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1. Introduction. The Riemann summation method (R, 2k),%k =1,
2,..., assigns to a series w,+u,+ ... +4,+ ... the value

o sinna \*
& tim [ (522,
alo e na
if this limit exists.
Let 8y, 815 ...4 85, ... be the sequence of the partial sums of the given
series 'u,, and denote by oy, 0, ..., 0, ... the sequence of the partial

sums of its (R, 2k) transform as indicated by (1). Assuming henceforth
{s,} to be bounded, define

8* = limsups,, 8, = liminfs,, ¢*=limsupe,, o, = liminfe,.

Zygmund [11] has shown that the smallest value of 4, say A,;, which
satisfies

(2) Hs" +8.) —A(s" —84) <04 < 0™ < 8"+ 8.)+3A(s"—34)

for all bounded sequences {s,} and their (R, 2k) transforms is 1, = }(e2—5)
when k£ = 1. He remarked (loc. cit.) that his method can be used to
determine A, for ¥ = 2,3,... as well.

His proof consists of representing 1, as the total variation of the
function z—2gin%z, 0 < # < oo, and then computing this value by contour
integration.

Here this problem is re-examined, ,, determined explicitly in terms
of Bessel functions (formula (8)) and a generating function obtained
(formulas (9) and (10)). Some numerical discussion is included (§ 4).

2. The computation. Following Zygmund, we note that

(3) A =142 ) (1+a))7*, k=1,2,..,

=1
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where 0< a, < a, < ..., yield the successive maxima of z *sin*z,
0 < < oco. As he points out, a, is the r-th positive zero of the function
sinx — x cos .

At this point, we depart from Zygmund’s line of argument and
evaluate (3) by means of Bessel functions, instead of employing contour
integration. This can be done because a, is obviously the r-th positive
zero of J,,(x), the Bessel function of the first kind and order 3/2. This
function is well-known to have infinitely many zeros, all of them real
([10], p. 482).

(Indeed, the reality of the zeros of J,(x) is essentially an immediate
consequence of the reality of the eigenvalues, u%, of the Sturm-Liouville
system

y'+{ut—a -1}y =0, y(0) =y(1) =0,

when » > —1/2. When —1/2 >» > —1, the same reasoning applies to
the system in which the condition y(0) = 0 is replaced in an obvious
fashion by a slightly more complicated one satisfied by z'*J, () for such ».)

Knowing the zeros of J;,(r) to be real, so that {a,} is the set of its
positive zeros, we rewrite (3):

Ag—1 = 22 2k (1 —k

-G 1),2 & D (—1"(m+k—1)... (m+1)a; "

m=0

o]

= —(k—z—l)'z (=1)"(m+k—1)... (m+1) Z a;Z(m+k)

r=1
o nm+Ek—1 3
=2Z(_1) ( k—1 )02(m+k)("2_)9

m=0

where (7:) denotes the customary binomial coefficient and

Uzn(") - 21—27&

j,» being the r-th positive zero of J,(x). (The o-notation is a modification
due to Lehmer [7] of one used in [10] (p. 502). Still another notation is
found in [3] (p. 61 (5).)
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Thus,
" - [r—1 3
(4) Age—1 = 2(—1) g;(—l) (k—l) Oar (E)
C2-)F L
o gk?( 1)"(r—1) (r—k+1)ozr( )
In particular,
[o <] . 3
Ay = 1‘_'2;:(_1) o'zr(z)
Now ([3], p. 61 (4)) for |z| < j,1,
zd, () . r
(5) T 22w

It should be noted that Jv, >» ([10], p. 485 (1)). In particular,
jaz,1 > 1, a fact used implicitly in the derivation of formulas (7)-(10).

Hence, replacing z by z'?, then dividing both sides by x, and de-
noting the resulting function by f,(z), we have, for |z| < jfl,

I ) 1/2 00 .
(6) ) = it = =2 X (o),

1/2I wllz
r=

where I,(x) is the modified Bessel function of the first kind ([3], p. 5,
(12) and [10], p. 77, (2)). Thus, (4) and (6) give Zygmund’s result

(7) Ay = }(e2—5) = 1.194528049 ...
on putting # = 1 in (6) and evaluating f,,(1) ([10], p. 80 (10)).

Moreover, using (6) in combination with the second series in (4)
provides an expression for A, in closed form for all k, namely,

(8) 12k+2—1+ f:(ilz k=0717°-'7

in which (7) has been subsumed, following the usual convention of de-
fining the zero-th derivative of a function to be the function itself, and
where f;.(z) is defined by (6).

3. A generating function. Representation (8) suggests a conve-
nient way of constructing a generating K function for the sequence
Agy Agyeeey Ay ... From the Taylor expansion of f,(f) about the point 1
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we have

00

k
fin(t) = Zﬁ’g (t—-1)* —2( ”ﬂ 2 -yt

= D U= -1,

k=0

8

so that

(= <]

frr1—2) = D) (Agrya—1) ",

k=0

where each series has a positive and finite radius of convergence.
Hence a generating function is

I (V1—2) o y
9) Vl_—’wlm i g,:uzm—l)m
or
(10) Is,z(l/m) + 1 = Zoo:lzkﬂivk-
l/l—wlalz(l/l—w) 1— k=0

4. Some numerical values. From (3) it is obvious that A, ¢ 1 as
k% oco. In (7) it is recorded that i, = 1.1945280 .... From (6) and (8)
it can be shown (using [10], p. 79, (3) and p. 80, (10)) that

Ay = 1+ (e*— 462 —25) = 1.0052407 ...,
(11) ]2 = 143 (e*— 66+ 362 — 98) = 1.0002206 ...,
As = 14L (38— 2468+ 3664 — 862 —1167) = 1.000010077 ...,

values already very close to 1.
Quite accurate upper bounds for A,; can be obtained readily by no-
ticing from (3) that

3
(12) 1< Jp < 143203 (;)

and using the formulas for o, (»), given explicitly by Lehmer [7] for
k=1,2,...,12, and in [10], p. 502, for ¢ =1,2,3,4,5, 8.

Inequality (12) then shows, e.g., that 1, < 1.2, quite close to the
actual value given in (7) and more accurate than the best estimate 1,
<1+4+2n—2? (due to Grace Chisholm Young) known before Zygmund’s
determination of A,. (For references to the earlier work, cf. [4], p. 224-
-225). )
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Additional bounds are

1 2
A <1d—— <1.00672, A,<1l—_<1.000254
¢ < +175< ! o < +7875 !

118
< 1.0000123, A <1l4+ ———— < 1.0000033.

1 -
A <1+ 3031875 36196875

5. Comments and acknowledgements. (i) The general connection
between Riemann summability and Bessel functions has been observed
before. In fact, in 1943, Minakshisundaram [8] introduced what he called
Bessel summability, replacing in fromula (1) the convergence factors
(na)~*sin*na by

T+ Yy, (pna))<,

where 0 < u; < u; < ... > oo.

He pointed out that this method becomes the Riemann method
(R,2) on choosing u, =n,v =1/2, K = 2, the Lebesgue method on
puttingu, =n,» =1/2, K =1.

From the point of view taken by Minakshisundaram the reason
for the presence of the zeros a, = j;; » in Zygmund’s work becomes clearer.
They yield the successive extrema of 27"J,(x), 0 < # < oo, when » = 1/2,
as shown by the familiar differentiation formula D, {z™"J,(x)}
= —a"J, ., (2).

This formula permits a ready formulation of the problem of deter-
mining for regular Bessel (Minakshisundaram) methods the constants
analogous to A;. In this case, they are

L+ 2FHHTOHOFE Y 1(Gornd) " (Graa )l
r=1

reducing to A,; when v =}, K =2k, k =1, 2,...

(ii) The Rayleigh function o,,(») and related polynomials have been
studied recently by Kishore ([5] and [6]).

(iii) This paper was written partly at Aarhus University, Denmark
(where it benefited from useful remarks made by Z. Ciesielski during his
visit there) and partly at the Royal Institute of Technology, Stockholm,
Sweden (where M. Giertz and G. Welander were kind enough to help
with the computations in §4).
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