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The reader should not be misled as to the importance of this paper
by the number of its authors. It is simply a result of their common talks.

In a torsion free Abelian divisible group G there is a uniquely de-
termined multiplication of elements by rational numbers. By a metric
group we understand here a group with an invariant metric, i. e. with
a metric o(ax,y) such that o(z,y) = o(x+a,y+a). We write ||
= o(2,0). If G is metric, complete and separable, then x, — 0 implies
wzx, — 0 for every rational w. It is obviously sufficient to show this for
w = 1/m (m integer) and in this case it follows by putting H = G and
@(x) = mx from Banach’s theorem on the continuity of inverse opera-
tion ¢!, where ¢ is a continuous isomorphism of G onto a metric and
complete group H (see [1]). If ¢ is not separable, then z, — 0 does not
imply wz, — 0. However, the following theorem will be proved in the
sequel:

THEOREM 1. If G is a metric and complete torsion free Abelian divisible
group and if im(y/n) = 0 for every ye@, then x, — 0 implies wx, — 0

n

for every rational w.

Thus a group fulfilling the assumption of Theorem 1 becomes
a metric linear space over rationals if and only if the following condition
1s satisfied:

(*) w, — 0 implies w,x — 0 for every .

In this paper we are concerned first of all with the following problem:

(Q) Is it possible to drop condition (%) in the characterization of
a linear space, i.e., does (x) follow already from the assumptions of
Theorem 17

The answer is “yes” for locally compact groups but “no” in general,
as is shown by following theorems:
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THEOREM 2. If G is a locally compact (may be non-metrizable) torsion
free Abelian divisible group, then, for every we@, lim(x/n) = 0 implies
w,x — 0 whatever be a sequence of rationals w, — 0. "

THEOREM 3. There is a metric complete separable torsion free Abelian
divisible group such that lim(x/n) = 0 for every x but w,x /> 0 for some w

n
and some sequence w, — 0 of rationals.

The first section contains the proof and discussion of Theorems 1
and 2, the second is devoted to the proof of Theorem 3, and the third
deals with some unusual metrics in the group L of reals. This question
has been suggested by the reasonings used in the second section.

1. Proof of Theorem 1. Assume to the contrary that for some
sequence of elements and some integer s we have x, — 0 but |z,/s]
>0>0(n=1,2,...). We construct by induction a sequence {y,} such
that 3
(1) I|yn_yn~1H < ?’
1
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Put y, = ,. If y, is already defined, then if

1 1
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we put y,., = ¥, and satisfy in this way (1) and (2); in the opposite
case we choose from the sequence {r,} a term x such that |jz|| < 6/2"'s"
and put y,,., = y,+xs". Then (1) is satisfied; moreover, if i < n, then
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On account of (1) and in view of the completen@ss of @ there is a limit
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Therefore for any ¢ the sequence {y.n/si}nﬂ,zw is fundamental. Since
is torsion free its limit is equal to y/s'.

From (2) we obtain ||y, /s’ = 6/4 for ¢ <n and so |ly/s'|| > é/4 for
every 4 which contradicts the assumption y/n — 0.

Let now £ denote the “solenoid”, i. e., the dual group to the group I?
of rationals. There are two kinds of elements in R: the “regular” ones
which correspond to those characters of R which are continuous in the
natural topology, and the “irregular”, corresponding to non-continuous
characters of R. If x is regular, it can be represented by an exponential:
x = u,(r) = e (A real, reR). According to [4], p. 177, every x is repre-
sented by a character defined for any prime p and any integer m > 0 as

1 > 1 m—
(3) X(?g) = qxp2ﬁ©[?ﬁ (T+k'p,0+k1),1p+'--+kp,m—lp 1)]’

where 7 is a real number and {k,,} a double sequence of integers such
that 0 < k,,, <p.

LEMMA 1. If xeR and limx/n = 0, then x is regular.

Proof. Obviously limz/n = 0 means limy(1/n) =1 and limy(1/p")

n n

— 1 means that the expression in brackets in (3) tends to 0 or to 1 for
m — co. However, it is easily seen that this is impossible unless for m
sufficiently large we have constantly k,,, = 0 or constantly Ek,,,m =p—1.
Both these cases lead to the issue that there is a real 7, such that
7 (1/p™) = exp(2nit,/p™). It is to be proved that 7, does not depend
on p.

We take two primes, p and ¢. If n = p°¢/, then

1 a b

P
with 0 < a < ¢, (a,q) = 1. We fix t. If s —> oo, there is a number a,
with (ay,q) =1 and an infinite sequence {s;} such that 1 Ipkqt
= a,/q' —by/p*. We have

. 1 . At b T,0
hmx(—s‘——t) = limexp2ni (—’%ﬁuifo) =1
kT \pkq k p*  q
and since
. b @,
lim—- = —,
k pk
we have
- % LT, Tyl
limexp2mi-2~ — exp2ni—2— = exp2ni ——r.
P p pSk p qt p ¢
























