
1
a, = 1’(jin) =1——.
n

Obviously, a, > v(4) =1,v(4)—a, = 1,and »(4)—a, , = 1/(n—1),
n =2,3,... But for any sequence of numbers 0 =a, < a; < a,<...
with a, - oo, we obtain
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oo

2 a’n(v(A) - an—l) = a’1+ Zak(v(A) _ak—l).

n=1 k=2

>a+a ) (v(4)—ap)
k=2

ra 3L
=a'1 GIZ—— = OO
et k—1

We now divide the proof into four steps.

Step 1. If a, =inf{»(B): Bel, B o |J 4;}, then a,—>1 for some
real number 1. j=1
This follows easily from the hypothesis.

Step 2. There is a sequence of sets {H,} < £ such that H, < H, ,,

H,> U 4;, and v(H,) = a,, n =1,2,3,...
j=1

Proof. By definition of a,, for each n there is a set H, ¢{ such that
n
H,>\JA; and v(H,) = a,. Moreover, we may assume H,, , o> H,,
i=1

n=1,2,3,... For if H, ¢+ H,,,, we can use H, , U H, instead of
H,. , since

a, =v(H,)=2vH,"H,,)>a,
implies
v(Hypp VH,) =v(H,,)+vH,—H,,,) =vH,,,)+v(H,)—»H,nH,,,)
=v(Hpyy) = apqy.

Step 3. There is a sequence of mumbers 0 = by < b, < b, < ... with
b, — oo such that

1 SR e
f Ifldv<q (¢ = 3 a"1+2 7 for some positive integer m,)
k=1

A4

if f 18 an L-measurable function with conditions: wed, = |f(x) <b,,
n=1,2,3,...

Proof. By Step 1, for each positive integer &k there exists n, such
that m > n > n; implies 0 < a,,— @, < 1/k® Furthermore, we may choose
{/”/k} SU.Ch thatt 1+nk< ’nk_H, k == 1, 2, 3’ con
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Define ny = 0, b, =by =0,b, =14, and b, =k—-1,k =2,3,...
Further for n, < ¢<<m,,, define b; such that b, <b,<b,<b,,  if
e < m < m < ny,,. (Equality holds only if n, = n, m = n,, respectively.)
Clearly, 0 = b, < b, < b, < ... and b, > . Let f be a function satisfying

the conditions stated in Step 3. We show [ |fldv < q.

Define B, = {x: meHn, If(x)|< b}, n =1,2,3,... Trivially, B, .,
o> B, and limB, U B, = A. Also U A, c B, c H, implies »(B,)

n—>00 n=1
= a,. From this we have »(B,— B, _,) = v(Bn) v(B,_,)=a,—a,_,. By
a well-known theorem ([2], p. 28),

[iflev= [ Iflav= " [ Ifldy

o0
U By U \Bn=Bn-1)
n=1 n=1
o0 oo
= Z f Ifldv< Z bn(an—an—l)
n=1B,—B, n=1
n) o M4l
< D bala—ap )+ D byla—a, )
n=1 k=1 n=ngz+1
™ 00 41
< bnlz (an an 1)+2bnk+1[ 2 (a _an l)]
n=1 k=1 n=ng+1

II
2

< _ — 1 1
=%a”1+lg/1k(a"k+l_a”k)<%anl—i_l‘g{:k'ﬁ =% 2_-‘—];_

Step 4. There is a sequence of numbers 0 = ay < a;, < a, < ... with
a, — oo such that [ |f|dv <1 whenever f is an L-measurable function satis-
4 .
fying conditions: re A, = |f(v)|<a,, n =1,2,3,...

Proof. Define a, = b, /(¢+1), where b,, n =0,1,2,..., and ¢ are
found in Step 3. If f is an L-measurable function with conditions: ze A4,
= |f(x)| < a,,n =1,2,3,...,then by repeating the above proof when b,
is replaced by a,, we obtain

o q
fldv< —— < 1.
Jres e

The lemma is proved.
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