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Kummer proved in 1859 the following

THEOREM. Let k be an algebraic number field containing a primitive
l-th root of unity, and I & prime. Let a,, ..., a; be integers of k such that
a1az?... a5t 18 an l-th power in k only if all my’s are divisible by 1. For

any given l-th roots of unity y, y2, ..., y: there exist infinitely many prime
ideals P in k satisfying for some rational integer m = m(P) prime to 1 the
relations

a, m ag " a; m

53_ =70 g = 72 EEY) § = Yt

where {a|P} i8 the l-th power residue symbol.
An analytical proof of this theorem is given in [3] (Satz 152), a proof

using p-adic analysis can be obtained from the modern class field theory
(see [4], Corollary 8.8).
The aim of this paper is to give a short and elementary proof. In

the sequel residue means an I-th power residue.

LEMMA 1. Let a,, ..., as satisfy the assumption of the theorem. There
exists a prime ideal P in k such that P41la,a,...a, and that a,, az, ..., as_,
are residues while a; 18 a non-residue.

l 1,— l1,— ! — 1,— 1,—
Proof. Let K =k(Vay,Vay,...,Vas_1),and L =k(Va,,Vas, ...,V a).
. Clearly,

(1) L= K(ll/a_a).

By the assumption of the theorem we have (K : k) = I°"', (L: k) =T’
(L: K) =1 (see [2], p. 87-88). The extension L/K is thus cyclic of prime
degree. Let 6 be its discriminant. It is well known that 6 = f~*, where f
is an ideal in K. Let A be the group of all ideal classes in K modf prime
to f, H; the group of these ideal classes in K modf which contain the
relative norm of an ideal in L, finally, H, the group of these ideal classes
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in K modf which contain the norm of a principal ideal in L. The well
known inequality (see [2], p. 22-24)

1
(Hy: Hy)) < a QT(A: H,),
where a is the number of ambiguous classes, implies
1
(2) |H| <7 |4].

Suppose that the assertion of Lemma 1 does not hold. Let £ be
any prime ideal in K not dividing la,a,...a,, the prime ideal in %
divisible by #. We distinguish two cases:

Case 1: {a;/P} = 1. Then a, is a residue mod Z and by (1) and the
decomposition law in a cyclic field of prime degree we have 2 = Npx@,
where @ is a prime ideal in L.

Case 2: {a,/B} # 1. Hence by the assumption {a;/p} # 1 for some
1< 8.

Clearly, {a;/PB}° = {as/PB} for some integer c¢. This implies the solva-
bility of the congruences ofz' = ¢,modP, zek, and 9" = g,mod 2,

Yy = a;{/af eK.

As before, we have # = Ny x @, where @ is a prime ideal in L. On
the other hand, each ideal class modf contains an ideal a prime to la,a,...a,
(see [2], p. 63). By factorizing a into prime ideals we get a = Npx(I1 Q),
where () are prime ideals in L. It follows that each ideal class modf con-
tains a relative norm of an ideal in L, thus H; = A contrary to (2). The
obtained contradiction completes the proof of Lemma 1.

LEMMA 2. Let a,,...,as satisfy the assumptions of the theorem. For
any given l-th roots of unity y,, vs, ..., ys there exists a prime ideal P in k
satisfying, for some rational integer m prime to l, the relations

§F one G o G-

Proof. Without loss of generality we can assume that y; =1
AI<j<?, y; #1 (1<j<3).

Case 1:¢ = s. In virtue of a result of [1] there exists a prime ideal 8
in k not dividing la, a,...a, such that all the congruences #t = a, mod B,
7y = a;mod P, ..., 2, = a;, mod P, are solvable in k.

Case 2: t < s. Let

(3) vil =9, t<j<s.
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Clearly, &; = 0 mod !. Hence

m
aM .. (ot ap) ™. . (af8T ap) e a's

m my & m §g_1Mg_1 , Myt 1+...+Mg_1+Mm,
— all...at tatf'j‘ll ‘+1'..a83_.11 8 last+l 8—1 8

is an I-th power in % only if all m are divisible by I. By Lemma 1 there
exists a prime ideal B in % such that Ptla, a,...as,and ay, ..., o, aithl g, ...
..., @3851a, are residues mod P while a, is not a residue mod P. Hence
for some integer m prime to ! we have

{%}m — e, {%}eﬁm{%}m =1, t<j<s.

Hence and from (3) we get

&m
{—"i}’ — i (t<j<s).
m 7

Since &; = 0 mod I, we obtain {o;/P}™ = y; (t < j < 8). The proof is
complete.

Proof of the theorem. Let Py, P,,...,P,_y (r = 0) be prime
ideals in % satisfying the assertion of the theorem. We shall construct
a new prime ideal B, with the same property. Let M = (NBoB;...Br_.).
By Lemma 2 there exists a prime ideal , such that for some integer m
prime to I we have

o T R s S

Clearly B, satisfies the assertion of the theorem and is different
from PB,, Pyy .-y Pr_1. The proof is complete.
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