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A COUNTABLE CONNECTED URYSOHN SPACE
WITH A DISPERSION POINT
THAT I8 REGULAR ALMOST EVERYWHERE

BY

ELDON J. VOUGHT (CHICO, CALIFORNIA)

It is well known that a countable topological space that is regular
or merely regular at every point of some open set cannot be connected [11].
However, examples have been given of countable connected Hausdorff
spaces (see [1]-[4], [7]-[9], and [11]) and other examples (see [5], [6],
[9], and [10]) have been given of countable connected spaces that satisfy
the Urysohn separation axiom in the sense that for every pair of distinet
points @ and b there are open sets U and V for which ae U, beV and UnV
= @. Some of these spaces are locally connected (see [6], [7], and [9]),
others (sece [4], [8]-[10]) have a dispersion point and the example due
to Roy [10] is regular at the dispersion point but at no other point. He
asks if a space exists with the properties of his space, i.e., countable,
connected, Urysohn, a dispersion point, that is also regular at every
point of some dense subset. It is the purpose of this note to construct
such an example. First Roy’s space is modified to obtain a topology t
very similar to his. Then a topology z’ coarser than 7, i.e., " < 7, is con-
structed so that the resulting space is the desired one.

Construction of the space Y, 1.

Let Cy, Cy, C_,, 0y, C_,, ... be pairwise disjoint subsets of the ration-
al numbers such that no one of them contains an integer and each is
dense in the reals. Let Z be the set of integers and let X = {(z, ¥)|y Z,
ze0,}. The set Y will be XU ZU {w} where o is an ideal point. For a geo-
metrical interpretation of Y it will be helpful to picture the points of X
as points in the plane, the points of Z along a horizontal line at the foot
of the plane (coordinates (i, — o0) for each ¢ in Z) and the ideal point
at the top of the plane (0, + o).
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For p = (8,1)eX and £> 0 let

{(@, Y)|weCi5y =t;8—e< x<8+8} for ¢ even,

N.(») ={{(m, Nixely3y =4 t—1,t+1;8—e<x <s+et for ¢ odd.

For ¢> 0 and teZ let
N,(@) ={Su{(®y)reCy;yeZ;y < —2[1fe]l;i—e < x < i+s}.
Finally, for ¢ > 0, let
No(w) = {o}u {(x, y)|xeCy, yZ;y > 2[1/e]}.

The collection {N,(y)} of all these neighborhoods of points of ¥ forms
a basis for a topology r of which the subspace Xu {w} is the space descri-
bed by Roy [10]. In a manner analogous to the proof given there it can
be shown that Y is a countable connected Urysohn space and that «
is a dispersion point. The point o is a dispersion point means that given
distinct points a, be Y — {w}, there exists a set U, open and closed in Y —
—{w}, such that aeU, b¢ U. It should be noted that Y is regular at w
and at each point of Z but at no point of X. It is clear that the regular
points do not form a dense subset.

We will now describe a coarser topology 7’ such that with this topo-
logy Z is dense in Y, Y is regular at each point of Z and all the other
properties are preserved.

Construction of the space Y, t'.
Take f to be any one to one function from X onto Z. For y¢Y and
e> 0 let

Us(y) = N.(9),

Ui(y) = U {N.(0)lief(TUs(y) — {93}

Un(y) = U {N,(0)ief(U;_1(y)—2Z)} for n > 2.
Now let

Usy) = L_Jo Ui(y).

It is clear from this comstruction that f(U,(y)— [{y}u Z]) = U.(y).
The collection {U,(y)} of all neighborhoods of points of ¥ forms a basis
for a topology z’. For let U,(x) and U, (y) be neighborhoods of points
z,ye Y, respectively, and let zeU,(x)N U, (y). There exists e > 0 such
that '

UP(2) = N,y (2) = U(z)N U, (y).

Furthermore, if & < min(e, ¢'), then

Up(z) « Uy(2)nU,(y) for n>1.



Therefore

U, () = U Up(e) < U,(0)nU(y).

1=0

Y, v’ is countable and connected.

Each neighborhood U,(y) in 7’ is the union of open sets in 7, so
7’ < 7. Since Y, v is connected, surely Y, ' is connected.

Y, v is an Urysohn space.

If A < Y, denote the closure of 4 in v and 7’ by Cl4 and 4, re-
spectively. Now, if 0 < e< % and 4,j are integers such that ¢ j, it is
clear that CIN,(4)NCIN,(j) = @G. From this it follows that if ye¢Y and
0<e<} then

U,(y) = OLN,(y)u U{CLN, ()i ef (Un(y) — [{y}U Z]); n = 0,1, 2, ...}

To show Y, ' is an Urysohn space, suppose zeX, 1eZ; other cases
are treated similarly. Choose ¢ > 0 such that the following four conditions
hold:

(1) C1N,(z)nCIN,(3) = O;

(2) f~'(3)¢CIN,(x) unless f~!(i) = x;

(3) the y-coordinate of f~'(s) > —2[1/e];

(4) the y-coordinate of x > —2[1/e]+3.

Condition (1) follows because Y,z is an Urysohn space; (2) and (3)

guarantee that ¢¢ U,(x); (4) guarantees that ClN,(x)nU,(f) =9. If, in
addition, ¢ < 4, then these conditions together with the structure of

U,(x) and U,(¢) imply that U,(x)nU,(:) = 9.

Y, 7' is regular almost everywhere.

Clearly Z is a dense subset of Y. Assume i<Z and let U,(i) be a basic
neighborhood of i. Let ¢ = min(e/2, }). It is clear that ClN,. (i) = N,(2).
For each n (n =0,1,2,...) we have f(Uj(i)—Z) < f(U,(3)—Z) and,
consequently,

UA{CLN. ()1 jf(Un () —2)} = U{N.(5) j<f(Un(3)—2)}.

It follows that U, (i) = U,(3).

w 8 a dispersion point of Y, t'.

Let p,ge Y — {w}. Assume p = (s,t)eX and geZ; similar arguments
apply to other cases. Choose ¢ > 0 such that the following conditions hold:

(1) the x-coordinate of f~'(q) does not lie in any of the intervals
(¢ —e&, 1 +e¢), ieZ;nor does it lie in the interval (s — ¢, 8 +¢) unless p = f~'(q);

(2) the interval (8 —2¢, s +2¢) contains no integer;
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(3) {(», y)lxeCy; yeZ;x =s—e or $+e} =0 and if ieZ, then we

have {(#,y)|veC,;yeZ;x =i—e or i+e} =0.

For each ieZ let M,(3) = {¢}U {(%, ¥)|xeC;yeZ;i—c < x < i +¢}.

Furthermore, let

Vo@) = {(x, y)lzeCy59yeZ;8—ec < < 8+ ¢},
Vip) = U{M.(6)lief (Ve(p) — {p})}
Vi) = U{M@)lief(V,_,(0)—2)} for n>2.
Eina,lly, let
Vo) = U Vip)-

Clearly peV,(p) and q¢V,.(p). For each zeV,(p) there exists & > 0

such that U, (2) = V,(p) since V,(p) has the property that

(V@) -{p}v Z)) = V.(0).
Therefore V,(p) is open. As before,

V.(p) =Cl Vf,(_p)UU{Cl M,(’i)|i€f(V:,(_p)—[{p}UZ]), n =0,1,2, }

But, from (3),
ClVi(p) = Vip)u {w} and Ol M,() = M,()u{w}, ie<Z;

therefore V,(p) = V.(p)uU {w}. Thus V,(p) is closed in ¥ —{w} and o
is a dispersion point.
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