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A CERTAIN GENERALIZATION
OF A RESULT OF ERDOS AND SURANYI

BY

JANUSZ KAJA (RZESZOW)

P. Erdos and J. Surényi proved (') that every positive integer n can
be written in the form

k
n = Z:e:m'm2
m=1

with suitable k and ¢, = +1 (1 <m < k). We shall show here that we
can replace in this result the squares by any power.

THEOREM. For any integer n > 1 and any r > 2 we can find an integer
k>1 and ¢, ..., g € {+1} such that

k
(1) n= D e,m.
m=1
Proof. Consider the sequence wgy(z), w,(x),... of polynomials de-
fined by

wo(2) = (¢ +1)"—a",
Wiy (@) = w042 —wy(@) (£ =1,2,...).
We see immediately that with suitable ¢;(r,%) = 41 we can write
of+1
wi(@) = D eq(r,i)(@+d—1) (i =0,1,...).

d=1

We also have degw; =r—i—1 (¢ =0,1,...,7—1), w,_,(z) = N,
= r127-D2 and w;(z) = 0 for j >r.

(*) W. Sierpiniski, 250 problems n elementary mumber theory,s Problem 250,
New York - Warszawa 1970.
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LEMMA. If ¢ is a positive integer and for a sequence 7, ..., 7, € { £1}
we have

8
anm" = ¢ (modN,),

M=l

¢
then the integer ¢ is representable in the form D ¢j" for a certain t > 1 and

&1y ...y & € {+1}. =1
Proof. The assumptions imply that for a certain integer ¥ we have

D tym” = o+ kN,

Mme=1
whence
8 8 |kl—1
0= D num —kN, = Y n,m" —(signk) D w,_,(8+5-2"+1)
me==1 m=1 J=0
8 {k|]—1 of
= Dmam = Y D (signk)og(r,r—1)(s+§-2"+4,),
| j=0 dyj=1

and this gives the required representation of c.

Thus it suffices to show that there is a number congruent to ¢
(mod N,) which is representable in the form (1).

For a given u consider now the number

u-1

V=) o(2¥,),

i=0

where
Nf‘
o(@) = Y {(@+ N, + k) —(@+ k) }+2(@+1).
k=1
Evidently,
u—1

V= D'v(0) = uv(0) =24 (modXN,).

i=0
On the other haaid, our construction shows that
2uN,
(@) V=D &f

j=1

holds with suitable ¢,, ..., &,y € {1}
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If ¢ is even, then taking 4 = ¢/2 we obtain our assertion. If however
¢ is odd, then we take ¥ = (¢—1)/2 to obtain (2), and then note that

2uN,
¢ =2u+l =Y &j +(1+2ul,)" (mod¥,).

=1

This completes the proof.
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