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1. Introduction. Let M be an n-dimensional Riemannian manifold
with a (not necessarily definite) metric g¢.
The manifold M is said to be locally symmetric if its curvature tensor

1
Bpijr = > (Ink.ij T Gig.ne — Ins.ie — Gik.ns) T+ Ig {if)k: {,Z} - gpqii;-} {@qk}

satisfies the condition R, ; = 0, where the dot denotes partial differen-
tiation with respect to coordinates and the comma denotes covariant
differentiation with respect to the metric g.

The manifold M is said to be of recurrent curvature if it satisfies the
condition

Rhijk,l = CIRMJ‘M where ¢;,, = ¢y,

for some vector field ¢; (see [5]).

As a generalization of the concept of a recurrent manifold, Lichne-
rowicz initiated investigations of Riemannian manifolds whose curvature
tensors satisfy a relation of the form

Ryijreim = @ Bpisxy  Where ag,, = a,,.

Manifolds of this type, i.e. satisfying the above relation for some
tensor a,;, are called second order recurremt or, briefly, 2-recurrent. The
existence of 2-recurrent manifolds which are not recurrent was proved
by McLenaghan and Thompson in [2].

We assume that all manifolds considered below are of dimension
n = 4.
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A Riemannian manifold M is called conformally symmeiric if its Weyl
conformal curvature tensor

1
GMjk = Rhijk T h_2 (ginhk —Gix th + Gnr Rij - gthik) +

+ (n—1)(n—2) (945 9nk — 9ex9ns)

satisfies the condition C;;; = 0.

Clearly, the class of conformally symmetric manifolds contains all
conformally flat as well as all locally symmetric manifolds. A conformally
symmetric manifold is said to be essentially conformally symmetric if it is
neither conformally flat nor locally symmetric. The existence of essentially
conformally symmetric manifolds was proved by Roter [3].

Adati and Miyazawa [1] introduced the concept of a conformally
recurrent manifold, i.e., a manifold whose Weyl conformal curvature tensor
satisfies the condition C,;; = &C);;, for some vector field d;. All known
examples of such manifolds satisfy

(1) dl,m = @m0

i.e., the vector d; may be chosen to be a local gradient. Clearly, every
recurrent manifold as well as every conformally symmetric manifold is
conformally recurrent.

The existence of essentially conformally recurrent mamifolds, i.e. con-
formally recurrent manifolds which are neither recurrent nor conformally
symmetric, was established by Roter [4].

It is easy to see that each conformally recurrent manifold satisfies
Chijiym = bim Cpez, for some tensor field by,. Manifolds of this type are
called conformally 2-recurrent.

Every 2-recurrent manifold satisfies B, 1m = Bpjim- It is unknown
whether an analogous relation, i.e.,

(2) Criircam = Onijie,miy

is true for conformally 2-recurrent manifolds.

In this paper we consider only conformally 2-recurrent manifolds
satisfying (2), i.e., such manifolds for which the tensor by; is symmetric.
It is clear that every 2-recurrent as well as every conformally recurrent
manifold satisfying (1) is conformally 2-recurrent and satisfies (2). In
this paper we shall prove, among others, the existence of essentially con-
Jormally 2-recurrent mamifolds, i.e., conformally 2-recurrent manifolds
which are neither 2-recurrent nor conformally recurrent.

The inclusion relations among the classes of manifolds discussed above
are illustrated by the following diagram:
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manifolds satisfying manifolds satisfying

Rln'jk.lm = Rhfjk.ml Gln'jk.lm = Cln’jk,ml

C 2-recurrent > conformally 2-recurrent G

satisfying (2)

N

conformally recurrent

B recurrent > satisfying (1) F
/r N
A locally symmetric —)l conformally symmetric E

As we have mentioned, McLenaghan and Thompson gave an example
of a 2-recurrent manifold which is not recurrent. In this paper we shall
describe a class of metrics showing all the inclusions in the above diagram,
except possibly for D < H, are strict. Of particular interest will be the
examples showing that H # G, D # O and the example of an essentially
conformally 2-recurrent manifold.

2. Preliminary results. In what follows each Latin index runs over
1,2,...,m and each Greek index over 2,3,...,n—1.
We define the metric g in R, » > 4, by the formula

(3) dst = Q(da)? -+ Fopda® da’ +2da* da”,

where [k,z] is a symmetric and non-singular matrix consisting of constants,
and @ is independent of z".

The only components of Ohristoffel symbols, Ry, R, Chiyrs RBuyras
Ry1y Chiyr,y not identically zero are those related to (see [3])

) =3 {nf=ze {5} =5en

1 1
Rupl = ?Q.lln Rll = ? kﬁmQ.ﬁaﬂ
1 1
Ciam = Y Q.u— 2(m_2) 2 (%°°Q. o)

3 — Colloquium Mathematicum XLVII.1
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1
Rllpl,l = ? Q Apl? Rllyl,y

1
?Q.Apy?

(4) . .
Rll.l = E ke Q.ﬂml! -Rll.y = ? kﬂmQ.ﬁwr’

1 1
2 2(n—2)
1 1
2 T 2(n—2)

K3u (K*°Q. po1) 5

klp (kﬂw Q ﬂm‘y) 9

where [k**] = [k,,]™".

Similarly, by an elementary but somewhat lengthy calculation we
can easily show that the only components of B, ims By imy 304 Criik,im
not identically zero are those related to

1 1 . 1
-Rupl,u = ?Q.Ann + —ZQ.lymk pQ.a: Rllul,ly = Rllul,rl = ?Q.lyly’

1 1 1
Rllyl,yd = ?Q.Anyay Rll,ll = _2' kan.amll + 'Zk‘wQ.amykpr.B)

1 1

_2" kamQ. awly) Rll,yd = —2— kan. awyé?

'Rll,ly = Rll,'yl =

(8) ) X
Gllpl,ll = 'E'Q. Aull + Z Q.Mm kme.ﬁ -

1

1 aw
- _2'(7'__2—)' klu (kam Q. awll + ‘é" k Q.amy k?ﬁQ. ﬂ) ’

1 1 o
Olapl,la = 011,«1,61 = ?Q.Auw— 2_(%__—2) kzu(k Q.dmld)’

1 1 o
Cllpl,yd = ?Q.lﬂyd_ m’ klu(k Q.amyd)'

3. Mam results. Let M be the n-dimensional manifold (n = 2m)
with the metric given by (3) and let

6) Q'y...,a"7)

= 4{h(m1) [0,50° @° cosf (@) + wes @’ sinf (21)] — —;— kg afp (ml)},
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where f, h, and p are functions of z* only and the matrices [%,,], [v,5], and
[w,s] are of the form

-2 1 N
-2 0 -1 0
[kop] = o =l |
0 ) 0 1
-3 —1.
7
(7) w
w0 0 —1]
[wep] = o , Wwhere W = [_1 0]
w

For n = 4 this metric coincides, modulo a coordinate change, with
the metric of McLenaghan and Thompson [2].
One can easily show that

kcpkap = 2(m —1) = 'n—2, 'Uapkaﬁ = 0, 'wapk“ﬂ = 0’
Q.aﬂ =8 h(vaﬂcosf_l'waﬂsmf) - E’ kuﬁp H Q.cpy = 0?

1Q.0p = —8(m—1)p.

Using the above equations and (4), (5) one can see that the only
components of Ry, By, Oniry Rkt’jk,l’ Ry Onijeas Ryiiiesims Bogims Chiske,im

not identically zero are those related to *
B {4(hcosf+p) for even a,
tasl ©" 1 4(—hcosf+p) for odd a,

Rygopip = —4hsinf  for even a,
By = —4(m—1)p,

4hcosf for even a,
—4hcosf for odd a,

Claal = {
Cia@s1p = —4hsinf for even a,
Ry, = —4(m—1)p’ = -R;u where p’ = dp/ds?,

’
Rlaal,l = Rl_aal ’

‘Rla(a+1)l,l = R;q(¢+])l for even a,
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Olaal,l = G;aalf
Ola(a+l)l,l = C;a(a+l)1 for even a,
By = —4(m—-1)p" = Ry, where p”’ = dp/(ds'),
RByp@iypun = R;;(a-i-l)l for even a,
Rlaal,ll = R;;an Olaal,ll = C;’aau
Cra@rnyrn = Cla@+in  for even a.

In this section M denotes the manifold R" with the metric defined
by (3), (6), and (7). From the above formulas we obtain

LEMMA 1. The manifold M has the following properties: B = 0, B,
= Rix 3y Bhisyim = Bhisiemts Oniseim = Chajie,mi

LEMMA 2. (a) M 18 locally symmetric if and only if the functions h and p
are constant and hf' = 0.

(b) M is conformally flat if and only if h = 0.

(¢) M is conformally symmetric if and only if the funciion h i8 constant
and hf' = 0.

In what follows we assume that » # 0 everywhere.

LEMMA 3. The manifold M is recurrent if and only if f = const and
p' = ph'[h.

Proof. Assume that R,;;,; = ¢, Ryy.. Then

Bigai = 01 Biaars  Bioiy,1 = 1 Bia@sin

and the following system of equations is satisfied:
h'cosf —hf'sinf+p’ = oy(hcosf+p),
(8) — W cosf+hf'sinf+p’ = e,(—heosf+p),
— b'sinf —hf’'cosf = —e,hsinf.

It follows now immediately that f' = 0 and p" = ph'[h.

Conversely, assume that f = const and p’ = ph’[h. Then (8) is satis-
fied by ¢, = h’[h. Taking ¢; = 0 for¢ = 2, ..., n, we obtain Ryy.; = By
and ¢, = Cp ;-

The proofs of the following lemmas are analogous.
LEMMA 4. The manifold M 18 2-recurrent if and only if

Bif' =const and P = —i— (3" —h(f)?).
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LeMMA 5. The manifold M is conformally recurrent if and only if
J = const.

LEMMA 6. The manifold M 18 conformally 2-recurrent if and only if
k*f’ = const.

THEOREM 1. There exist essentially conformally 2-recurrent Riemannion
manifolds.

Proof. By Lemmas 2 and 4-6 it suffices to take the manifold M with
the metric g given by (3), (6), (7) with 2 # 0 everywhere, h*f’ = const,
f + const, and p" 5 p(h" —h(f’))/h.

THEOREM 2. There exist manifolds satisfying Ryupim = Bpigp,gu Which
are not 2-recurrent.

Proof. From Lemmas 1 and 4 it follows that the manifold M with

the metric g, given by (3), (6), (7) with h*f’ 3 const, satisfies the required
conditions.

Similarly, using Lemmas 1 and 6, we obtain

THEOREM 3. There exist manifolds satisfying Cpipim = Chyyp,mu Which
are not conformally 2-recurrent.
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