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Introduction. In [2] we have described so-called diagonal algebras,
i. e. algebras with one fundamental operation d(z,, ..., ®,) satisfying the
axioms 1° and 2° (see §1 below).

In the present paper some other characterizations of those algebras
are given, and the properties of algebras obtained by rejection of the
axiom 2° are discussed. The last algebras will be called generalized diagonal
algebras.

1. Definitions. An algebra D = (X; d(w,, ..., #,)) will be called an
n-dimensional diagonal algebre if its fundamental operation d satisfies
two axioms:

1° d(d(@hy ..y @n)y ..., (2T, ..., 2h)) = d(ai, ..., 2h),

2° d(x,2,...,2) = .

A representation theorem for these algebras as well as some other
properties have been given in [2].

An algebra D = (X;d(»,,...,%,)) Wwill be called a generalized
n-dimensional diagonal algebra if its operation d satisfies axiom 1°.

2. Properties of generalized diagonal algebras. Now we shall prove
some simple properties of the algebras just defined.

() If y = d(@,, ..., @), then A(Y,...,y) =Y.

Indeed, we have d(y,...,¥) = @(d(@y, ..., 2p), ..., A(Ly, ..., Tp)) =
A(Lyy oeey Xp) =Y.

(ii) The condition 1° is equivalent to the following set of conditions:

3° d.(wu ooy @y QTG eeny BF)y Bypry enny wn) = d(®,, ..., Ty, o, Zjs1y
ey )y J=1,2,...,n.

Indeed, using 1° and (i) we get
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1
A( @1y ey Tim 5 UGy ooy TF)y Bip1y ooy Tn) .

= A(A(B1y oeey 8)y ey A1y oy B511); BA(Dy ooey 7)oy
A(Ey eeey 7))y B @1y eeny Bpia)y eney B(Bpeey 2)
= A(A( D1y ooy B)yeeey BBy ooy Go1)y Ay oy 3F), D@1y oony Ty -
A(@nyevey @n)) = A(Bry ooy Bj_1y Ty Tjyry oeey Tp)e

The reverse implication is obvious.
(iii) Ewery algebraic operation is trivial or is of the form

f@y ooy @) =d@iy..oy)) A <% <m k=1,...,n).

This follows at once from 3°.

(iv) Hither the operation d is constant, or in the algebra there are mo
algebraic constants at all.

Indeed, if d is not constant, and for suitable ¢,,..., %, there is
d(®i, ..., ®;,) = ¢, an algebraic constant, then d(z,,...,2) = ¢ and,
by 1°% d(®y, ..., @) = A(A(Byy ..oy 1)y eeny ABpy ...y @) = dey ¢,y ..., 0)
will be a constant, a contradiction.

Now we prove

THEOREM 1. Every generalized n-dimensional diagonal algebra is of
the form A = (X;d), where X = A oD, A~D=0 and (D;d) is
a subalgebra of A is an n-dimensional diagonal algebra. Moreover, there
exists a retraction f: A o D — D such that

A1y ey Bp) = d(f(“1)7 ---af(a'n))-

Proof. Let 2 be an arbitrary generalized n-dimensional diagonal
algebra, and let D be the set of all elements xe¢X such that d(z,...,2)
= . Evidently, (D, d) is a subalgebra of 2 in which the axioms of
diagonal algebras are satisfied. If 4 = X \D and for ae4 we define
f(a) = d(a, ..., a), then by 3° we get

A(Tyy ooy D1y By By 1y eeny @p) =

d(ml’ vy @iy d(ay ..oy @)y @y, ...,(B,,,) = d(mh ooy Ti_1y f(@)y Tjpay '--7-'”1»)

and so all assertions of the theorem are proved.

Now it is easy to extend some results proved in [2] to generalized
diagonal algebras.

We say that an element a of a generalized diagonal algebra is
collinear with an element b in ¢-th direction (¢ =1, 2, ..., n), or shortly,
a =;b, if d(a,...,a) =d(a,...,a,b,a,...,a), where the element b
takes ¢-th place on the right-hand side of the formula.
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It is easy to prove that
(v) Each of the relations = ; is a congruence,
(vi) d(ayy ..., 6,) = d(by,..., b,) if and only if

aiEibi (i=1,2,...,n).

(vil) Every two minimal sets of generators have the same cardinality,
and every two maximal independent sets have the same cardinality provided
the algebra in question s proper,

(viii) T'he algebra (A o D; d) has a basis if and only if the algebra
(D; d) has the form Pp g, |A| = |B| (1), and the retraction f (see The-
orem 1) i8 a one-to-one mapping of A onto an independent subset of (D; d).

(ix) T'he cartesian product of the algebras (A o D; d) and (A’ v D'; d)
has the form (AXA' v AXD' v DxA' v DxD';d).

(x) The free product of the algebras A, and AU, has the form
(4o 4')o (Do D);d), where (Ao D;d) is isomorphic with 2,
(A’ v D’; d) is isomorphic with U,, and (D v D’; d) is the free product
of (D;d) and (D'; d).

(xi) Generalized diagonal algebras satisfy the condition of exchange
of independent sets (see [3]).

3. Some characterizations of diagonal algebras. We say that an
operation f(x,,...,®,) i8 associative if it satisfies the formula

f(f(wlr cory Tn)y Yay '°°7?/n) =f(m17f(w27?/2"”37 very Xn)y Ysy oeey yn)
= oo = f(@1y Yoy ooy Yn_1s [ (@25 ooy Tny Yn))-

If f is an operation of two variables, then the above defined
associativity is the usual one.

We say that an n-tuple of elements (a,,...,a,) of an algebra
A= (X;9(,..., mn)) is reqularly conjugate (), if the following formula
is satisfied: g(ai,..., i, g(ay, ..., @), @i, ..., @) = a;, where g(a,, ..., a,)
is on the ¢-th place of the left-hand side of the equation (¢ =1, 2,...,n)

Assuming associativity, it suffices to write in this definition

1) g(g(au'--’an)’au---,al) = @.

Let U = (X;g(2,,...,%,) be an algebra with one fundamental
operation g¢.

(*) For the definition of the algebra Pp g see [2]; |X| denotes the car-
dinal of X; A and D are defined as in the proof of Theorem 1.

(2) This notion was employed by Liapin in the book [4], p. 108, for n = 2;
we can also find there a proof of theorem 2 given below for the operations of two
variables, by the aid of the usual associativity (the case of a semigroup).
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THEOREM 2. The following conditions are equivalent:

(c,) AU is a diagonal algebra, i. e. it satisfies the formulas 1° and 2°.

(c;) The operation g of the algebra U is associative and satisfies the
implication

9,2, ..., ) =9(, 9, @, ...,2) = ... =9(®, ..., &,y) > 2 =4y.

(cg) The operation g of the algebra 2 is associative and each n-tuple
of the algebra 2 is conjugate with respect to this operation.

Proof. (¢;) - (¢y). By (ii) the operation d(z,, ..., x,) of a diagonal
algebra is obviously associative. If the left-hand side of the implication
given in (¢,) is fulfilled, then, by virtue of (vi) the elements z and y are
collinear in every direction. In view of (v) and (vi) we can write

c=d(z,...,2) =d(y,...,y) =Y.

(¢z) = (cg). For the sake of brevity we shall write (x,...x,) instead
of g(zy,y ..., ). .

Because of associativity we can write

(@...2)3...0) = [@@...0)0...0) = ... = (v...2(x...7),

hence («...x) = x. Thus the operation is idempotent.
Now we have

(((wl...a:,,)wl...wl)wl...wl) = ((®1. .. ) (®1...2,)@,...2)

= (@10 - Bp) @By e 1) = (Ty. 0 By (Dae . B, By 1. . D)@y ... T)
as

= (g0 1) By @y (g . By By D) By By)

= (a:l...wl(wl...wl(wz...w¢m1w¢+l...w,,)wl...wl):vl...wl)
———  em——

1 i1
= (wl...wl((mlw,...w,.)wl...wl)wl...wl)-
1

Thus, applying (c,), we obtain ((z,...%,)@,...®,) = #,, whence
(eg)—>(cy) in view of associativity of the operation.

(cg—(c;). We shall show first that the operation g in the condition (c;)
is idempotent. We shall prove it for the operations of three variables —
the proof for an arbitrary »n does not differ essentially.

For the sake of brevity we shall write y instead of (wxx). Thus we
have:

(3yy) (yyy) (yy)) = (((vyy)9y) (vy)9)
= (((wyn)v9)vy) vy) = (((wwy9)9)9v) vy)
= ((v((v99)99)3)39) = v
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The last step is obtained from (1) by putting y instead of x,. Pro-
ceeding similarly we obtain the formula ((yyy)(yyy)(yyy)) = 2. Hence,
(xzz) = 2.

Now we shall prove that the formulas 3° are fulfilled for j = 1, and
therefore by virtue of associativity that they are fulfilled for every j.
By (c;) we have

(#1...®n)Y3. . 9n) = ((wl...wn)(yz(wlyzwl...wl)yz...yz)ya...yn)
= (((wl...wn)yz...yz)(mlyzwl...wl)ys...yn)

= ((a:lyz...yz(xz...w,,yz))(:vlyzwl...‘wl)ya...yn)

= (((mlya...ya(wz...wnyz))ml...wl)yz...y,,) = (Z1Y2-+-Yn)-
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