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1. Let X and- Y be topological spaces. We denote by Y~ the space
of all maps (= continuous functions) of X into Y with the “compact
open topology” (in the sense of Fox [3]). The retractions of X, i.e. the
maps f: X — X satisfying the condition

(1.1) f=r,

constitute a subset of X~¥. This set will be denoted by R(X). It is clear
that for homeomorphic spaces X and Y the sets R(X) and R(Y) are
homeomorphic. One easily sees that for a metric locally compact space
X the set R(X) is closed in X*.

In this note we give some remarks concerning the topological prop-
erties of the set N (X).

2. A space Y is said to be starlike if it is. homeomorphic to a sub-
set X of a normed linear space H such that

(21) If xeX and 0 <t <1, then treX.

It is evident that every starlike space is contractible in itself, but
not conversely. Let us prove the following

(2.2) THEOREM. If X is a starlike (compact) AN R-space, then R(X)
is contractible in viself.

Proof. We can assume that X is a subset of a normed linear space H
satisfying (2.1). Since contractible ANR-spaces are the same as AR-
spaces, X is an AR-space and consequently there is a retraction

(2.3) s: H—> X.
Let us set

(2.4) he(x) = (1—t)x for every 0 <t<1 and weH.
It follows by (2.1) and (2.4) that

h(X) € X for every 0 <t<1.
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Moreover, if 0 <t< 1, then h, maps H onto itself topologically,
and h, is the retraction of H to the point 0eH. Setting, for every map
TecR(X),

@(ry, t) = horshyt  for 0<t<1,

(r,1) = h,,

we get a function ¢ assigning to every point (r, ) eR(X) x (0,1 a map
@(ryt): X — X. It is evident that ¢(r,t) depends continuously on (r, t)
eR(X) x<0,1). Moreover, if (r,?)eR(X)x<0,1), then ¢(r, 1t maps X
onto the set hyrshy'(X) < hyo(X) < hy(X). Since X is compact, we
infer by (2.4) that for ¢ sufficiently close to 1 the set h,(X) lies in an
arbitrarily small neighborhood of the point 0. It follows that the depen-
dence of ¢(r,?) on (r,?) is continuous in the whole set R(X) x <0, 1.
Moreover, for 0 <t< 1, we have

@y t) [@(r, )] = hyrshy "hyrshy* = hyrsrsh; L.

Since the values of the map rsh; ' belong to X, we infer that srshy
=rsh;' and, consequently, that ¢(r,t = [¢(r, )] = hgrshi* = hyrsh;
=@(r,t). Thus we see that the map ¢(r, t): X— X satisfies equation (1.1),
ie. ¢(r,t)eR(X) for every (r,t)eR(X)x0,1). Since ¢(r,1) = h, for
every map reR(X), we infer that ¢ is a homotopy contracting the set
R(X) in itself to the point ,. Thus the proof of Theorem (2.2) is fin-
ighed.

(2.5) PROBLEM. Is it true that for every starlike ANR-space X the
set R(X) is locally connected? (P 625)

This problem remains open already in the case when X is the 2-dimen-
sional disk.

3. Let us observe that if we replace in Theorem (2.2) the hypothesis
that X is a starlike ANR-space by the weaker one that X is an AR-
space, then the theorem ceases to be true. In order to see it, let us con-
sider a 2-dimensional irreducible AR-space, i.e. a 2-dimensional AR-
space X which does not contain any 2-dimensional AR-space X' #+ X.
The existence of such AR-spaces has been proved in [2]. Now let ¢ denote
the identity map of X. Evidently, ieR(X) and there exists an ¢> 0
such that for every map feX* the inequality ¢(¢, f) < ¢ implies that
dim f(X) = 2. In particular, if feR(X) and o(i,f) <e, then f(X) is
a 2-dimensional AR-set lying in X, whence f(X) = X, which implies
f=1i. Thus 4 is an isolated point of the set RN(X). But R(X) contains
many maps, and thus R(X) is not connected, hence also not contrac-
tible.

Let us show that already among polyhedra there exist 2-dimen-
sional AR-sets X for which the set R (X) is not connected. It is 8o in the
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case when X is the dunce hat, i.e. a set homeomorphic to the set D which
we obtain from the disk given in the complex plane by the inequality
|z <1, if we identify each real number 0<{¢<1 with the complex
number ¢, Tt is known ([1], p. 144) that the polyhedron D is an AR-set.
Now let us prove the following

(3.1) TurorREM. The identity map © of the dunce hat D is an isolated
point of the set R(D).

Proof. It is clear that D has a triangulation J such that for every
point aeD there exists a homeomorphism h, mapping the union U (a)
of all simplexes of .7 containing the point @ (the star of a) onto a cone
with the vertex h,(a) and with the basis which is either a circle, or the
union of a circle and of one of its diameters, or the union of two disjoint
circles 8,, 8, and of a segment L joining them.

Fig. 1

In the first case we say that U(a) is of the first kind, in the second
— that it is of the second kind, in the third — that it is of the third kind.
One easily sees that the points a for which the second case holds coincide
with the points of D obtained by the identification of every real number
te(0,1) with ¢, and the unique point for which the third case holds
is the point a, of D obtained by the identification of 0 with 1.

Let ¢ denote the identity map of D. Using the well known results
of H. Hopf and E. Pannwitz concerning stable points of a polyhedron
([4], p. 437), one readily sees that there exists a positive number ¢ such
that for feD” the inequality o(f, )< e implies that f(D) contains all
stars U (a) of the first and of the second kind. However, the star U(a,)
of the third kind is not necessarily contained in f(D). More exactly,
hq, maps U(a,) onto the set which is the union of two cones C, and C,
with the vertex hay(@o) and the bases S, and 8,, respectively, and of
a triangle A with the vertex h, (a,) and the basis L. One easily sees that,
for ¢ sufficiently small, the inequality o(f,4) < e implies that

hal (8, v 8, o L) = f(D),

yet it is possible that in the interior A of the triangle A there exists
a point b such that the point h,;ol(b) does not belong to the set f(D)
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(see [4], p. 447). In this last case, let us denote by r, a retraction of the

set hg,' (4— (D)) to the set h;ﬂl(z'l), where A denotes the boundary of the
triangle A. Manifestly, if f is a retraction, then f(x) = 2 for every point

weD—hg'(4). Setting

f@) it f@eD—ng(4),
r(x) = .
rfl@) it flo)ehg!(4),

we get a retraction of D to the polyhedron P, = D—h;ol(j). Setting
Py = h;ol(A), we obtain a decomposition of D into the union of two
polyhedrons P, and P, contractible in itself. However, this is impossible
(see [1], p. 147). Hence none of the maps fe D” sufficiently close to the
identity 4 is a retraction, and the proof of Theorem (3.1) is finished.

4. Now let us prove the following
(4.1) THEOREM. In the Huclidean 3-space E* there exists a 2-dimen-
sional AR-set A such that R(A) has 2% components.

Proof. Let {4,} be a sequence of 3-dimensional simplexes in 3
satisfying the following conditions:

Fig. 2

1° There exists a point @ being a vertex of every simplex A, and
such that 4; ~ 4; = (a) for i #j.
2° limé(4,) = 0.

N=c0

It follows by 1° and 2° that the set

is an AR-set. Moreover, there exists a homeomorphism h, mapping the
dunce hat D onto a subset of A, such that aeh, (D). Since D is an AR-
set, there iy a retraction r,: 4, — h, (D). Setting

r(z) = ry(x) for every point zed,, = =1,2, i 3 §
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we get a retraction of the set Z to the set

(4.2) A = U hu(D
n=1
It follows that A is an AR-set.
Now let us assign to every increasing sequence & — {n;} of natural
numbers n; the map ». defined by the formulas:

() @ for every point xeh, (D), if n appears in the sequence &y
P {ip) =
‘ a for every point xeh, (D), if n does not appear in the sequence &.

Evidently, r.eR(A4) for every sequence & Now let & — {n;} and

{nk} be two' different sequences. Since both sequences are increas-
mg, there exists an index %k such that either ny does not appear in &,
or n;, does not appear in & We can assume that the first possibility holds.
Let B denote the “dunce hat” h hy, (D) and let r denote the retraction
of 4 to B. Setting

@(f) = rf/B for every map feR(A4),

we get a map ¢: R(4A) -R(B). Now let us observe that the map
§ = ¢(re) is the identity map of B and the map s’ = @ (re) is the retraction
of B to the point a. By Theorem (3.1) s and s’ belong to different com-
ponents of the set R(B), and, consequently, r. and re belong to dif-
ferent components of N(A4). Since there exists 2% different sequences &,
we infer that the set NR(4) contains at least 2% different components.
But the power of the space A“ does not exceed 2% and we conclude
that its subset R(4) contains exactly 2% components. Thus the proof
of Theorem (4.1) is finished.
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