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1. Let A be a ring. A function f: A™ — A4 is said to enjoy the sub-
stitution property [1] on A, if whenever @ is a congruence relation on
A, a;,b;eA and a,0b;,, 1 <1< n; f(ay, ..., a,)0f(byy ..., b,). A function
g: A™ - A is said to be algebraic [1] on A, if there are: a polynomial

h(yy ooy ypm)(m > 0), built up from «,,..., 2, , by addition, subtrac-
tion and multiplication; m elements ¢y, ..., ¢, of A, such that g(a, ..., a,)
= Rh(@yy eoey BpyCryeneyCp).

It is well known [1] that every algebraic function enjoys the sub-
stitution property. The converse is not always true; f(x) = (#242%)/2
has the substitution property on Z, the ring of all integers, but it is not
algebraic on Z. In [2] G. Gritzer had shown that every function with
the substitution property on a Boolean algebra is Boolean; in [3] he
discussed the case of distributive lattices with 0 and 1. The aim of the
present paper is to give a description to all functions with the substitution
property on p-rings (¢ = x, pxr = 0, p is fixed prime). It is again not
true here that every function with the substitution property is algebraic.
We conclude the present paper by giving an example of a function with the
substitution property on a p-ring, which is not algebraic on the given ring.

Let A be a p-ring not necessarily with 1. Then A is a subdirect
power [4] of Z,, the prime field of characteristic p. Let I be the power
of Z, which appears in the subdirect representation of A. Denote by A,
the subring of ZI generated by 4 and 1, and let '

. A" = {x: weZP,2A < A}.
It is clear that 4, < A*. We have

THEOREM. If A is a p-ring, then a function has the substitution pro-
perty on A iff it is the restriction to A of an algebraic function on A*.

COROLLARY 1. Let A be a p-ring. Every function with the substitution
property on A is algebraic on A iff A, = A*.

COROLLARY 2. If A is a p-ring with 1, then every funmction with the
substitution property on A is algebraic on A.
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COROLLARY 3 [2]. Every fumction with the substitution property on
a Boolean algebra i3 Boolean.

Corollary 3 follows from Corollary 2 since a Boolean algebra is a 2-ring
with 1. Corollary 2 follows from Corollary 1, since leA implies A4,
A = A*. The proof of the Theorem and Corollary 1 will be given in the
next section.

I would like to express my thanks to F. M. Yaqub for several valuable

discussions.

2. If A is a p-ring, aecA, then we write ax® = a. If be A™, b, is the
k-th component of b, and if ¢eZ7, then

b* =bl, ..., bi», 0 =(0,...,0).
Every algebraic function on 4 is of the form
fl@) = X' {aa': ie 23},

where
aiGAl, 7:#0, iezz, aoeAc

LEMMA 1. Let A be a p-ring and let B be a subring of A. If a;eA, i< Z,
and > {a,5": icZ,}eB for all meZ,, then a;eB. for all ieZ,.

Since ay+a,°0+ ... +a,_,-0eB means a,e¢B, it will be sufficient
to show that

a8+ a8 +...+a,_ 5" e B for all xeZ,

imply ay,...,a,_ eB.
Now
a1'1+a2'12 +.--+ap_1'1p_1 =b1,
a2+ ay-2* Foita,_ - 2771 = b,,
ap(p—1)+ag(p—1P+...4a, ,(p—1)*"' =b,_,,
where by, ..., b,_,eB.
A is a vector space over Z, and B is a subspace of A. The matrix
of coefficients of a,, ..., a, , is non-singular and hence a,, ..., a,_, are

linear combinations of b,,...,b,_; and hence belong to B.

LEMMA 2. Let A be a p-ring and B ils subring. If a,e A for all ieZj
and Y{a;x‘: icZi}eB for all weZy, then a;eB for all ieZy.

The proof will be by induction on n. The case » = 1 is Lemma 1.
Let m > 1 and suppose Lemma 2 be true for all 1 <n <m. Let ceZ;!
and

Z{aia;i: ieZ3}eB for all weZy.
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In particular
Z{ai,y‘: teZy}eB for y, =¢, 1<k<m-1,

and for all y,,¢Z,. _

Thus .Y {b;2*: ieZ,}eB for all zeZ,, where b, = >{a,¢’: i, = Fk,
Js =1y 1< s<m—1}eA for all keZ,.

By Lemma 1, byeB for all keZ, and ceZ} .

By the induction hypothesis, Lemma 2 follows.

COROLLARY 4. If A i8 a p-ring and a;e A for all ieZj;, then
S{a,a': ieZ2} = 0 for all weZ%, iff a; =0 for all ieZp.

Corollary 4 follows from Lemma 2 if we put B = (0).

COROLLARY 5. Let A be a p-ring and a;, b,eA, for all ieZy;. Then
Daat: ieZh) = D {bat: i Zl} for all meZl iff a; =b; for all ieZD.

This follows from Corollary 4 if we consider the difference between
the expressions.

LEMMA 3. Let A be a p-ring, f: Z; — A . Then there is a unique algebraic
function g: A™ - A on A such that f(w) = g(x) for all weZ”

Proof. The uniqueness follows from Corollary 5.

To prove the existence of g, consider the system of equations

D{aa's ieZp} =f(a)ed, weZp.

In case » = 1, this is a system of p linear equations in p unknowns
which can be reduced to a system of p —1 equations in p —1 unknowns
whose matrix of coefficients is non-singular (like the proof of Lemma 1)
and hence the unknowns a,,a,,...,a, ; are linear combinations in
f0),f@),...,f(p—1) which proves the existence for the case n = 1.
The general case can be proved by induction and is similar to Lemma 2.

COROLLARY 6. Let A be a p-ring with 1, then every function from Zj
into A can be extended uniquely to an algebraic function on A.

COROLLARY 7. Every function f: Zy — Z, is algebraic on Z,. This
is the well-known property that Z, is primal.

LEMMA 4. Let A be a subdirect I-th power of Z,. If f: A™ -~ A has
the substitution property on A, then f is the restriction to A of

m{f;: iel}, where f;: Z° —Z,, iel.

Proof. Let m; denote the ¢-th projection of 4 onto Z, and let
J; = m;1(0). J;isanideal of 4. Let ieI be fixed and ay, ..., @,, by, ..., b, e A
such that a,(¢) = b, (z) for all L <k < n, i.e. a,—b,ed; for all L< k< n.
Since f has the substitution property on 4, we have f(a,, ..., a,)(?)
= f(byy .-y b,)(%). Let @,,...,3,eZ, and choose ajen;'(x;), 1< k< m.
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Define f;: Z; - Z, by
Ji(@yy ooy @) = f(@g, ..., a,)(3).

It is clear that f; does not depend on the choice of @, in 7 (@),
1 < k < n; moreover

flayy ...,y a,)(7) =fi(“1(7:)9 ceey an(i))’ Aryeeey Qped.

COROLLARY 8. Ewvery function with the substitution property on A = Z]
18 algebraic on A.

Let f: A" - A be with the substitution property on A4, then
f =a{fi;:i<I} by Lemma 4. But every f; is algebraic on Z,, i.e.

fi@) = D {hya's jeZ3y, weZy,
kyeZ, for all jeZ2.
Define a;¢4 by
for all jeZj.
Then it is obvious that

f@) = D {a;a': jeZ3}, wed™

3. Now we are able to prove the Theorem.

Let A be a p-ring and f: A" — A be a function with the substitution
property on A. Then A is & subdirect I-th power of Z, and, by Lemma'4,
f is the restriction to A of #{f;: ieI} where f;: Z7 — Z,,, iel. By Corollary 8
f is the restriction to A of an algebraic function on Z, i.e. there are ele-
ments a;eZ), jeZ:, such that

f@) = Y {aa’: jeZy}, @A™
If veZ),, beA. Let xb denote (x,b,...,z,b)eA". Then
f(@b) = D' {a;(@by: jeZy}
= 2{(a,.bf’)x": jeZtreA
for all beAd,xeZ;, where

j"Zp’ 3 =ji+Ja+... +j,(modp).

By Lemma 2 a;b" e A forallje Z2 and allbe A . Thus a;b = a;b7 b7 "¢ A
for all beA and jeZ},i.e. a;eA” for all jeZ2, i.e. f is the restriction to 4
of an algebraic function on A*. :

Conversely, let f be the restriction to A of an algebraic function ¢
on A*. If B is an ideal of A, B is also an ideal of A*. Since ae A*, beB
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implies ab? 'eA. Hence ab = ab® 'beB, and so f has the substitution
property on A since algebraic functions on A* have the substitution
property on A*. This concludes the proof of the Theorem.

4. To deduce Corollary 1 we need only show that, if every function
with the substitution property on A is algebraic on 4, then 4, = A*.
Let aeA* then f(x) = ax; w<A is the restriction to 4 of the algebraic
function ax on A*, f has the substitution property on A. Let f be algebraic

on A4, ie. w — (@) = Z{ajwj: jez,),
aped, a;ed, for all zeA.

(a2) (3) = f(2)(5) = D {a;()) (v ()': je 2},
iel for all wed.

Since A is a subdirect I-th power of Z,, x(i) takes all values of Z,
as x runs all over A. Thus :

a(ilz = Z{a,-(i)z’: jeZ,}
for all ze¢ Z,,.
By Corollary 5
a(i) = a, (i) for all iel,

i.e. @ = a;¢ A, and hence A* = A, which concludes the proof of Corol-
lary 1.

Now we construct an example of a p-ring 4 such that not every
function with the substitution property on A4 is algebraic.

Let A be the direct sum of N copies of Z, where N is the set of nat-
ural numbers {1, 2,...}. Define ceZ) by

¢(2n) =0, c¢(2n+1) =1.

It is clear that A is an ideal of Z) and so A* = Z), however ¢¢ 4,
ie. A, # A*. The function f(x) ="cx enjoys the substitution property
on A but it is not algebraic on A.
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