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In this paper a proof of the Trotter-Kato theorem on convergence
of semi-groups of linear operators is given, in which this theorem is
a corollary of the Hille-Yosida theorem thanks to the treating of the
convergent sequence of semi-groups in a space X as one semi-group in
a space of convergent sequences of elements of X.

1. Some definitions and theorems from semi-group theory. Let X
be a real or complex linear topological space and ¥ (X; X) the ring of
all linear continuous operators of X into X. We say that the operators
of the family {B,: e} c #(X; X) are equicontinuous iff for every
open neighbourhood # of zero in X there exists an open neighbourhood ¥~
of zero in X such that B,¥" < % for every weQ. A family {8;:t>= 0}
c Z(X; X) is called a semi-group of class (C,) iff §, =1, StlStZ = Stl+t2
for every t,,%, > 0 and for every xze¢X the mapping ¢t — S;a of [0, o)
into X is continuous. The linear operator A with domain 2(A4) defined
by the conditions

1
P(A) = {m: reX, 1im7(8tw—w) exists in X},
)

1
Ax = lim t—(Stsc——a;) for xe2(4),
tio

is called the infinitesimal generator of the semi-group {S;:¢= 0}.

If the real or complex linear topological space X is locally convex
and sequentially complete and if {8;:¢> 0} <« #(X; X) is a semi-group
of class (Cy) of equicontinuous operators with infinitesimal generator 4,
then

10 8,2(A) =« 2(A) for every t=>0 and, for every w,e2(4), the
unique continuously differentiable solution of the initial value problem
dx(t)/dt = Ax(t) for t = 0, x(0) = x,y, is x(t) = S;xy, and



182 J. KISYNSKI

2° for every 1> 0 (4 with Rel >0, if X is complex) the operator
A—A has the inverse in Z(X; X) and

1 o0
A—A)y"p = — | e ™18, xdt
(m—1)!
0
for every 1 >0 (4 with Re i > 0), m = 132y i0uy and peX.

Further, if X is a locally convex, sequentially complete real or com-
plex linear topological space, then, according to the Hille-Yosida the-
orem, a linear operator A with domain and range in X is the infinitesimal
generator of the semi-group {8;:¢> 0} = £(X; X) of class (Cy) of equi-
continuous operators iff its domain is dense in X and, for every 4 >0,
the operator 2— 4 has the inverse in % (X ; X) such that the operators
A"(A—A)™™ are equicontinuous in m =1,2,... and 1> 0.

2. Deduction of the Trotter-Kato theorem from the Hille-Yosida
theorem. Trotter-Kato theorem (see [1] and [2], p. 269) is as follows.
Let X be a locally convex, sequentially complete real or complex linear

topological space. For every n =1, 2, ooy let {S;n:t >0} € £(X; X)
be a semi-group of class (C,) with infinitesimal generator A4, such that
the operators §;, are equicontinuous in ¢> 0 and » =1,2,... Suppose

that there exists a 2 > 0, if X is a real linear space or a A with Re 1 0,
if X is complex, such that

(i) lim (A—A4,) 'z exists for every zeX
N—00

and
(i)  the set {lim(1— 4,)"'#: xeX} is dense in X.
N—00
Thén
(iii) lim&8,,» exists for every xeX uniformly in ¢ on every finite in-

N—soo

terval [0, 7T].
Proof. Note first that
(iv)  the operators A" (21— 4,,)~™ are equicontinuous in A > O, =12,
and m =1,2,...
and that (i) holds for every i > 0; this follows from our assumptions
by 2° (we have

(e9]

1
fe—lltt?n—ldt — l_m)
(m—1)! ;
and by the identity
W =4 e = M=) F(a—4,)" e
k=0

for veX, n =1,2,..., and 12 >0, A"€(0, 22) if the space X is real, or A
with Rel >0 and |A'— 4| < Rel if X is complex.
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Now, let # be the linear space of all convergent sequences
& = {®u}n_1,», .. of elements of X. Let the operators P,, n =1,2,...,
of 4 into X be defined by the identity {P,®},_, , . = & for every xeZ
and let the base of open neighbourhoods of zero in Z consist by defi-
nition of all sets

(v:0eZ, P,xe¥ for every n =1,2,...},

where % is an arbitrary open neighbourhood of zero in X. Then Z becomes
a locally convex sequentially complete linear topological space and con-
dition (iii) may be written in the following equivalent form:
(iii)  there exists a semi-group {¥;:1>0} c L(Z; %) of class (Cy)
such that .P,%; = 8y, P, for every >0 and n» =1,2,...
We shall show that the operator .o/ with domain 2 (<) defined by
the conditions

D(A)={@: %X, P,xeD(A,)} for every n =1,2,...,
{AnPuBin_r s, X, A= {A,Py}y_, , . for BeD (o),

is the infinitesimal generator of such a semi-group.

Since condition (i) holds for every A >0, we see by (iv) that
{(A— Ay "Pu@}y_y, 2 for every >0 and @xeZ, and so, for every
>0, the operator 21— .o/ has the inverse in ¥ (Z'; Z) defined by

(A—ot) '8 = {(A—A,) ' Pu#}u_y. .. for every @eXZ.

Thus it follows by (iv) that

(v) the operators A"(A— /)™ are equicontinuous in A>0 and
m=1,2,...

Given zeZ and the open neighbourhood # of zero in X, there exists,
by (ii), an xeX and a positive integer n, such that P,x—y,# for every
n >mn,, where y, = (i—A,) 'x. For every n=1,2,...,n, take a
Yne D (A,) such that P,&—y,e% and put ¥ = {Yu}n_, 2, ... Then ye 2 ()
and P,(x—1y)e% for every n = 1,2,... Hence

(vi) 2(/) is dense in Z.

From (v) and (vi), by the Hille-Yosida theorem, we see that 7 is
the infinitesimal generator of the semi-group {¥;:t>=0} c Z(Z; %)
of class (Cy) of equicontinuous operators.

Let ®e2 (7). Then, by 1°, d(¥,2)/dt = oS & for t = 0, the deriv-
ative being taken in the sense of the topology in Z defined above, which
implies that

di

P& = Pt L& = Ay PP
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for t>0 and » =1, 2,..., the derivative being taken in the topology
of X. It follows by 1° that P, ;& = 8;, P,z for every 2eZ (), t=0
and n =1,2,..., and hence, according to (vi), by continuity,
P,% =8 ,P, for every t >0 and » =1, 2,...
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