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Let I = [a, b] be a non-degenerate, bounded, closed interval of the
real line. It is well known that if F is of bounded variation (BV*) on I,
then f(x) = D, F exists almost everywhere on I and is Lebesgue inte-
grable on I. Further, F = [fdr+ Fg, where Fg is singular. A question
posed some time back and, to our knowledge as yet unanswered, is whether
the corresponding parallel theorem holds for generalized bounded variation
functions and the Denjoy integrals. More precisely, suppose ¥ is continuous
and BVG* on I (see, e.g., [1]). Then it is well known that f(x) = D, F
exists a.e. and is finite. One asks whether f is Denjoy integrable (either
wide-sense or restricted-sense). If the answer were in the affirmative,
this would yield a Denjoy-integral decomposition theorem parallel to
the Lebesgue decomposition theorem cited above. We shall show thait,
in general, f need not be Denjoy integrable. A further conjecture might
be that if f is Denjoy wide-sense integrable and has a BVG™ primitive,
then fis Denjoy restricted-sense integrable. We shall show that this second
conjecture is also false. The reasons for the failures of these two conjectures
are very similar, and are obvious from the examples given.

I. We begin by presenting a (discontinuous at one) BVG"* function
whose derivative is not Denjoy integrable. Let I =[0,1], B = {1—(3)"},_,
= {@}n-0. Set I, =[a,_,,a,), n =1,2,...,

F(z) = ) [2" (@~ ,) +n—11y;, (@)
n=1
(xz is the characteristic function of F). One readily verifies that F is
BVG* on [0, 1], but is discontinuous at z = 1. Let f(z) = D, F where
this has meaning, and set f(z) = 0 where D,F does not exist. Since F
is AC* (restricted-sense absolutely continuous) on every closed interval
not containing x = 1, one may verify that the only interval function
which can represent the Denjoy integral of f is that generated by F itself.
However, since
lim F(x) = + oo,

z—»1-0
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it follows that F cannot be a Denjoy integral (alternatively, since f > ¢
almost everywhere, if f is Denjoy integrable, it must be Lebesgue inte-
grable, and clearly # = 1 is a Lebesgue singular point).

To produce a continuous BVG* function with almost everywhere
the same derivative as F, we shall construct a generalized singular function
S such that

lim [F(x)—8(x)] =0

T—>1
and 8 is continuous everywhere except at # = 1 (a function S is generalized
singular if it is BVG"* with zero derivative a.e.). Let n be fixed. Let P,
be a partition of I, so that on the closed intervals I,,, = (@) Gppni1)
associated with this partition, O(F, I,,) < (})" (O(F, J) is oscillation
of F on J). There is a continuous, monotone singular function §,,, defined
on I, such that S, (a,,) = F(aun); Spm(@nmi1) = F(@pmyq)- On defining

8(@) = D) 8un(®) 2 @aa0ms 0

we have the required generalized singular function. The function H (x)
= F(x)— 8 (x) is the required continuous BVG* function whose derivative
is not Denjoy integrable. (An alternate choice of F could have been,
e.g., F(r) = tanz, with I = [0, =/2]. The procedure to obtain 8§ ig pre-
cisely the same.)

II. We proceed next to present an example of a function f which
is Denjoy wide-sense integrable, but which is not Denjoy restricted-sense
integrable, although it has a continuous BVG* primitive. Set I = [0, 1],
and let C be the Cantor ternary set. Let {I,,} be the finite sequence of
intervals contiguous to C obtained at the m-th stage of construction of
the Cantor set, I,,, = [@nn, byn]- Let ¢,, be the mid-point of I,,. Set
F,. equal to the linear function which connects the point (a,,,0) to
the point (c,,, 1/n) on [a@,,, ¢,»] and equal to the linear function which
connects the point (¢,,,1/n) to the point (b,,,0) on [¢,m, bym]- Put

F(@) = ) Frn(®) 21, (2).
n,m
One readily verifies that F is ACG on I and that f(x) = D, F exists
almost everywhere and is finite. However, F is not ACG* on I. For, each
interval J which contains a point of C as interior point contains an interval
I,y for all but a finite number of n. Therefore the sum of the oscillations
of F over the intervals contiguous to C in J is never finite. Hence F is
a “pure’” Denjoy wide-sense integral (1) and because of the containment

(') S. Saks, Theory of the integral, 2nd ed., Warszawa 1937, Theorem VII.
8.5, p. 232.
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of the restricted-sense integral in the wide-sense integral, f is not restricted-
sense integrable.

We shall construct a continuous, wide-sense generalized singular
function S such that F— 8§ is BVG*. Let m, be the number of intervals
obtained at the n-th stage of the Cantor construction. On I,,, we define
S to be a continuous singular funection the absolute value of whose dif-
ference from F is everywhere on I,, less than 1/(m,-n?), and which
vanishes at a,,, and b,,. Let 8 vanish at all points of C. Set H = F— 8.
Then one easily sees that H is BV on C and

Y 0(H,I,,) <2 ) 1/n.

It follows (2) that H is BV* on C. Since H is clearly BV* on each
interval contiguous to O, and since H is easily seen to be continuous,
it follows that H is the required BVG" primitive of f.

In closing, we might point out once again for emphasis that F given
in part IT is an example of a “pure” Denjoy wide-sense integral whose
ordinary derivative exists a.e. and is finite (3).

(3) Op. cit., Theorem 8.5, p. 232.
() Op. cit., Theorem 10.5, p. 235.
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