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1. Leptin algebras. Formulation of the problem. Let 4 be a Banack
algebra and let @ be a locally compact group acting strongly continuously
on A as a group of isometric isomorphisms:

Asa—>a"€A, wed.

By a Leptin algebra we mean what is also known under an awkward:
name of the generalized L'-algebra ('), the algebra L'(@, A) of Bochner
integrable (with respeet to the left invariant Haar measure) A-valued.
functions on G. The convolution on L'(@, A) is defined by

(L1) frg(@) = [flay) gy dy.

Actually, in gecneral, the convolution depends on a factor-systemr
(cf. [5]), which in our constructions, however, will be trivial.

If 4 has also an isometric involution @ — a* and (a%)* = (a*)*, then
L'(G, A) is a Banach *-algebra with

(1.2) @) = 4@ ) (f@')7),

where 4 is the modular function on @G.

Leptin algebras proved to be a most useful tool in studying the L'-alge-
bras of locally compact groups I" which are extensions of N by @, since if
I' = GN, then

(1.3) LIy = '@, L} (X)),

and if N is only normal in I" and G = I'/N, then (1.3) still holds but (1.1}
must be modified by a factor-system (cf. [7] and [8] and the bibliography
therein).

* Research partly supported by NSF grant No. MSC 77-02045.
(') The name Leptin algebra was first used by Leinert [4].



128 A. HULANICKI

Here again a question posed by Leptin, which has arisen in his study
-of symmetry of L' of group extensions [7], formulated in terms of Leptin
algebras, finds its answer in this language and produces, as a by-product,
an example of a second solvable locally finite group G such that L'(@)
i8 non-symmetric and the spectral radius

v(f) = llim M=, f e IMG),
is discontinuous on Hermitian elements. An example of a locally finite
group, whose L'-algebra is non-symmetrie, has recently been produced by
Fountain et al. [1], but their group is far from being solvable.
A Banach algebra A is called radical if, for every a in A,
lim [la™)'™ = 0,

N—»00

and A is8 nilpotent of degree less than or equal to ¢ if
a,...a, =0 for all @;,...,a,1n 4.

If a Banach *-algebra is non-radical, then it is easy to see that there
is also a Hermitian element a in 4 such that

lim |la*"'* > 0.

If such an algebra is also symmetric, then it has at least one non-zero
“*.representation (into the algebra of bounded operators on a Hilbert
space); cf., e.g., [10].

It is easy to see that if A is nilpotent of degree less than or equal
to ¢, then so is L'(G@, A), since by (1.1) we have

{1.4) fl *fn
=/ ff1<x aet ooe @)=V T (@) f (o .. e,
for all f,,...,f, in LY(G, A).

In [7] Leptin formulated the question whether L'(G, A) must be
radical if A is radical. As a matter of fact he was interested in the following
sgituation.

Let H be a locally compact Abelian group and let G act on H as
:a group of automorphisms: k — &%, ¥ € G, h € H. Suppose that Z is a closed
subset of H such that £ = E” for all # in G and F is a set of non-synthesis
for A(H). Then, clearly, the set E, its kernel k(E) = {a € A(H): a(E) = 0}
-and the minimal ideal j(E) = cl{a € A(H): a(U) = 0 for an open U o E}
are all stable under the action of G on A(H). Let A = k(E)[j(E). G acts
on A as a group of isometric *-automorphisms and we form the Leptin
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algebra L'(G, A). We then have
G, A) = LI(G, k(E))/Ll(G,j(E))
(cf. [6]), and so L'(@, A) is a subquotient of
ING, A(H)) = TG, I'(H)) = L'(GH).

QuEsTION (Leptin). Is L!(@, k(E)/j (E)) radical ?

In some particular cases, where @ =O0,, H = R**' and E = 8",
the answer is positive, since %k(®)/j(#) is nilpotent of degree }(n—1)n
(cf. [11] and [7]).

In Section 3 we show that the answer is negative already when G
is a direct sum of countably many copies of the cyclic group of order 2
and H is the Cantor group; then there exists a compact subset E of H
such that L@, %(E)/j(E)) is non-radical.

In Section 4 we present a remark of Horst Leptin which shows how
this result can be used to prove non-symmetry of certain group algebras.
We show also the discontinuity of the spectral radius on Hermitian ele-

ments of L‘(Gﬁ ), which proves that L' (Gﬁ ) is non-symmetric even
though G H is locally finite and second solvable.

2. Malliavin’s sets of non-synthesis. Let H be a compact Abelian
group and let A(H) = {p: ¢ eV'(H)} be its Fourier algebra. A(H) is
naturally embedded in its dual PM (H): if y € A(H), we write

@y v> = [ oy

A classical Malliavin result (cf. [9]) states that for every infinite H
there exists a real-valued function ¢ in A4 (H) such that, for every natural
number 7,

16*|lppr = 0(Ju|™™) as |u| — oo.
If for such a ¢ (necessarily non-zero) a T, in PM (H) is defined by

T, = f e du,
B

then, by an easy integration by parts, we have

(2.1) @, Toy = — [<1, 6" du
and
(2.2)
vy Tp> = [<yg?, iued™ydu = — [<y, go™ydu = (y, *D|F3=0.

9 — Colloquium Mathematicum XLIII.1
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For our purpose we modify such a ¢ by selecting a 4, such that if

Po = @+ 4o,
then
Ty, = f 1uexp [tup,|du
R
satisfies
(2.3) {Pos T¢0> #0,
(2.4) 1,7, =0,
(2.5) {y@a, T,> =0 for all y in A(H).

Since (2.5) follows only from the definition of T, , as in (2.2), for
any A,, our 4, should be selected in such a way that only (2.3) and (2.4)
are satisfied. This can be done as follows. We put

M(u) = (1, 6.
Since ¢ is real, M (—u) = M (u), whence

ll'A[().) = f<17 eiw>e'."ldu _ f<1’ Giuw"'l))du
R R

is a real-valued function vanishing at infinity. Thus for an extremum
point 1, we have
d -

M%) #0 and " M(i,) = 0.

But, as in (2.1), M(4) + 0 is simply (2.3) and
Ay Ty = fiul, expingo]>du = [iudl (u)exp [iui]du
R R

d -
= M(4,) = 0.

It follows immediately from (2.3) and (2.5) that the ideal I, generated
by @, in A(H) is different from the (closed) ideal I generated by ¢j. Con-
sequently, by Wicner’s theorem, there is a point z, in H such that ¢,(z,)
= 0. Multiplying T, by a suitable constant, we get such a T, that the
following equalities are satisfied:

$po) To> =1, <o, 6x0> =0, <1,T,) =0,

(2.6)
{pgi, To> =0 for all ye A(H).
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Now, if E = {r e H: ¢,(r) = 0}, then z,€ F and T, does not an-
nihilate
k(E) = {yc A(H): y(E) = 0}
but annihilates the ideal generated by ¢; and, consequently, since A(H)
is regular, T, annihilates

J(E) =cl{yc A(H): y(U) = 0 for an open U o E}.

3. Construction of the example. Let D be the direct sum of countably,
infinitely many cyclic groups of order 2 with gemerators a,, a,,..., re-
spectively. Then every element d in D is uniquely defined by a finite subset
i of natural numbers as follows:

d =a; = Za‘-.
ieé

It so happens that the function ¢, described in the previous section
and satisfying (2.6), is somewhat easier to be constructed on D, the com-

pact dual of D — the Cantor group. If for & = (¢, &5, ...) €D, ¢; = 0,1,
we write

a;(x) = (—1)%,
then a sequence ¢; can be selected so that
Dllel< oo and  go(a) = D 6,05(2) 01, (3)
1 t
(cf. [3]).
Let, as before, E = ¢;'(0).
We define D as the Cartesian product of groups D indexed by the
elements of the group D:

D= de’ Hd=.i).

deD

Let also
E = X Ed’ Ed =E.

deD

For every d in D we define a function f; in 4(D) by
Ja(®) = @o(#3), Where & = (¥4)gep € D.

Clearly,

E = f7'(0).

deD
We also note that A(D) is the projective tensor product of A(H,):
A(D) = ® A(H,).
deD
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For a finite subset d of D we define a functional Fy; e PM (D) as

Fg=Q®06,¢ QF,,
déd . ded

where 8; = d,, and F; =T, (both 2, and T, as in (2.6)). In other words, if
f@) = Dlez@), Dlel< oo,
zeD x

where
x=xc=nxc6D and <x7T0>=9nz7 xED)
CEC

then for a finite subscet d of D we have
<f’ Fd> = Zcz ” xc(wo) ” mxd‘
zeh cee\d céend
Clearly,
(3.1) IFallpamy = 1TollSaes)-

Now, for a finite subset @ of D and a multiindex function a: D —> Z*+
with suppa = d we write

fa =[] 1.
ded
By virtue of (2.6), a simple verification shows that

1 ife=a'(1)=d,
0 otherwise

(3.2) for Fap =

and, moreover,
(ffi, Fg> =0 for all fe A(D), ¢,d c D.

This shows that the ideal generated by f3, d = D, is annihilated by
all 3, d < D, and, consequently,

(3.3) (GE), Fg> =0 for all d < D.

Let B = k(E)/j(E). Of course, by (3.3), F'y are functionals on B
with the same norm:

IFallme = IT ol

Now we define the action of D on D by

d
(wc)ceD = (mc+d)ceD .

This defines an action of D on A4 (D) and, since E* = E for all d € D,
k(E) and j(E) are stable under D, which, in consequence, gives rise to an
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action of D on B by isometric *-automorphisms, f - f@, d € D, and we
note that
(3.4) f® =foqy e¢,deD,
where for a function f in k(E) we denote its image in k(E)/j (E) by f again.

Consider the Leptin algebra L'(D, B).

THEOREM. L'(D, B) is a non-radical Banach *-algebra.

Proof. Let @ in L'(D, B) be defined by

¢(d) _ 2‘kf0 if d=.ak, k=0,1’2’...’ ao=0’
0 otherwise.

Let m, = 2¥—1, k =1, 2, ... We define sequences d, ..., dy,, where
k=1,2,..., by induction as follows:

1

d, = a,,
k k.  __ gk—1 k—1 k—1 k—1
dl’ coey d”k -_ dl 9 oy d"k—l’ alk’ dl ’.'.’dnk*l.

It is obvious that for a fixed % all df,...,d; belong to the set
a1y ..., 8, and that a; appears 2*~/ times in the sequence d%, ..., d%,.
It is also easy to verify that all n, elements

d{‘ﬂ- o +dE A4 +dy, ., a5 in D

are different. In fact, first we note that this is equivalent to the fact that,
for every ¢, j, 1 <1< j < ny,

(3.5) ¥+ dk 4 ... +dF #0.

To see this we argue by induction on %:

if ¢ <m,_, <j, then a,_, appears only once in d’, ..., d}‘ and (3.5)
follows;

if i <j<my_y, then df+ ... +df =di'+ ... +dF ™

if n,_, <i<j, then df+ ... +df = d":,fk_l—l— +d}‘_’,:k_l and (3.5)
follows by induective hypothesis.

Now, using (1.4) we compute ®"¢*!, We have

¢1¢k+l(d) — 2 ¢(d— (dl 4+ ...+ d”k))—(dl-l-...+dnk)¢(dl)—(d2+...+d”k) %
dl..c.’d”k
X D(dy)~ Ot tlmp) | D(d,)

= 2; td—d,— ... _dnk)fd1+...+dnkt(d1)fd2+...+d”kt(dz)fd3+...+dnkt(dnk)fo7
1o %ng

where
277 ifd=a,j=0,1,2,...,

t(d) = )
0 otherwise.
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Let
(3.6) @+ ... +d;,di+ ... +dy ..., dp} =d.
As we have seen above, the set d consists of n, different ¢lements
listed in (3.6).
By (3.2) we have
(PN Y+ ... +dy), Fa) > 1(0)t(d}) ... t(dy,)
— 2_2’6—1.2_2.2’6—2.2_3.2,6—3. - 2_"
— 9—(2k—142-2k—243.0k =34 1)

>A2“2("k+1) — 4—(nk+l)’

since, clearly,

ok-14 9.9k=2 1 8.0k=3 4 4k = (2%=1)(2%! —-1) +... +1
= 2k k.
Consequently,
19" I, m = 9% (@) + ... +dp)lp> (1 F gl - 47"+
= | Tollpa - 4=+,
whence
1/n

lim ||9" /i p, By = limsup |®"|Y5p,m) = (411 Tollps) ™" > 0.
n—>00

4. Non-symmetry and discontinuity of spectra. Horst Leptin has
shown to the author how the theorem of the previous section can be
used to disprove symmetry of L'-algebras of certain groups. His argument

is as follows.
Suppose that a group @ is a split extension of an Abelian group N

by a group S. Then
L'GQ) = L‘(S, L’(N)).

Suppose further that L'(N) has a *-subalgebra K which is stable
under the action of S on N and I is an S-stable *-ideal of K such that
B = K|/I is radical.

THEOREM (Leptin). If L' (8, B) is a non-radical Banach *-algebra, then
L' (@) i3 non-symmetric.

Proof. Assume that L'(@) is symmetriec. Then, since

L'(8, B) = L'(8, K)/L(8, I),

L'(8, B) is symmetric because L'(8, K) is a *-subalgebra of L'(S, L'(¥N)).
But a symmetric non-radical Banach *-algebra L'(S, B) has a non-zero
*_representation.
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On the other hand, by the Blattner-Leptin theorem (cf. [6]), for
every *-representation x of a Leptin algebra L'(8, B) with a trivial factor-
-system, there exist a unitary representation z, of § and a *-representation
7y of B such that

a(f) = [ (@) mf(@))do.

But, since B is radieal, =, = 0, whence = = 0, which is a contradic-
tion.

We conclude with some remarks concerning the groups discussed
in Section 3.

The dual group D of the group D discussed in Section 3 is, of course,
the direct sum of countably many copies of D, so isomorphic to D. On
the other hand,

LD, A(D)) = L}(D, I}(D)) = L*(DD).

It is obvious that DD is solvable of class 2 and locally finite. Even
more is true: since every element of D is of order 2, every element of

DD is at most of order 4. Still L‘(Di)) is non-symmetric. This can be
also alternatively seen as follows.

As previously, it suffices to show that the Leptin algebra L'(D, B)
is non-symmetric. We have shown that L'(D,B) contains a function
w = v* such that the spectral radius »(y) is greater than zero. On the
other hand, since

I)=:LLDM
fn

where {D,} is an increasing séquence of finite groups, the algebra L'(D, B)
contains radical subalgebras L'(D,, B) and, if y, = y|D,, we have
lim |ly — y,/lpyp,m) = 0.
1—>00
Consequently, a Hermitian element y with »(y) > 0 is a limit of

Hermitian elements y, with »(y,) = 0 and this cannot happen in a sym-
metric algebra.

REFERENCES

{11 J. Fountain, R. Ramsey and J. H. Williamson, Functions of measures on
compact groups, Proceedings of the Royal Irish Academy, Section A, 76 (1976),
p. 235-251.

{2] J. W. Jenkins, An amenable group with nonsymmetric group algebra, Bulletin
of the American Mathematical Socicty 37 (1969), p. 357-360.



136 A. HULANICKI

[3] Y. Katznelson, An iniroduction to harmonic analysie, New York - London -
Sydney - Toronto 1968.

[4] M. Leinert, Fell-Biindel und verallgemeinerte L1- Algebren, Journal of Functional
Analysis 22 (1976), p. 323-345.

(6] H. Leptin, Verallgemeinerte I*-Algebren, Mathematische Annalen 159 (1965),
p. 651-76.

[6] — Verallgemeinerte L'-Algebren und projektive Darstellungen- lokal kompakter
Gruppen, Inventiones Mathematicae 3 (1967), p. 257-281; ibidem 4 (1967),
p. 68-86.

[7]1 — Lokal kompakte Gruppen mit symmetrischen Algebren, Symposia Mathematica
22 (1977), p. 267-280.

[8] — and D. Poguntke, Symmetry and nonsymmetry for locally compaot groups,
Journal of Functional Analysis 33 (1979), p. 119-134.

[9] P. Malliavin, Impossibilité de la synthése spectral sur les groupes abéliens non-
compact, Institut des Hautes Etudes Scientifiques, Publications Mathématiques
(1959), p. 82-92.

[10] C. E. Rickart, General theory of Banach algebras, New York 1960.
[11] N. Varopoulos, Spectral synthesis on spheres, Proceedings of the Cambridge
Philosophical Society 62 (1966), p. 379-387.

INSTITUTE OF MATHEMATICS
POLISH ACADEMY OF SCIENCES
WROCLAW :

Regu par la Rédaotion le 12. 9. 1977



