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Lipinski [3] and subsequently Choczewski and Kuczma [1] considered
the integral

b
(1) F() = [fltp(w)ldu for 0<t<1,

where ¢ (%) is an increasing function on <{a, b) such that ¢(a) = 0, ¢(b) =1,
and f(x) is a real-valued continuous function on {0, 1). Lipinski, an-
swering the problem of Golgb [2], showed that there exists a continuous
increasing function ¢ such that the equality

(2) F(it) =0 for 0<<t<1
does not imply the equality
(3) flz) =0 for 021,

Choczewski and Kuczma generalized the result of Lipiriski and proved
that for every positive integer r there exist a continuous strictly increasing
function ¢ from {a, b)> onto (0,1) and a non-trivial function f of class
C" on <0, 1> such that for function (1) equality (2) holds. They also asked
two new questions: v

(P 791) Do there exist a continuous strictly increasing function ¢
from {a, b) onto {0, 1) and a non-trivial function f of class C* on (0, 1>
such that equality (2) holds?

(P 792) Do there exist a continuous strictly increasing function ¢
from {a,b) onto <{0,1> and a non-trivial function on <0, 1> having,
for every positive integer r, the asymptotic property

'f(#) = 0(s") for 4 >0+0

and such that for function (1) equality (2) holds?
Generalizing the original construction given by Lipinski and modified
by Choczewski and Kuczma we give a positive answer for these problems.
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Put

_ 2n 43
(4) z, =27", =

yn—n—_!_z—mn_n forn=0,1,2,...
Define a function ¢ (%) on {0, 1> by the conditions
(5) (P(wn)= wzny (P(yn) =w2n+1 fOI‘ n =071727"‘

and by the requirement that ¢ is linear in any intervals {w,,,,v,> and
{Ypn, %,; moreover, ¢(0) = 0. Thus

Zop o+ Cp(—Tpyy)  fOT U € {Bpyyy Ynd,
(6) p(u) =

m2n+1 +bn('u _y‘n) for ue <yn1 mn>7
where n = 0,1,2,... and
(7) ay, = (1+ n+1 )wn+1) bn = ('n+2)wn'

It is obvious from the construction that ¢ is a continuous and strictly
increasing map of (0,1) into itself, and that ¢(0) = 0,¢(1) =1.

LeMMA 1. If g(x) is a continuous function defined in the interval (},1)
and satisfying the condition g(3) = g(1) = 0, then the function f(z) defined
by the recurrent formula

g(z) Jor x € (&, @y,

O IO L) for e onany 2> and 10) =0,

where n =1,2,3,..., 18 a continuous extension of the function g(x) onio
the interval {0,1).

Proof. Since for z € (%, ,,, 2,> We have

(9) fl@) = (—1)" 9(2"z),

(n+1)!
and the continuity of the function f(x) is obvious.
LeMmA 2. If f(x) and @(u) are defined as previously, then

1

(10) [ fltp(u)ldu =0 for te(0,1).

0

Proof. By (8) we have f(0) = 0, i.e. (10) holds for¢{ = 0. Forte (0, 1>
we first evaluate the integral

Zn Un £
[ fltp(w)ldu = [ flipw)ldu+ [ flip(u)ldu.
Un

Tn41 Tn41
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By (6) and (b),

Yn iTon 41
[ fltpw)ldu = [ (ta,)"f(2)do
Tn+1 iZ3p 42
and, by (6), (5), and (8),
Ty izgy, t2op 11
[ flipw)ldu = [ (@) 'f(e)ds = [ 2(b,)"'f(2)de
Y tzont1 Zan 42
tZap 41
= — f 2(n+1)(tb,) " f(x)dx.
tzop 42
Hence
Tn tZ9p 41
[ flp]ldu =t7" (a7’ =2(n+1)b7"] [ fla)dw =0,
Tn+1 tZon 2

gince in view of (7) and (4) the equality [a;'—2(n+1)b,'] =0 holds
Thus also

[flto@)ldu = D [ fltp(w)ldu =0 forte(0,1),

n=0 xﬂ+l
i.e. relation (10) holds true.

THEOREM 1. There are a continuous strictly increasing function ¢
from {0,1> onto <0,1> and a non-trivial function on (0,1> having,
for every positive inleger r, the asymptotic property

fl®) =0(2") for z—-0+4+0
and such that (10) holds.
Proof. If z € (w,,,, %,>, We have the following inequality:

~If@)| _ fl@) _ _If(@)
T (a’n+1)r )

(wn+l)r = T
For every function f(z) satisfying (8) equality (10) holds and by (9)
we have

f@)l (@)

= 2"x)|.
@y (namt 9O
Hence
T>0+0 47 -

for every positive integer r.
Theorem 1 yields a positive answer to P 792.
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LeMMA 3. If g(x) is a function of class C®, defined im the interval
{},1)> and satisfying the conditions

(11) 9™ (3) =g(n)(1) =0 forn=0,1,2,...,
then the extension f(x) defined by (8) is a function of class C* on {0,1>.

Assumptions (11) are satisfied, e.g., by the function

~1
g@) =7 (ml———w)) for z€ (3,1),

0 for # =} and =z = 1.
Proof. Let f,(x) be an extension of the function ¢* () onto <0,1)
for ¥ =1,2,3,... defined by the recurrent formula

—9k
Je(@) = n+1 fe(22) for x e {Bry1y Tn)y

Jx(0) = 0.
Then, for = € {(z,,,, %),
' g(k)(2"w).

Je(®) = (—1)n(n__|_1)—
By (9) we have f®(z) = f,.(x) for z €(0,1). If z = 0, then

(k—1)
f®(0) = lim f—w-@ =0 fork=1,2,3,...
z-+040

kn

Hence functions f,(z) for ¥ =1,2,3,... are derivatives of the
function f(z).

From Lemmas 2 and 3 we obtain the following result which yields
a positive answer to P 791.

THEOREM 2. There is a continuous sirictly imcreasing function ¢ from
{0,1> onto itself and there are infinitely many non-trivial functions f of
class C on 0, 1) such that equality (10) holds.
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