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DISTRIBUTION IN A HILBERT SPACE
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Some characterization of the domain of attraction of a Gaussian
measure in a Hilbert space has been given in papers [6] and [8].

The aim of this paper * is to obtain some necessary and sufficient
conditions in order that a distribution belong to the domain of attraction
of a non-Gaussian stable distribution in a Hilbert space. These condi-
tions on the real line are given in the known theorem of Doeblin and
Gnedenko (see [1] and [2]).

The theorem formulated in this paper is based on some results of
Jajte (see [4] and [5]).

Let H be a separable real Hilbert space w:th the inner product (-, -)
and the norm | -||. Denote by 9t the set of all probability distributions
in H, i.e., the set of normed regular measures defined on the o-field #
of all Borel subsets of H. 9t is a complete space with the Lévy-Prokhorov
metric (see [10], p. 188). Convergence in this metric space is equivalent
to the weak convergence of distributions.

The convolution is a continuous operation in JR. For any pe M, we
denote by p"* the n-th convolution power of p.

The characteristic functional p of p e M is defined by the formula (see [9])

~

P(h) = [é=Pp(dz), heH,
H

and determines p uniquely.

A linear operator in H is called an S-operator if it is non-negative
self-adjoint and has a finite trace (see [10], p. 193).

Denote by ¢, the distribution concentrated at a point xe H. A sequence
of distributions {p,} is called shift-connergent if there exists a sequence
{=.} of elements of H such that the sequence {p,d, } is convergent in IN.

* The results presented here have been announced without proofs in [7].
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For every positive a and every pe IR, we write
T,p(A) =p{xeH: are A} for every Ae%.

A distribution p is said to be stable if, for every pair of positive num-
bers @ and b, there exist a positive number ¢ and an element xeH such
that T,p*T,p = T,p*4,.

Let pe M and feH. By p’ we denote the distribution on the real line
induced by the element f, i.e.,

p’(A) = p{weH: (x,f)eA} for every Borel set A on the real line.

LeMMA 1. If, for a sequence of positive numbers {a,}, the sequence of
distributions {T, p"*} is shift-convergent to a non-degenerate distribution g,
then

(1) lima, =0,
(2) lim —" —1

(see Lemma 2 of [5]).

Proof. By the assumption, there exists a sequence {z,} of elements
of H such that

LimT, p™ *38, =q.

Thus, for an arbitrary feH, we have

: 1 —
:ggoTan(p )" %0, =4
Since the distribution ¢ is non-degenerate, it is easily seen that there
exists an element f,eH such that the distribution ¢’ is non-degenerate.
By thé Lemma in Section 29 of [3], we get the assertion.

LeMMA 2. A distribution q is stable if and only if there exist a sequence
of positive numbers {a,} and a distribution p such that the sequence of distri-
butions {T, p"*} is shifi-convergent to the distribution q.

Proof. The proof is analogous to that for the real line (see [3], Sec-
tion 33).

The set of all distributions p for which there exists a sequence of
positive numbers {a,} such that the sequence of distributions {T, p™*}
is shift-convergent to a distribution ¢q is called the domain of atiraction
of the distribution q.

We shall investigate the domain of attraction of a mnon-Gaussian
stable distribution, i.e., of a distribution whose characteristic functional
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is of the form
p(h) = expli(e,, b) + [ K (2, )M (do)|, heH,
H

where z,¢H,
i(x, h)

K(w. h) =e@n_3_ &0
(@, ) 14 [’

and M is a measure in H which is finite on the complement of every
neighbourhood of zero in H and such that

(3) [ lleliM (do) < + oo
» lizll<1

and there exists a 1 (0 <1 < 2) with (see [5])
(4) T.M = ao*M for every positive a.

It is clear that the measure M is o-finite on H\ {0}, and that if the
measure M is non-degenerate, then M (H) = + oc.

Denote by A® (0 < A < 2) the domain of attraction of the non-
-degenerate non-Gaussian stable distribution determined by the measure
M defined above and satisfying (4). .

Assign to a distribution p ¢ M the distribution p on thereal line defined
by the formula

(8) p(A) =p{reH: |r|leA} for every Borel set A on the real line.

LeMMA 3. If a distribution p belongs to A, then the distribution P,
defined by (5), 18 attracted by a stable distribution on the real line with the
characteristic exponent A.

Proof. Let {a,} be a sequence of positive numbers such that the
sequence of distributions {Ta,, p™*} is shift-convergent to the non-degenerate
stable distribution determined by a measure M.

Put

(6) M, =nT,pxé_,, where (z,,f) = [ (z,f)T, p(dx).

flell<1

Let U stand for an arbitrary neighbourhood of zero in H. It follows
from Lemma 1 and from the Corollary of [4] that the sequence of measures
M, reduced to H\ U converges weakly to the measure M (obviously,
reduced to H\ U). Simultaneously (see [11], Lemma 7.1),

(7) lim [jz,[| = 0.

n—-o00

9 — Colloquium Mathematicum XXXII.1
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It follows from (7) that the sequence of measures {nT, p}, reduced
to H\ U, converges weakly to the measure M (reduced to H\ U). Hence
and from (4), for every u > 0, we have

(8) lim n f T, pldz) = M{zeH: || > u}

=0 izlizu
=u*M{zeH: x| >1} = cu’.

Observe that ¢ # 0. Otherwise, the measure M would be concentrated
at zero, i.e., the stable distribution determined by it would be degenerate,
contrary to the assumption. _

It follows easily from (8) that the conditions of Theorem 2 of Sec-
tion 35 in [3] are satisfied (see the proof of this theorem). Thus the distri-
bution p is attracted by the stable distribution on the real line deter-
mined by the constants 4, 0 and ¢ (see the Theorem of Section 34 in [3]).

LEMMA 4. A non-degenerate distribution p belongs to AP if and only
if there exists a sequence of positive numbers {a,} such that

(a') for any neighbourhood U of zero in H, the sequence of measures
{nT, p}, reduced to H\ U, is weakly convergent to a non-degenerate measure M
(reduced to H\ U) which is finite on H\ U and satisfies conditions (3) and (4);

(d") for every ¢ > 0,
lim sup 2 f (v, 6;)*nT, p(dz) =0, where {¢;} is a basis in H.
N—oo B (=N |jzli<e
Proof. It follows from the Corollary of [4] that pe A? if and only
if there exists a sequence of positive numbers {a,} such that lim a, = 0,
and n—»00

(a) for any neighbourhood U of zero in H, the sequence of measures
M, =nT, pxd_, , reduced to H\U, is weakly convergent to a non-
-degenerate measure M (reduced to H\ U) which is finite on H\U and
satisfies conditions (3) and (4) (the sequence {z,} has been defined in (6)),

(b) for every feH,
limlim [ (z,f)*M,(dz) =0,

&e—>0 n—>00 lzll<e
(¢) for every & > 0,
supz f (z, €;)* M, (dz) < + oo,
nod=1 |lzli<e

(d) for every ¢ > 0,

limsup ¥ [ (x, €)M, (dw) =0,

N—soo n i=N ril<e

where {¢;} is a basis in H.
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Observe that (a) is equivalent to (a’), since each of these conditions
implies
lima, = 0,

and hence

n—oo

Observe also that if we assume condition (a) or (a’), then, in order
that conditions (¢), (d) and (d’) be satisfied, it suffices that they be sat-
isfied for some ¢ > 0.

It follows from (a) or (a’) that the distribution p is attracted by
a stable distribution on the real line with the characteristic exponent A
(see the proof of Lemma 3). Thus

(9) limlim | |ll2nT, p(de) =0
&e—=0 n—>o00 el <e

and

(10) [ lelizp (dr) = + oo

H
(see the proof of Theorem 2 of Section 35 in [3]).
Assume now that conditions (a’) and (d') are satisfied for some
sequence {a,}. Let ce (0, ) and let feH. Since (7) follows from (a’), for n
sufficiently large, we have

(11) Mf( (@, )M (d) = § zf”q (@ —2,, f)*nT, p(dw)
< y i 2 (z— n,f)znTannp?dw) = L (2, f)*nT,, p(d) +
+0 (20, f)2— (20, )? g f  Ta,p(d0) =2(2,, f) J i 7T, p(dn)
< izew,f)ZnTa,,p(dw)+n[(zn,f>—m <f 2, f)T,,p(d0)[
- / (@ f)nT,,p(do) +n ”f “q (@, ) Ta,p(da)]"

Simultaneously, we have

lima| [ (2,f)T,p()] =0

n—>00 Toeciizl<1

Thus _
(12) lim [ (2,f)*M,(d0) < lim [ (a,f)*nT,,p(ds)

R0 |1z)|<<e =00 |1zl <2e

<lnml||f|f [ |alnT, p(ds).

n—o0 llzll <2
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Inequality (12) and equality (9) imply (b).
Observe now that

@) ImYn| [ (26T, p(do)] = mnig
n—>00 =1 2e<|lzli<1 n—00
<lim|gin [ T, p(ds) =0,
n—>00 llxll>2e
where
@ f) = [ (@,f)T, p(dw) for every feH.

2e <||zl|<1

Condition (d), follows from (d’), (11) and (13). Finally, from (b) and
(d) we obtain

11—1155’ [ (@, )M, (do) < + o0

N=>00 =1 lizll<e

which is equivalent to (c).

Assume now that, for some sequence {a,}, conditions (a), (b), (¢)
and (d) are satisfied. It remains to show how condition (d’) follows
from them. Given ¢e¢(0, 1), for n sufficiently large we have

(14) [ (=, ¢)*nT, p(dx)

lzll<e

— [ (@—%, 6)tnT, p(dw)—

llzll<e

—(Zny €)? [ nT, p(do)+2(2s,6) [ (2, 6)nT, p(da)

llzll<e lxli<e

< [ (3 6)M,(da)+ (2., €)* [ nT, p(do)+

Izl <2e lizll>e

sn [ (@002 p@] —nlen )~ | (@ e pt@0]

llrli<e ||l <e

< [ @M, (d0)+ [ (2, 0)0T, pda)+n| [ (v,6)T, p(da)]’

llzli<2e llzli>s llxll<e

It follows from (10) that
n| [ lelT, p(do))?

llzll<e

wom m [ [2*T, p(da)

llell<e

(see the proof of Theorem 1 of Section 35 in [3]), and whence, by (9),
we have

(15) limn| [ oIT,,p ()| = o.

n=00 U izli<e
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It follows easily from (15) that

(16) ~ 1im2m‘n[ [ (@, e) T, pldo)| =o.

=00 4=1 el <e

Simultaneously, we have

(e o]

(17) lim 3 (2, 6)*n [ To,p(dw) =0

n—00 4=1 ilzl|> e
and, by (14), (16), (17) and assumption (d), we obtain (d').
The proof of Lemma 4 is thus complete.

Assign to a non-degenerate distribution p the family of S-operators
Dy defined by the bilinear form

[ (®, 9)(x, b)p(dw)

(18) (Dyg, b) = =X T ieTa @) for every g, he H

el <X

and the family of measures my defined in H by the formula

Tx—lp
mx - .
p{veH: |z| > X}

(19)

' THEOREM. A non-degenerate distribution p belongs to A if and only
if the following conditions are satisfied:

(i) for every k> 0,

I "fxp(da:) '

lim =X _ A

X—>+o00 f "p(d.’D) ’
Nzli>kX

i.e., the distribution p, defined by (5), is attracted by a stable distribution
on the real line with the characteristic exponent A (see Theorem 2 of Sec-
tion 35 in [3]);

(ii) for any meighbourhood U of zero in H, the measures mx, reduced
to H\U, are (a8 X — + o0) weakly convergent to & measure m (obviously,
reduced to H\ U) satisfying the condilion

| lelirm(dz) < + oo;
llzii<t
(iii) for a basis {e¢;} in H and a positive number X,,

o0

lim sup Z(Dxei,ei) = 0.
N-oo X>X (SN

Then the measure m determines the measure defining the limit stable
distribution uniquely up to a constant factor.
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Proof. Necessity. Condition (i) immediately follows from Lemma 3.
Let a sequence {a,} satisfy conditions (a’) and (d’) of Lemma 4. Let {x,}
be an arbitrary sequence such that

lim 2, = + oo.

n—-oo

It follows from Lemma 1 that, for every sufficiently large n, one
can find a natural number %k(») such that

Bnys1 < Ty < By
and thus such that
(20) lim z, 4,y = 1.

n—00

Hence the sequences of distributions {T,_1p""*} and {T, p"*} are
shift-convergent to the same stable distribution determined by a certain
measure M. Applying the Corollary of [4] to the sequence {T,-—1 pHr*)
and then proceeding similarly as in the proof of Lemma 4, we obtain

(21) condition (a’) of Lemma 4 is satisfied for the sequence of measures
{k(n)T,-1p} (instead of {nT, p}),
(22) lim sup Z f (z, ;)2 k(n)T,—1p(de) =0 for every ¢> 0.
Nf’°° B =N lzii<e

From Lemma 3 and from Theorem 4 of Section 25 in {3] we have

(23) limnT, p{ze<H: |o|>u} =cu" for every u> 0,
n—o00

where ¢ > 0 (see the proof of Lemma 3).
The measures m, can be written in the form

k(n)T —1p
Man = k(n)T,—1p{weH: |a|>1}"

Thus it follows from (21) and (23) that the sequence of measures
{m. }, reduced to H\U, converges weakly to the measure

B M
T M{xeH: |x|| > 1}

m

(obviously, reduced to H\ U) which has property (3).
Condition (iii) can be obtained from (22) if we notice that

limk(n) [ [2l*T,z1p(do) > 0.

n-»00 llell <1
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In fact, assuming the contrary, we have

0 =timk(n) [ PTop@nstim km| [ e -

n—00 1/2<lzll<1 fi—00 [tzll=>1/2

e

— [ Tppaw)] =-
llzlli=1
Sufficiency. It follows from assumption (i) and from Theorem 4
of Section 25 in [3] that there exists a sequence of positive numbers {a,}
satisfying condition (23). Setting « = 1 in (23) and applying assump-
tion (ii), we infer that the sequence of measures {nT, p}, reduced to
H\ U, converges weakly to the measure c¢cm (reduced to H\U).
Let a be an arbitrary positive number. Then we have

Tea, P To(nT, p)
p{xeH: |x|>1/aa,} nT, p{weH: || >1/a}

Thus it follows from assumption (ii) and from (23) that the measure
m, reduced to H\ U, has property (4).

The measure  is non-degenerate and finite on H\ U. This is a con-
sequence of the fact that 0 = m{zeH: x| > 1} =1 < + oo. Since m(H)
= 400, m(U) = +o00 and m({0}) = + oo, the measure m has prop-
erty (4). We have shown that condition (a’) of Lemma 4, with M = em,
is satisfied.

From (iii) we obtain

(2*—1)M{weH: |z]|>1}> 0.

'm’l/aan =

© n [ (x,6)T,,p(dx)
lizli<e =0

Now n &d n [ (0T, p(da)

llxll<e

for every ¢ > 0.

Condition (a’) implies (9) (seer the proof of Lemma 4). Thus, for e
sufficiently small, we have

(25) limn [ 121*T,, p(d) < + 0.

R0 izli<s

Condition (d’) of Lemma 4 follows now easily from (24) and (25).
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