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ON A PROBLEM OF LIPINSKI
CONCERNING AN INTEGRAL EQUATION

BY
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In connection with a problem raised by Golgb [2], L]plnskl [4]
congidered the integral

(1) F(t) —ff(ttp(u du, 0<it<1,

where (p(u) is an increasing function on <{a,b) such that ¢(a) =0,
¢(b) =1, and f(«) is a real-valued continuous function on <0,1). He
showed that, even with continuous ¢, the relation

(2) F(it) =0 for0<i<1
does not imply the relation
(3) fl@) =0 for 0<<e<1

and asks (P 280) whether (2) implies (3) under the additional assumption
that f has a vight-hand side derivative at 0. By a slight modification
of his original construction we are going to show that the answer to this
question is negative.

Fix a positive number % and put

2k+1
(4) By =27 gy =g, m=0,1,2,...
k+1
Next define a function ¢(u) on (0,1> by the conditions
(6) . P(Tp) = Bapy  @(Yn) = Pgpyqy, 1 =0,1,2,...,

and by the requirement that ¢ is linear in every interval <{w,,,, ¥,> and
{Ypn, %,>; moreover, (0) = 0. Then

Doppat Qp(W—Tpyy) i wel@pyy, Y,
Dyny1+ bn(%—Yy) if welYn,y Tn)y
where » =0,1,2,... and
(7) a, =1+k N2, ,, by, =(Fk+1)w,.

(6) p(u) =
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It is obvious from the construction that ¢ is a continuous and strictly
increasing map of <0, 1) onto itself, and that ¢(0) = 0, ¢(1) = 1.
LEMMA 1. Let f(x) be a solution of the functional equation
(8) f@2) = —k7'f(), 2e<0,1).

If f is comtinvous in {0,1), then
(9) F(t) = [fltp(w)]du =0  for 1e{0,1).

Proof. By (8) we have f(0) = 0, i.e., (9) holds for ¢ = 0. For te(0, 1)
we first evaluate the integral

[ Ttp@du = [ flip(w))du-+ [ it (u)1du.

Tn+1 Tn+1

By (6) and (5),

Up 29, +1
[ fltp)ldu = [ (ta,)"'f(a)da,
Zp+1 iZop 42
and, by (6), (5) and (8),
Iy, tZap “on+1
[ flg@)ldu = [ @) f(s)ds = — [ (tb,)'20f (w) dor.
Un lzon+1 xgp 19
Hence
Ty, iTon+1
[ fltg(w)ldu =t~ (az* —2kb;") [ f(@)dw =0,
Tpt1 oy 42

ince in view of (7) and (4) there is (a;'—2kb;') = 0. Thus also

[ftp@ian = 3 [ fltp@idu — o,

n=0 Tp 41
for te(0,1), i.e. relation (9) holds true.
The following lemma is a particular case of a general theorem due
to the first author of the present paper ([1]; cf. also [3], Theorem 4.9,
p. 101).
LemMmaA 2. If
(10) 2"k < 1,

then every function g(x) of class C", defined in the interval {}, 1) and sat-
i8fying conditions

27"g"™(}) = -k 1g™@A) for m =0,1,...,7
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can be uniquely extended to a solution f of equation (1) in {0, 1> which is
of class C" in this interval.

From Lemmas 1 and 2 we obtain the following result, which yields
a negative answer to the problem P 280 of Lipiniski:

THEOREM. For every positive integer r there exist a continuous strictly
increasing function ¢ from <0,1) onto (0,1) and infinitely many non-
-trivial functions f of class C™ on {0,1> such that relation (9) holds.

In fact, for a given r we can always realize (10) by choosing % suf-
ficiently large. Then equation (8) has in <0,1) a solution f of class C"
depending on an arbitrary function.

Lipinski [4] proved that for functions f analytic in <0, 1> () relation
(2) implies (3). This leaves the following two problems open:

P 791. Do there exist a continuous strictly increasing function ¢
from <{a, b) onto {0, 1) and a non-trivial function f of class C* on <0,1)
such that for function (1) relation (2) holds?

P 792. Do there exist a continuous strictly increasing function ¢
from {a, b) onto (0,1> and a non-trivial function on {0, 1> possessing
for every positive integer r the asymptotic property

flx) =0(z") for + >04+0

such that for function (1) relation (2) holds?
We conjecture that the answer to either question is positive.

(1) It is not enough to assume that f is analytic in (0, 1>: e.g., function f(x)
= z'8kgin (nlgx), where lgz = log,#, is a non-trivial solution of (8), analytic in (0, 1).
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