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1. Introduction. Let M be a Riemannian manifold with a (possibly
indefinite) metric g.
A tensor field T'r'p; 1, °f type (p, ¢) on M will be called recurrent if

By gt T S ek
1) Theetey g T e =Tk TRy s

where the comma denotes covariant differentiation with respect to g.

Relation (1) states that at any point @ € M such that I, 5= 0 there
exists a (unique) covariant vector » (called the recurrence wvector of T)
which satisfies the condition

(2) Iril'"ipjl...jq,k(w) = Uy, 1".1- "ipjl'"jq(w) .

A Riemannian manifold (M, g) will be called recurremnt [9] (Ricei-
recurrent [5]) if its curvature tensor (Ricci tensor) is recurrent.

Throughout this paper we assume that the Ricci tensor of a Ricci-
recurrent manifold is not parallel.

According to Adati and Miyazawa [1], an n-dimensional (n > 4)
Riemannian manifold (M, g) will be called conformally recurrent if its Weyl
conformal curvature tensor '

1
(3) Onire = Bnie — ——5 (933 Bak— unBs + gni Bis — g Bir) +

+ n—1)(n—2) (9 9s; — GiGns)

is recurrent.

If Chiyr,y = 0 everywhere on M and dimM > 4, then (M, g) is said
to be conformally symmetric [2].

Clearly, the class of conformally recurrent manifolds contains all con-
formally symmetric as well as all recurrent manifolds of dimension » > 4.
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The existence of essentially conformally recurrent manifolds, i.e.,
of conformally recurrent manifolds which are neither conformally symmetric:
nor recurrent can be stated as follows (see [8], Lemmas 2-3):

THEOREM. Let R" be endowed with the metric g;; given by
g,jdw‘dmj = Q(dwl)z—i‘kz”da)‘dw” +2dm1dﬁn,
Q = (Ap“‘_l_k‘“)wlwﬂ’

where i,j=1,2,...,mn, A, 0 =2,3,...,n—1, [k;,] 18 a symmetric
and non-singular matriz, [p,,] 8 a symmetric matriz satisfying [p,,}
# (n—2)7'[k,,] and ¥*p,, = 1 with [k*] = [k;,]17}, and A is a non-con-
stant function of x* only.

Then (R", g) 18 an essentially conformally recurrent manifold which
is, moreover, Ricci-recurrent (with a non-parallel Ricci tensor) and satisfies
the condition

(B) Chsitem —Chniji,mt = 0.

(4)

The purpose of this paper is to obtain a local metric form for a con-
formally recurrent manifold M, (» > 4) which is simultaneously Ricci-
recurrent and satisfies condition (5).

All manifolds under consideration are connected Hausdorff mani-
folds. The metrics are not assumed to be definite.

2. Preliminaries. In the sequel we shall need the following lemmas:

LEMMA 1. The Weyl conformal curvature tensor satisfies the well-known
relations

(6) Crie = —Opgr = —Cring = Cpniy  O'pis = C4pe = 07y, = 0,
(7) Cripre+Chsrs +C0nieis = 0,

n—3 1
(8) Cikr = n_2 [(Rfj,k — By 5) — 2 (n—1) (B, .94 _R,jgik)] .

LeMMA 2 ([1], equation (3.7), and [4], p. 91). The Weyl conformal
curvature tensor satisfies the relation

1 r
(9) Chijrea +Chita,s +Critgx = w3 (9C"nstr + I05C 11,0 + 90C mag e +

+ 91 C 5,0 + 950 e, r + IC g1 ,r) -

LEMMA 3 (see [10], Lemma 1, and [9], p. 153). The curvature tensor of
an arbitrary Riemanmnian manifold satisfies the identily

Rhijk,lm — Rhijk,ml + Rjklm,hi = LYiklm,in + 'lehi,jk - leh’l.kj =0.
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LeMMA 4. The Ricei tensor of a Ricci-recurrent manifold satisfies the
equations
(10) RabRij,l = Rgp, Byjy
(11) R,I‘Rij = .R.R.u’l.

Proof. Relations (10) and (11) are immediate consequences of (1).
LEMMA 5. Let M be a conformally recurrent Ricci-recurrent manifold.
If condition (5) is satisfied, then the equation

(12) Ry yn— Rijmi = By R+ Ry Ry, = 0

holds on M.
Proof. It is sufficient to prove (12) at points where E; # 0.
As an immediate consequence of (3) and (5) we get

1
n—2

+ Gnie (Bijim — Bijm1) — Ing (Birim — Bie,ma) 15
whence, in view of (2) and Lemma 3, we obtain
Ay Dyiire+ Aps Dygam + A gy Dyt = 0,

where Dy, = 9yBur— GirBrj+ 9By — 9pg By Ay = a;;—a;;, and a; de-
notes the recurrence vector of R;.

But from the last relation, since E; +# 0, we get (see [10], Lemma 2)
A, = 0. Using now (2) and the Ricci identity, we obtain easily (12).
The lemma is thus proved.

Remark 1. Equation (12) follows from the proof of Adati’s and
Miyazawa’s Lemma (2.1) of [1]. Since the definition of recurrency in [1]
differs slightly from the ours, we have included the proof of (12) for com-
pleteness.

LEMMA 6. Let M be a Ricci-recurrent manmifold satisfying (12). Then
the relation

(13) R.R, = }RR,

holds on M.

Proof. This lemma was proved for the open subset U of M where
Ry, # 0 (see [6], Lemma 2). But outside of U, K,;, vanishes and, there-
fore, the tensor B; = R, R"; —3RR,; is parallel on M. Since B,; vanishes
on U, it vanishes everywhere on M. This completes the proof.

LEMMA 7. Let M be a conformally recurrent Ricci-recurrent manifold.
If condition (5) ts satisfied, then the relations

(14) (Bgp Bapgt,t — Bav,1 Bapgt) BCrys = 0,

94 (Bouke,im — Bhe,m1) — ik (Brg,im — Bngyma) +

R]u'jk.lm — -Rh{jlc.ml =
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(15) R(Radepql,l_ ab,l-deqt) =0
hold on M.

Proof. By a direct calculation, in view of (12) and (13), we get
(16)

3—n
R, C i+ BpyC" s =

2(n—-1)(n—2)

B(9;; Bor — Gik Bonj +9mj Bix — Gmr Bi3) 5

whence, by contraction with g™,
3 —_
" R
2(n—1)(n—2)

Differentiating (17) covariantly and making use of (10), (11), and (17),
we obtain

(17) R"Crijs = (B Jiz— M R;).

RabRrsCrija,l = Rnorijs-Rab,l’

whence, because of (1),

(18) (RasCapat,i— Rap iCapgt) B Criys = 0.
But as an immediate consequence of (3), (10), and (11) we get
(19) -Rabadpqt,l ’—Rab,lCdpqt = Radepqt,l—Rab,lepqt°

The last result, together with (18), yields (14).
Now, in view of (14), equation (17) implies

R(Rgy —"Rij)(Radepqt,z — Ry 1 Rapgt) = 0,
whence, transvecting with R*, and making use of (13), we obtain
R R, (R, Rapgt,i — Bap i Bapgt) = 0,

which, evidently, completes the proof.

LeMMA 8. Let M be a conformally recurrent manifold. If M s Ricci-
recurrent and satisfies (5), then the relation

(20) (Bap Bapgti — Bap,1 Bapat) Thimise = 0
holds on M, where
Trimiie = IuBemC s — Irm BrCyx — 9 B Capr +
+ 9im BriChste + 950 BomCini — 9jm BriCens +
+ 9 BemCsin — Giem BiC'jin + BriCOomig. — BamCuijrc +
+ BgChmir — BimCnajie + BjChimp — BjmCpirre +
+ BiChijm — BimCnipn -
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Proof. Applying the Ricci identity to (5), we get
(21) Crisi B im +Creji B am + Crirr B jtm + Crijr B'im, = 0,

whence, by covariant differentiation, the use of (1), (21), (3), (6), and
Lemma 4, we obtain

(22) B yOCopea,p(CrisiChm + CrrixC am + CrirrCsim + CrijrCram) +
+ n—i2 Cabcd (T himije — ;1_3—1 Dhlmiz‘k) th,p =0 ’
where
Drimire = InuCrmijk — InmCuijie + 95Chimjr: — JimCnajnc +
+ 913Chimk — IimChitre + 911Chijm — TiemChigi -
On the other hand, substituting into (21) the expression

B = Myt (9 R — 94 RY; + 6L B;; — 6} Ry) —

n—2

R
T (n—1)(n—2)

(52.%' - 5;' Jik) s

differentiating covariantly, and using (1) and Lemma 4, we get

2R (C,iikC him + CrrirCitm + OnirkCjim +CrirCrtm) Caped,p +

1 R
+ o —5 Balasart Ryt,5Cabed) (T )

-Dhlm{jk) = 0.

But the last relation, together with (22), implies

1

which, in view of (19) and (15), leads immediately to our assertion. The
lemma is proved.

LEMMA 9. Let M be a conformally recurrent manifold. If M is Ricci-
recurrent and condition (b) is satisfied, them the relations

1
(thoabcd,p - qu,poabcd) (T himijk — n—_— ‘R‘Dhlmijk) =0,

(23) (Radepql,l - Rab,lepqt)erorijk = 0’

(24) (B Rapy,i— Rop i Bapat) (BrComijic — BrmCuisie + BiCrmix — BimCnajic +
+ By iChimi — BimCrite + BiaCrijm — BiemCrin) = 0

hold on M.

4 — Colloquium Mathematicum XLVI.1



50 W. ROTER

Proof. Contracting (20) with ¢*® and using (6), (7), (14), and (15),
we get

(25)  (RapBapgt,i — Bap,1 Bapg) [(0 —2) B,y C7 5 + By C iy +
+Rrk0rijm+RriCrmjk] = 0.
On the other hand, as a consequence of (15) and (16), we have

(Rap Bapgi,i — Bav i Bapgt) BemCijtc = — (Bap Rapges — Rap,i Rapgt) BriC mjic -
The last result, together with (25) and (7), leads immediately to (23).
Relation (24) follows now from (20) and (23). The lemma is thus proved.

LEMMA 10. Let M be a Riemannian manifold whose Ricci tensor
satisfies

(26) ByCriiie — BamCrigr + BitCrmir — BinOnajr +
+ B} Crimi — BimCritk + BiaChijm — BremCrisi = 0.

Suppose, moreover, that x € M and rank R, (x) > 1.
Then the Weyl conformal curvature tensor on some neighbourhood of x is
of the form

(27) th'jk = S(Rij th - th Rik) .

Proof. This lemma was proved for conformally symmetric manifolds
(see [3], Theorem 3). But its proof, as one can easily verify, requires only
relations (6), (7), and (26). Therefore, (27) remains true for an arbitrary
Riemannian manifold satisfying (26).

LEMMA 11. Let M, (n > 4) be a conformally recurrent Ricci-recurrent
manifold whose Weyl conformal curvature tensor satisfies (5). Suppose that
at x € M,, the conditions

(28) Ry Ripgt,i— Bap,i Bapge # 0,
(29) rank R, > 1
hold.

Then R;,;(x) = 0.
Proof. By (24), (27), and (23), we obtain on some neighbourhood
U of z

(30) Oﬁjkormm = 0.

Since (28) holds, in each neighbourhood of # there exists a point
y such that C,;,(y) # 0. For otherwise, C;, as well as Oy, would
vanish on some neighbourhood W of # and, consequently, the recurrence
condition (1) would be satisfied for R,;, on W, a contradiction.
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Now, in view of (2) and (9), we get at y

1
b+ bChisa + 0rCray = w3 (950 njt+ 9150, C7 i + 900, CTay +

+ 9007 + 9:35,.0 0 + 9 0,.C2)

where b; denotes the recurrence vector of C,;, .
Transvecting the last relation with (%, and using (30), we obtain
for ye U

1

b,C" ptmOnie = Py

(brorhkj Ou;;;n + brOrijkthlm)!

which, by a further transvection with b, yields

1
errptmbsCBijk = m bsosijkbrorplm'

Hence 5,07, =0 = (C";,,.. But the last result, in view of (15),
reduces (8) to the form K ,(y) = Ry ;(¥). If now K ,(») were non-zero,
then, by (2), we would have rank E,;(y) = 1 for some set of y’s from U,
a confradiction. The lemma is thus proved.

In the sequel, we shall often assume the following hypothesis:

(31) (M, g) is an n-dimensional (n > 4) conformally recurrent Ricci-
recurrent manifold satisfying (5), and x is a point of M such
that the conditions

(32) By #0, Ry, #0
and (28) hold at =.

Remark 2. For the metric (4), as one can easily verify [8], condi-
tions (28) and (32) are equivalent to: A #2—n, 0,4 # 0.

PROPOSITION 1. Under hypothesis (31), rank R,;(x) = 1 and M admils
a non-trivial null parallel vector field on some meighbourhood of ®.

Proof. The first part of our assertion follows immediately from (32)
and Lemma 11.
Since (2) and

(33) R; = ecic;, le] =1
hold, we have
(¢ — dap0)) 65+ (¢, — dagey)c; = 0.
Hence

(34) cj,k = %ak cj.
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On the other hand, as a consequence of (2) and (12), we get a;; = a; ;.
Therefore, there exists a function a such that a; = a;. Now, in view of
(34), it is easy to verify that the vector field B, = exp( —4a)c; is parallel.
Moreover, because of (15) and (33), B; is null. This completes the proof.

LeEMMA 12. Under hypothesis (31), the equation
(35)  ByRuuyy— By By + By By — By By +
+ By Ryimi — By Bhare + Big By — B Bpyy = 0

holds on some neighbourhood of x.
Proof. As a consequence of (15), (20), and (22), we get

Cabed,p(CrisrCrim + Chrit0tm + CrirkCjim +CrtjrClitrn) = 0

on some neighbourhood U > . For the open subset of U (if it exists)
where O, i8 parallel, (35) follows immediately from (24) of [7].
Thus, we can assume that we have on U

(36) C 50" him + OneiiC"itm +CrirkC im +Cr43rCham = 0.
On the other hand, using (12) and (33), we obtain
oichrjlm+cjchr‘ilm = O.

Hence ¢,E";, = 0 and, consequently, R.,R";, = 0.
But the last result, in view of (33), (23), and

1
Chije = Brije— Y (955 Bri — G Bis + 9ni By — s Bir)»

yields
1
BN CrujOhim = Ryiji B him — Y (Byj Binim — Big Bjpam +
1
+ By Rijie — By Byjre) + ooy (91em Bij Bpy — Gjm By By + 951 RigeBopn —

— G By Bym) -
Since
0 = Rpijrim — Brijiyms = Briji B nim + s B stm + Bhirk B jim + Baijr Bimy
which follows easily from (3), (5), and (12), relation (36), together with
(37) and (33), leads to (35). The last remark completes the proof.

PrOPOSITION 2. Under hypothesis (31), the curvature tensor takes
on some neighbourhood of x the form

(38) Biynm = CnCx Smj —€,0; 8y O €; Sux — CrnCx Shj )

‘Whefe S’f = SJ:, = 'vr’vsRn-ja a’nd ’0'0, == 1.
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Proof. Since equations (33) and (35) hold, we have (see [7], Lem-
ma 4)

C Bpym + Cn By + Cn Bjpar, = 0.

Now, with the help of the last result, we can follow step by step
a proof of Walker (see [10], p. 45, and [9], p. 155) to obtain (38). This
completes the proof.

3. Local structure theorem. We are now in a position to prove our
main result. In this section each Latin index rums over 1,2,...,%, and
each Greek index over 2, 3, ..., n—1.

THEOREM. (i) Let (M,g) be an n-dimensional (n > 4) conformally
recurrent Ricci-recurrent manifold satisfying (5). Suppose, moreover, that
at v € M conditions (28), (32), and C,, # O hold. Then there exists a coordi-
nate system x*, x2, ..., 3" on a neighbourhood of = such that the metric of
M takes the form

(39) gy 8t da? = Q (")} + by, o do” 20 da™,
(40) 3,1 a,‘Q = Aklu-l_Bclp’

where [k,;,] i8 a symmetric and non-singular matriz, [c,,] 18 a symmetric
and mon-zero malriz satisfying k*¥c,, = 0 with [K*] = k.17, and A, B
are fumctions not depending on x™ such that (40) as well as

(41) A#£0+£B, 8A#£0, A{B—ByA #0

are satisfied.

(ii) Let B™ (n > 4) be endowed with the melric g,; given by (39), where
[k,,] and [c,,] are as above, and A, B are non-constant functions satisfying
(40), independent of 2", and such that Ao;B— B0o;A does not indentically
vanish. Then (R"™, g) 18 an essentially conformally recurremt Ricci-recurrent
manifold whose Weyl conformal curvature tensor satisfies (5).

Proof. From Walker’s considerations it follows ([9], p. 176-179,
and [10], p. 51-54) that if a Riemannian manifold admits on a neighbour-
hood U of a point # a non-trivial null parallel vector field B; = fe; and
on U the curvature tensor is of the form (38), then one can choose coordi-
nates so that the metric can be written as

(42) g, datde? = Q (da')’ + k), dor* do* -2 da’ da®,

where %;, = k,; are constants, det[k,,] # 0, and @ is a function inde-
pendent of 2.
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As one can easily verify,

0 o 0 1

0 0
[¢¥] =|: I

0 oj

1 0 ... 0—-Q

and, in the metric (42), the only Christoffel symbols not identically zero are

B 2o f-den (-2

where the dot denotes partial differentiation with respect to coordinates.
Moreover, in view of the formula

1
Ry = 5y (Ink.s5 + Gijonte — Ing.ie — Jieng) + gpq{,ﬁc}{iqj} — gpq:i;}:,gc} )

it follows ([9], p. 179) that the only components R, not identically zero

are those related to R,,,, = 3@ ;..
It can be also found that

1 1 a 1 a
Rn = —2' kaﬂQ.am Rll,l = '2‘1" ﬂQ.aﬂl! 'Rll,y = Ek ﬁQ.aﬁy’
1
Rllyl,l = _2—Q.1M1? Rll#l,y = -2'Q.1uy7
1r 1 .
43) O = 3@ 15 hu 0.0,
17 a T
011;;1,1 = E LQ Apl klu(k Qam) ]
1 Q
Gllptl,y =_2' Q Apy — kl[l(k Q aﬁy) H

and that all other components are identically zero.
Since M is conformally recurrent and conditions (5) and (2) hold,
b,; = b, ; on some nelghbourhood of z. The recurrence vector b; is there-

fore a gradient.
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Hence, in view of (43),

1

[Q.zu s ) aﬂ)].j = O.j[Q.lu —

1
n—2

klu (kaﬂQ.aﬁ)]

for some function C.
Thus

Q.ly = Akln + BG}.p’

where [c;,] is a symmetric and non-zero matrix satisfying k¥c,; = 0.
Moreover, because of (40) and (43), we have

1 1

n—2 n—2
= A.57 Com = EBOAW Ciaj =

2

(4, k2, + B 4¢;,) .

I

1
Rl)pl = '2" (Akzp‘i‘Bczp)’ Rllyl,j =

Since conditions (28), (32), and C,; # 0 are satisfied by assumption,
A and B, as one can easily verify, satisfy (41).

Suppose now that the conditions of (ii) hold. Then, as follows easily
from (44) and (1), (R", g) is & conformally recurrent Ricci-recurrent
manifold. Since B # const and AB;—BA ; does not identically vanish,
(R", g) is neither conformally symmetric nor recurrent. Moreover, because
of 01— Ciza,ji = 0, condition (5) is satisfied. This completes the
proof.

Remark 3. If @ in (39) is of the form @ = (Ak,,+ Be,,)o'®"*, where
A and B are functions of ' only, satisfying assumptions of (ii) and 4 # 0
# B, then (R",g) is an essentially conformally recurrent Ricci-recurrent
manifold such that the recurrence vectors of R; as well as of C,;; are
both null at each point of R".

Now we shall prove the existence of essentially conformally recurrent
Ricci-recurrent manifolds whose recurrence vectors are nén-null every-
where.

Suppose that R"™ is endowed with the metric (39), where

€

[kly] = 0 .'. ’ lell = 1’

and

n—1

1 .
@ =5 D (@) +(n—2)e, exp(a).

=2
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Then, as one can easily verify, we have

Q.lll = (1 + exp (mn—l)) klp + 611/4 exp ($n-1) ’

where

[0/1;4] = .
0 —€p—s

(m —3)«3,,__l

Since we have k*c,; = 0 and the functions A = 1+ exp(a"~!) and
B = exp(z"~') satisfy the condition AB;—BA; #0, (R",g) is an es-
sentially conformally recurrent Ricei-recurrent manifold.

Taking now into account (44), we obtain

a; = 9;log(1+exp(e”?)) and b = 87,

where a; and b; denote the recurrence vectors of R, and O, respectively.
Moreover, as one can easily verify, a"a, # 0 # b"b, everywhere on R".

Remark 4. The metric (4) can be obtained from (40) as follows: Let

2

A =
n—2

A+2 and Bg, = 2:47(1»1,,— ”1_2 km)’

where p,, = p,; = const and 4 is a non-constant function of #* only.
Then k*p, =1 and Q,, = 2(4p,,+%,,). Hence

Q = (Zplp-l_klp)mzwﬂ-l'gawa'l'n’

where g,, 7 are functions of #! only. Taking ¢, = n = 0, we obtain (4).

Remark 5. The subset of points satisfying (28), (32), and Oy # 0
is dense if (M, g) is an analytic non-recurrent Ricci-recurrent manifold
(with non-parallel Ricci tensor).
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