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1. Carathéodory’s dimension of multiplicative families, c-independence.
Let € be a multiplicative family of subsets of a given set X. Obviously,
X belongs to ¥ as the intersection of the empty family of subsets of X.
Sets of the family € will be called %-convex.

For an arbitrary A <« X we define %-hull of A (denoted by #¢-conv.A)
as the intersection of all ¢-convex sets containing the set A. Obviously,
%-conv A is the smallest ¥-convex set containing A.

By Carathéodory’s dimension cim®% of the family ¢ we mean the smallest
integer k > —1 such that, for any A « X and a € ¥-conv A, there exists
a subset B = A with |B| < k+1 such that a € ¢-conv B. If such an integer &k
does not exist, then we put cim% = oo (cf. [2], p. 160).

A set T < X is called c-independent [4] if

T=0 or %convTl # | J%-conv(T\{a}).
aeT

LeMMA. Carathéodory’s dimension cim®% is equal to the greatest integer k
Jor which there exists a (k-1)-element c-independent subset of X; if such
an integer k does not exist, then cim¥ = oo (see [4]).

2. n-cell convexity. Let X be an arbitrary set and let &, be the family
of all subsets of X containing at most » elements. Let C,: &, — 2% be
a function. The sets of the form C, (F'), where |F| < n, will be called n-cells.

A set A c X is said to be n-cell conver if C,(F) < A for any F c A,
|F'] < n. Let ¥, denote the family of n-cell convex sets. Obviously, the
family €, is multiplicative.

Examples. Let M be an a,rbitra,rjr metric space with metric d.

1. The family of d-comvex sets (the bibliography and properties of
d-convexity are presented in [1]) is the family of 2-cell convex sets where

Cy({a,c}) = {be M: d(a,b)+d(b,c) = d(a, c)} and (,(9)=09.

2. We define B, -convexity (comp. with B-convexity [5]) as the family of
n-cell convex sets, where C,(F) is the intersection of all balls of the
space M containing F < M, |F| < n.
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Among various kinds of generalized convexity (a survey of some
of them is given in Section 9 of [2]) there are further examples of n-cell
convexity. In many examples, C, fulfils some natural conditions such as
C.@) < C,(H) for G < H,C,(G) =9 for |G| <n, G c C,(G). In this pa-
per those extra conditions are not essential.

For an arbitrary subset G of X we put

L, (@) = GulJ{0,(F): F c @ and |F| < n}.

Now, we define recurrently a sequence of sets

L@ =@, Li(Q) =L,(L(@®), i =0,1,
The sets have the following properties:
(1) G=L(@cL@c...,
(2) Li@) c Li(H) forGcH,i=0,1,...,
(3) A =L)A) =L,(A) =... for Aeé,,
(4) %,-conv@ = OL;’,(G)

=0
Properties (1)-(3) are obvious.
We show (4). Since G = %,-conv@, by (2) and (3) we have

L (@) < L (%,-conv@) = ¥,-conv@, ¢ =0,1,...
Hence

OL;(G) c %,-conv@.

=0

Now, it is sufficient to show that |J Lj(Q) e %,. Let

i=0
Fc|ULi(@) and |FI<n
i=0

By the finiteness of F and by (1) there exists a number j such that
F c L!(G). Hence

C,(F) = L,(F) = L,(Li(G)) = L (@) UL‘

1=0

Consequently, the set | J L! (@) is %,-convex. Therefore (4) holds.
1=0

From (4) we infer immediately that for any G = X and z € €,-convG
the smallest integer r4(#) exists such that z € LI6® (G). We call 74(x)
the rank of x in G. Obviously, 74(z) = 0 iff x €G.

The existence of the finite rank implies that the €,-hull of any set
G c X is the union of %,-hulls of finite subsets of G. Consequently, from

generalizations in [4], p. 66, it follows that for n-cell convexity any c-inde-
pendent set is finite.
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3. Inferior estimation of the number of elements in 7n-cell hulls of
c-independent sets.

THEOREM 1. If T is a c-independent set with respect to a family €,
of m-cell convex sets and n > 2, then

n|T|—1
n—1

< |4,-convT|.

Proof. If |[T| =0 or |T| =1, then the theorem is obvious. The
case |T| = oo is impossible as was seen at the end of Section 2.

Let |T| =t > 2. Since T is c-independent, there exists ¥, € €,-convT
such that vy, ¢ €,-conv(T\{x}) for any = € T. Hence y, ¢ T and, conse-
quently, r7(y,) > 1.

We shall recurrently define a finite number of pairs of disjoint sets W,
and V,.

Put Wy, =0 and V, = {y,}. Obviously, W, and V, are disjoint.

Let the disjoint sets W; and V, be defined for j > 0. Among all elements
of V, choose an element y; of the highest rank r,(y;) in T. If r4(y,) > 1,
then there exists a set T; « LT ~'(T), |T;| <, such that y; € L,(T)).
Put W;,, = W,u{y,;} and V,,, = (V,\{y;})UT,. Since the rank of any
element of T; is smaller than r;(y;) and the rank of any element of W;
is not smaller than r;(y;), we have TI;n(W,;U{y;}) =@. Hence

Winan Vi = (W;9 {5 n (VN y}) V]
= (W0 g n (VA HIVI(W;V g nT)] = 0.

Since y, € ¢,-convT and y, ¢ €,-conv(T\{z}) for any z €T, after
a finite number of steps s we get V, = T. Therefore r,(y,) = 0 for any
Yy, € V,. Hence the sets W, and V, are the last which we define.

Obviously, |W,;| =14 for ¢ =0,...,s.

We show recurrently that |V,|<(n—1)i4+1 for 2 =0,...,s.

For ¢ = 0 the inequality holds.

Assume |V, < (n—1)j+1 for 0 <j <s. Since y; € V;, we have

Vil S IV +HIT; < (n—1)j+n = (n—1)(j+1)+1.

Consequently, |V,|<(n—1)¢+1 for ¢ =0,...,s.
In particular, |V,| < (» —1)s+1. Moreover, T = V,and W,nV, = 0.
From the inequality |T'| < (n—1)8+1 we get (|T|—1)/(n—1) < 8. Finally,

T -1 T -1.
{€,-convT| > [W,0V,] = |W,|+1V,| =s+IT] > — e

Thus the proof is complete.
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Since |%,-convT| is an integer or oo, the estimation in Theorem 1
can be written in the form

T 1
— [— ﬂ——l——] < |é,-convT|,

n—1
where the symbol [-] denotes the integer part. The construction below
in the proof of Theorem 2 shows that the last inequality is essential for
every natural number % and for every number of elements of 7.

4. Superior estimation of cim%,. In connection with the supposi-
tion [3] that Carathéodory’s dimension of the family of d-convex sets
of an arbitrary metric space M is not greater than [(|M|—1)/2] we give
a more general theorem.

THEOREM 2. Carathéodory’s dimension of the family €, of n-cell
convex subsets of a finite set X is not greater tham

[<nf1)<|X| —1)].

n

The estimation cannot be improved in a general case (for any n and | X|).

Proof. If » =1, then the estimation is obvious.
Let n > 2. From Theorem 1 it follows that if there exists a
c-independent set 7' = X, then

n|T)—1

< |4,-convT| < | X].
— <%, | < |X]

Therefore

IT| < ('”'—1)('|$X| +1 .

Now, from the Lemma we get

(r—LIX|+1 (e —1)(X|-1)

cimé¥, <
n ®

Since Carathéodory’s dimension is an integer, we have

(n —1)<|X|‘—1>]_

n

cimé, < [

We show that the estimation cannot be improved in a general case.
In the case |X|<1 or » =1 a proper example of an =-cell con-
vexity is easy to construct.
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Assume that n > 2 and 2 < |X| < oo. There exist integers ¢ > 1 and r
(0<r<mn-—1) such that |[X| =2+ (t—1)n+r. Let
X ={a0,aby ..., 04 _1y...,067 ..., 0k ab, . .,af} fort>1
and
X = {al, 0}, ...,al} fort=1.
Let

Co({ai™yaly...,a}1}) = {a§ 5 af,...;al1}) for0<j<t
and, moreover, if r > 0, let
C.({a) af, ..., a;}) = {ag™", af, ..., a;}.

Let C,(F) = F for any farther F < X with |[F| < n.
From the above construction it follows that each of the sets

0 1 1 t—1 -1 ¢
{ag, ayy ..oy @p_yy.oyai™y i, 00, 07,000, for t>1

and

{ag, a1, ...,a'} fort=1
is c-independent. Since we have (n —1)(t —1) +r+1 elements in a ¢c-inde-
pendent set, we infer from the Lemma that Carathéodory’s dimension

of the constructed n-cell convexity is not greater than (»—1)(t—1)+4-r.
From the equality

[(n —1)(|1X| —1)] _ [(n——l){1+ (t —1)‘n+r}]

n n
_ [(t—l)(n—1)+r+%_—1] — (-1 —1)+r

we infer that Carathéodory’s dimension in the example equals

[(%—1)(|Xl —1)].

n
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