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FINITE-DIMENSIONAL SCHAUDER DECOMPOSITIONS IN
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BY
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A net {S;: deD} of continuous linear projections with finite-dimen-
sional range on a linear topological space X is said to be a Schauder ope-
rator basis — S.0.B. (resp. Schauder dual operator basis — S.D.0.B.)
for X if for each xeX, the net {S;(x): deD} is bounded and converges
to x, and 8;8, = 8, (resp. 8.8; = 8,) whenever e < d.

S.0.B.’s and S.D.0O.B.’s are discussed extensively in [2]. The moti-
vation for the above definition is the easily verified fact that a sequence
{8,}>>_, of linear operators on a linear topological space X is both an
S.0.B. and 8.D.0O.B. for X if and only if {8,}._, is the sequence of partial
sum operators associated with a finite dimensional Schauder decompo-
sition for X (cf. [2], Theorem II.1). In [2], Schauder decompositions
are called Schauder bases of subspaces.

In [1], Theorem 1, we showed that a separable Banach space which
admits an S.D.0.B. must also admit a finite dimensional Schauder decom-
position. (In [1], S.D.0.B.’s are called dual =,;-decompositions and S.0.B.’s
are called =,-decompositions.) In this note we generalize this theorem to
obtain

THEOREM. Let X be a separable Fréchet space on which there is a con-
tinuous norm. If X admits an S.D.0.B., then X also admits a finite dimen-
stonal .Schauder decomposition.

Proof. Since X is separable and metrizable, the proof of Lemma 1
in [1] shows that there is a sequence {S,};_, which forms an S.D.O.B.
for X. Since there is a continuous norm on X, there is a sequence {|| ||},
of continuous norms on X which generates the Fréchet-space topology
on X and such that for each zeX, {||z|,}n; is @ non-decreasing sequence.
Let B denote {zeX: |z|, < 1}.

We now define a sequence {p(n)}_, of positive integers by induction.
Let p(1) =1. Suppose p(1)<p(2)<...<p(n) have been defined.
Choose a positive integer p(n+1) > p(n) such that

. n 1
(1) if we (SDEUl Sy [XD OB, then ||z — 8y (@l < o5z -
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This choice is possible because | ||, is a norm, so that

(Sp U p(?) I.X])

is bounded, closed and finite-dimensional, and thus is compact. {S,}o_,,
being pointwise convergent to the identity operator I, is equicontinuous
by the uniform boundedness principle and thus converges to I uniformly
on compact sets.

Note that (1) is equivalent to:

. 1:
(2) if we Sp U Sp(z)[X]7 then ”.’L‘ Sp(nH)( )”n 2ﬁ1— ”‘,DHI‘

Now for j=mn, let T] = p(,)Sp(, ) - S,;(n) We will show that

{Tj n=1,2,...,j =n,n+1,...}is equwontmuous It is sufficient by
the umform boundedness prlnmple to show that {77} is pointwise bounded
We assert that if z¢X and j > »n > m, then

7—1

. 1
(3) ”T;z(w)”m < (1 + Z ?) ”Sp(n) ($)l|1n.‘

Ci=n

If j = n, (3) is obvious. If (3) holds for some fixed j,j > n, then

175 (@)l < 180 T1 (@) — T7, (@)l + 1 T3 (@) e

1 . . 1
< girt M@+ 1T (@) < S5r 2118 o) (@)l 15, ()

IS @)l + (1+Z 57} 1S5t @l
G :
= (1+ D 50} 1a @,

where the second inequality follows from (2) and the third and fourth
inequalities follow from (3). Thus (3) holds if j+1 is substituted for j
and hence (3) is verified by induction.

Let v X. Since {8,}5_, is pointwise bounded, there is for each fixed m
a positive number K, such that

I8, < K,, if ye{o}U{Ti(»): 1<i<j<m+1} and n =1,2,...

From this and (3) it follows that if 1 < < j, then || T (2)|,, < 2K,,.
Thus {T,:n =1,2,...,j =n,n+1,...} is pointwise bounded and
hence equicontinuous.
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As in the proof of Theorem 1 of [1], for each n we can let T, be the
pointwise limit.of the sequence {T7};>,. {T,}>., is both an S.0.B. and
S.D.O.B. for X, and hence X has a finite dimensional Schauder decom-
position. This completes the proof. ’ '

- We asked in [1] whether a separable Banach space X which admits
an S.0.B. must also admit a finite dimensional Schauder decomposition
and showed in Theorem 3 of [1] that with one extra condition (which is
satisfied, for example, if X admits an S.0.B. {§8;: deD} with lim inf S|

. a .

= 1) the answer is yes. If X is reflexive, this question is equivalent to
asking whether X* admits a finite dimensional Schauder decomposition.
Now if {8;: deD} is an S.0.B.-for X, then {83: deD} is a weak* S.D.0.B.
for X* and is hence a weak S.D.O.B. for X" for reflexive X. If {S3: deD}
were in fact an S.D.0.B. for X* when X* is given the norm topology,
we could apply the above theorem (or Theorem 1 of [1]) to conclude
that X* admits a finite dimensional Schauder decomposition. Unfor-
tunately, {87} need not be an S.D.0.B. for X*.

Example. Define §,: 1, —>1, (1 <p < o0) by 8,({z;};Z)) = {#:}i21,
where

5 — wi+xi+n if z<n,
: 0 if i >mn.

Clearly, {8,}>., is an S.0.B. for I -8;: 1, -1, (1/p+1/g =1) is
defined by 8, ({z;}{2,) = {¥:}i2,, where

x; if 1< m,
y,—[wi_n if »<i<2n,
0 if ¢ > 2n.

Since lim S}, ()|l = 2"7||y|| for each yel,, {S;}>_, is not an S.D.O.B.
for 1,. n—oo

Added in proof. 1. It is shown in [3] that every separable ref-
lexive Banach space which admits an S.0.B. also admits a finite-dimen-
sional Schauder decomposition. 2. The techniques of [3] yield the theorem
of this note under the less restrictive hypothesis that X admits a weak
S.D.0.B. {8;: de D}. Indeed, one then picks {d, < d,<d;<...} =D
and {T,};., with each T, a convex combination of {d: d,<d <d,.,}
so that {T,(x)}3., converges strongly to « for each xe¢X. Then
{84,,,+Tn—84 ., Tn}n-: is an 8.D.O.B. for X.
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