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Let o denote the class of continua to which K belongs if and only
if there exist an irreducible continuum M and an upper semicontinuous
decomposition G of M such that M /G is an arc and each element of G
is homeomorphic to K. In this paper, continuum means a compact con-
nected metric space. In [2] the question of whether each element of X°
containg two disjoint copies of itself is raised. In this paper it is shown by
examples the answer to that question is negative. Indeed, elements of
A" need not even properly contain copies of themselves.

THEOREM 1. Suppose K is a chainable continuum and that if a is an
are not intersecting K, then there i8 an arc o' intersecting a UK at two points
such that ava’ UK is homeomorphic to K. Then K is in X .

Proof. Let C denote a Cantor set on [0, 1], ¢,, ¢,, ... denote the left
endpoints of the components of the complement of C on [0,1], and
dy, dy, ... the right endpoints. For each positive integer i, let f; denote
a (1/¢)-map from K onto [0, 1]. Let @G, denote the collection to which ¢ be-
longs if and only if one of the following conditions holds:

(1) for some point P of ¢ —|_J {c;} and some point @ of K, g is P XQ;

i=1

(2) for some point z of [0, 1] and some positive integer ¢, g is ¢; Xf; ' (2).

i g,, 9, ... are elements of G, belonging to different components
of C XK, then
(%) limd(g;) = 0.

Therefore, G, is an upper semicontinuous collection of mutually
exclusive closed point sets filling up ¢ XK. For each ¢, (¢; XK)/@, is an
arc a;. Then, by the hypothesis, for each ¢ there is an arc a; such that
a;Ua;U(d; x K) is homeomorphic to K and

Ua; = (C xK)/¢,v ) o;.

i=1 i=1
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Let
M = (C XK)/GIUUa;.

=1

Let G denote the collection to which g belongs if and only if one of
the following conditions holds:

(1) for some point ¢ of C—|J{¢;, d;}, g is ¢ XK

i=1

(2) for some positive integer %, g is a,Va;V(d; x K).

Each element of G is homeomorphic to K and M /G is an arc. M is
irreducible since if D is an open set containing 2 point of M, then D contains

a point of | Ja; and, therefore, a separating point of M.
i==1

THEOREM 2. Suppose K is a chainable indecomposable continuum and
there exists a sequence K,, K,,... of proper subcontinua of K such that

(1) ¢U1 K, =K,

(2) if © and § are positive integers, then K, and K, do not belong to the
same composant of K,

(3) for each positive integer i, there is a continuous map f; from K onto
K; such that if P is a point of K, then the disiance from P to f;(P) is less
than 1/i.

Then K 48 in X .

Proof. Let C, {¢;}, and {d,;} be defined as in Theorem 1. Let Gy denote
the collection to which g belongs if and only if one of the following condi-
tions holds: :

(1) for some ¢ in ¢ —|_J¢; and some point P of K, g is ¢ X P;
i=1

(2) for some positive integer 7 and some point P of K, g is ¢; Xfi }(P).

As before, @, is an upper semicontinuous collection of mutually exclus
sive continua filling up ¢ x K since if ¢,, gs, ... are elements of @, in dif-
ferent components of ¢ x K, then () holds.

Let G, denote the collection to which g belongs if and only if one of the
following conditions holds:

(1) for some point ¢ of C—|_J{e;, d;} and some point P of K, g is
¢ XP; =1
(2) for some positive integer 4 and some point P of K, g is
(P Xd)V(f(P) x¢y).
Again, @, is an upper semicontinuous collection of mutually exclusive
closed point sets filling up ¢ x K since limf; is the identity, and hence if
10

g1y92;, ... are elements of @, in diﬁerent;components of C x K, then (*) holds.
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Let M denote (C xK)/G,/@,.

Suppose M is not irreducible. Then there is a proper subcontinuum
M’ of M intersecting (0 XxK)/G,/G; and (1 X K)/G,/G;. There exist a point
P of K, a neighborhood Dp of P, and integers ¢, and 4, such that the set

M = {[e;,, ¢;,]nC x Dp}/G1 /G,

is a subset of M —M'. If @, and @, are points of K —Dp lying in different
composants of K, then @, and @, are not in the same component of K —Dp,.
Suppose ¢ is in the common part of the open interval (¢; , ¢;) with C, and
K’ is a component of K —Dp. Then there are integers ¢, and ¢; such that
0 <0, <e< ey <6, and K, and K, do not belong to the same com-
posant of K which contains K'. The set (¢ XxK’')/G@,/G, is a component of

M — [{(e;, X Eyy) Ul0g, X Ky)} G /G UM ].

Therefore, M’ does not intersect (¢ X K)/@,/G,. But (¢ X K) |G, |G, sepa-
rates (0 X K)/@, /G, from (1 xK)/G,/G, in M. This involves a contradiction.
Therefore, M is irreducible.

Let G denote the collection to which g belongs if and only if one of
the following conditions holds:

(1) for some ¢ of C— | J {¢;, &}, gis ¢ xK;
i=1

(2) for some i, g is [(¢c;vd,) X K]/G,[Q,.

Each element of G is homeomorphic to K and M /G is an are.

THEOREM 3. Suppose K 18 a chainable indecomposable continuum and
there exist two composants K' and K'' of K and two sequences of compact
subcontinua hy, hy, ... and ky, ko, ... of K' and K", respectively, such that
for each positive integer i there are maps f; and g; from M onto h; and k,,
respectively, such that

(1) of P 18 in K, then the distances from P to f;(P) and from P to g,(P)
are less tham 1/i;

(2) Dht = ka‘ = K.

i=1

Then K is in XA'.
The proof of this theorem is analogous to that of Theorem 2.

THEOREM 4. Suppose K is a chainable indecomposable continuum and
there exist a composant K' of K and a sequence K,, K,, ... of mutually exclu-
sive subcontinua of K’ such that

UK" =K
i=1

and for each positive integer i there is a map f; from K onto K, such tha

if P is a point of K, then the distance from P to f;(P) is less tham 1/i. Then
K is in X.
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Proof. Let C, {¢,}, and {d;} be defined as in the proof of Theorem 2.
Also, let G4, G5, G, and M be defined as in the proof of Theorem 2 with
respect to the sequence K,, K,, ... of the hypothesis of this theorem.

Let us suppose again that M is not irreducible and let M’, P, D,
and %,, ¢, have the same meaning as in the quoted proof. If @, and Q,
are points of K — Dy lying in different composants of K, then @, and @,
are in different components of K — Dp. Suppose ¢ is in the common part
of the open interval (c; , ¢;) with €, and ¥ is a component of K — Dp not
contained by the composant K’ of K. Then there are integers i, and i,
such that 6, < 6, < €< 6y < Gy and (¢ xXN)/@,/G, is a component of

M — [{{o, XKy U (0i, X Ky} /G UM"].

Therefore, M’ does mnot intersect [c¢ X (K —K')}/Q@,/G,.

There exist integers j,, j., and j; such that, for each n =1, 2, 3,
(¢j, XK}, )[G1/@; intersects M". Since {[¢;, 6;]nC XK}/G1/G.n M’ is con-
nected there is a component F of K —Dp such that {[c; , ¢;,1nC X E}/G, /G
contains all the points of M’ that are in {leis ¢ ]nC xK}/G,/G Then
E must intersect K;, K, , and K; . The contintum B VK; VK; VK,
is a triod; but K is chainable. This involves a contradiction. Therefore,
M is irreducible.

As before, M |G is an arc and each element of G is homeomorphic
to K. Therefore, K is in .

Obvious examples of chainable continua described in these theorems
are the curve sinl/x and the indecomposable continuum due to Knaster
(see [1], p. 209).
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