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Gorin and Grushin [3] have proved the following theorem:

Let P(D) be a differential polynomial in R" with constant coeffi-
cients. If for some m > 0 all C™-solutions in R" of the partial differential
equation

(1) P(D)u =0

have continuous derivatives of order m 41 in a neighbourhood of the
origin, then the operator P (D) is hypoelliptic, i. e. all solutions of equa-
tion (1) in the space of distributions 2’ are C*-functions.

In this note we give a simple proof of a similar statement, which
involves solutions of greater smoothness. In fact, we assume that all C*-
solutions of equation (1) belong in a domain V < R" to a Gevrey class.
In that case the operator P(D) appears to be hypoelliptic of a type
determined by the Gevrey class in question. The result holds also for
invertible convolution operators.

We use the usual notation of the theory of distributions in R™ (see
e. g [5]).

Let £ be an open set of R™ and a a positive number. We denote by
I',(2) the class of C*-functions in 2 with the following property: If
uel,(2), then for every compact set- K — 2 there are constants Ag
and Bz > 0 (which may depend on u) such that

(2) sup |DPu(x)| < Ag BE'p™® = Ag BR+Pnpi™L...pan
zeK

for all multi-indices p = (p,, ..., P»). In particular, I, (2) consists of real
analytic functions in Q.

The operator P (D) is sald to be of type a, if all solutions ue2’ of
equation (1) are in I (R").

THEOREM. If P(D) 48 a differential polynomial with constant coeffi-
cients and if all C® solutions in R"™ of equation (1) belong in a domain V
to I',(V), a =1, then P(D) i8 of type a.
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Proof. We may assume without loss of generality that V contains
the n-sphere K,: |z| < 7.

If for a function wel,(V) and for the compact set K = K, the
constant By in (2) is less than e~', then

1
@ 2 il 1@ < oo

p

We denote by H the subset of I',(V) consisting of functions % such
that Bg, < 4. Then series (3) converges for all weH. Moreover, it is
easy to verify that

1
e = D) (sup | DPu(z))

p

is an F-norm in H; in fact it is a 1/a-norm (see e. g. [4], p. 164). With
this F-norm H is a linear topological space, which is metrisable and
complete.

On the other hand, the space & of C™-functions in R" with the
topology defined by the system of seminorms

Nia(u) = sup | DPu(z)|
(o<t
is a Fréchet space.

All functions ueH and ue&, which are solutions of equation (1),
form subspaces Hg and &g of the spaces H and & respectively. Hg and &g
are themselves metrisable and complete.

Now, by assumption, the restriction uy to the domain V of every
function we&g is in I',(V). Consider the set &xy of all uefy, whose
restrictions ug_  to K, are in Hg. Provided with the topology induced
by &, gy 18 again metrisable and complete. Furthermore, the mapu —
— ug, of gy into Hp is continuous. Thus, by an argument similar to
that used in [1] (see chapter II, § 6, proposition 8), there is a semi-norm
N, and a constant C such that

(4) vk, lija < CINki(w)]"

for all uefgy. _
But &zy contains all exponential functions ** with P(if) = 0,
{ = &+1n, &, neR™ Therefore inequality (4) implies

eltl”“+'lﬂl <C(1+ |C|)lek|"
and, consequently,

(5) C1M < €' +.0"log (1+ [L1)+ M Il
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where C’, C'' and M are constants. Since M must be positive, we infer
from (5) that the zeros of the polynomial P(¢() satisfy the condition

(6) 0<M"<]imini|L1|/a,
tlooo €]
which is sufficient for the operator P(D) to be of type a (see e. g. [6]).
The proof is thus complete.
Let S be a distribution with a compact support, which is invertible
in 2, i. e. for any T2’ the convolution equation

Sxu =1T

has a solution ue2'.
We say that 8 is of type a > 0, if all solutions we2’ of the homo-
geneous equation

Sxu =0

are in I',(R").

The analogue of our theorem for convolution operators is now clear.
It can be proved in the same way. The last sufficient condition follows
by the methods of Ehrenpreis [2].
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