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Introduction. Let ¥ = Q(Vd) be a quadratic field of discriminant d.
In a recent paper [2] we prove that the most general quadratic unramified

extension of %k is of the form k(l/;), where » (¥ # 1, d) is a discriminantal
divisor of d. This result allows us to give a quick construction of the (already
known) real characters of the ideal class-group C (%) (see [3]) and the nar-
row ideal class-group C* (k) (see [1] and [4]) of k. Our construction is
different from those referred to above, and it has the possibility of being
applicable to the construction of characters of order four, if there are any.

1. The real characters of C (k). Let P denote the set of infinite places

of &; put
2=k} -
‘Q) ﬂm,

where r} is the group of units of the maximal compact subring r, of the
completion k,, of k at w. It is well known that the natural morphism from
the group k% of ideles of ¥ onto the group of ideals of ¥ determines an
isomorphism, say I, of k) /k*Q2 with C(k). Thus

(1) x—>zxol

is an isomorphism of the group of real characters of C(k) with the group
of real characters of k) which are trivial on k*Q.

In what follows, the unexplained notation is as in Chapters 12 and 13
of [6]; in particular, a is the canonical morphism of k% into Gal(k,,/k)
defined by

20 a(2) = (1) 2)

(2 in k%, and y in the character-group of Gal(k,,/k)).
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Let G* denote the group of those real characters y of Gal(k,,/k) which
are such that y, is trivial if w is in P and y,, is unramified if w is not in P.
By using well-known results of class-field theory [5], it is easy to check
that

X—>x0a
is an isomorphism of G* with the group of real characters of k% which
are trivial on k*Q.
Let y be any real non-trivial character of Gal (k,,/k) and let ¥’ be the
associated quadratic extension of %, i.e., the fixed field of the kernel

of y. Clearly,
x>k

is a one-to-one correspondence between the non-trivial real characters
of Gal(k,/k) and the quadratic extensions (contained in C) of k. For
2 and k’ being as above, it is trivial to check that y is in G* if and only
if &’ satisfies the following two properties:

(i) There lie two infinite places of k' above each infinite place of %.
In other words, k' is a totally real field in case where k is a real field.

(ii) %, ‘%’ is an unramified extension of k, for all finite places w of k,
i.e., the discriminant of the extension %’ /k is the unit ideal.

Thus we have proved the following

LeMMA 1. Let k' be a quadratic unramified extension of k = Q(VE)
which, in case d > 0, 18 a totally real extension of Q. Let y be the character
of Gal(k,,/k) with kernel Gal(k,,/k'); denote by v, = y the character of
k defined by

v(2) = (x)2h (2 in kY).
Then vy 18 a non-trivial real character of k’ [k* 2; moreover,
E -y

t8 a one-to-one correspondence between the extensions k' [k of the above kind
and the non-trivial real characters of k’y which are trivial on k> Q.

In view of the result [2] that the most general quadratic unramified

extension of Q(Vd) is Q(Vd, Vu), where u is a discriminantal divisor of
4 other than 1 and d, the following lemma is immediate.

LEMMA 2. The most general quadratic unramified extension k' of k,
which i8 totally real in case d > 0, is given by

k' = Q(ﬁ: ‘/"'—"—)7

where uw > 0 i8 a discriminantal divisor of d other than 1 and d.
Now write
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as a product of prime discriminants. The number of positive discriminantal
divisors of d, other than 1 and d, is clearly
(i) 2*°'—1 if d < 0,

(ii) 2*—2 if each p; > 0,

(iii) 2°-'—2 if d > 0 and some p; < 0.

In the first case, any two different positive discriminantal divisors
of d give rise to different quadratic extensions of Q(Vd) of the required
kind. In the second and third cases, two different positive discriminantal
divisors 4 # d # u' give rise to the same extension if and only if 4’ = d/u.
Taking into account the trivial character, the discussion above gives,
in view of Lemma 1 and in view of isomorphism (1), the following theorem:

THEOREM 1. Let 8 denote the number of distinct rational primes dividing d.
Then the number r of real characters of the group C(k) of ideal classes of k 18
the following:

(i) If d < O, then r = 2°71,

(ii) If d > 0, then r = 2°~1 or 2°~% according as all the odd primes di-
mding d are congruent to 1 (mod 4) or not.

Remark. This statement of the above result is simpler than (but,
of course, equivalent to) the one in Hilbert’s Theorem 100 [3].

To determine explicitly the real characters of C(k), we first determine
the real characters of k¥ which are trivial on ¥* Q. By Lemma 1 and The-
orem 1, the most general non-trivial real character of k% /k* £ is obtained
as follows.

Let u (v # 1, d) be a positive discriminantal divisor of d, let ¥’ be the
quadratic extension of k given by k' = Q(V4d, I/Z), and let y = x, be the

character of Gal(k,,/k) whose kernel is Gal (%, /k’). Then the corresponding
character y =y, of k% /k™Q2 is

2) p(&) = (1) 2 = [] Gt %)
wioo

Moreover, as we have shown above, different choices for such inte-
gers u lead to different characters y of k) /k*Q except when d > 0, in
which case two distinet positive discriminantal divisors «» and «’ (differ-
ent from 1 and d) lead to the same character y if and only if wu’ = d.

If » and y are as above, then to determine vy it clearly suffices to deter-
mine (¥, t»), for all finite places w of %, t,, being a prime element of the
field k,. Since g, i8 an unramified character of Gal(%,, 4 /k,), we see that

(s to)w = Xw(Pw)

where ¢,, i8 a Frobenius automorphism of k,, ., /%, (see [5], Chapter 12).
Since the kernel of y is Gal(k,,/k’), that of y,, is Gal(k, . /K -k,). Thus
Zw(®w) 18 +1 or —1 according as k'-k, is equal to k, or not. In other
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words, denoting by v = v, the place of @ below w, we have

+1 if » is a square in k, =Qp(ﬁ),

3 i =
(3) (%o0s bo)eo l—l otherwise.

Let f = f, denote the modular degree of %,/@,. We shall prove that

ul
Tl
where ' i3 either u or d/u, the only requirement being that it is not divisible

by p. To prove (3’), we distinguish three cases.

Suppose first that p divides d; then there is only one place w of %
above the place v = v, of @ and f = f, = 1. In particular, d i8 not a square
in @,. By (3), (xw» twhw = +1 if and only if » is a square in %, = @, (VE),
i.e.,

(3') (xwi tw)w = (

u = (a,+ b,,,l/Zi-)2
with @, and b, in @,. This is equivalent to saying that either = aj or
u/d = b;. Denote by «’ that one of  or d/u which is not divisible by p,
and by «” the other one. Since ' cannot be a square in @,(Vd), it now

follows that « is a square in Qp(l/;l_) if and only if %’ is a square in @,,, which,
by Hensel’s lemma, is equivalent to

5)-»

This proves (3’) in the present case.

Suppose next that (d/p) = +1; then there are two places of ¥ above
the place v = v, of @ and f, = 1. In particular, d is a square in @,. Arguing

as before, we see that
u dlu
(Zws tw)w = (_) = __)
Xws ? P
as desired.

Finally, suppose that (d/p) = —1; then there is only one place of
k above the place v, of @ and f, = 2, so that the right-hand side of (3')
is +1. Thus in the present case we have only to show that u is

a square in Qp(l/d_). Since (d/p) = —1, either

-

%)
=) = +1.
P

or
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It follows that either « or d/u is a square in @,,. As d is a square in
k, = Q,,(l/Tl), u i8 a square in k,, as desired.

In view of the discussion above and in view of isomorphism (1) we
obtain

TuEOREM 2. Let k = Q(Vd) be a quadratic field with the diseriminant d.
Let w (u # 1, d) be a positive discriminantal divisor of d. For any prime

ideal p of k, pul
U .
¥p of ptru,

d/u )
(55) v

Then g, determines a non-trivial real character of C(k). AWl the mon-
trivial real characters of C(k) are obtained in this way; moreover, different
choices of such divisors u of d lead to different characters of C(k) except when
d > 0, in which case two distinct divisors w, and u, of d of the above
type lead to the same character of C(k) if and only if w,u, = d.

2. The real characters of C* (k). As before, let k = Q(Vd) be a quad-
ratic field with the discriminant d. In th is section, we shall determine the
real characters of the narrow ideal class-group C*(k) = I/J of k, where
I denotes the group of all ideals of %k, and J the congruence subgroup
congisting of all principal ideals of ¥ which are generated by totally positive
elements of k. If We I, we shall denote by cl(A) the corresponding element
of C* (k). For each finite place w of %k, let p,, denote the corresponding
prime ideal of k¥ and let ?,, denote a prime element of the completion k,;
we shall also denote by ?,, the idele which has ¢, in the w-th coordinate
and 1 everywhere else. Denote by G the set of all ideles z of ¥ for which
2, = 1 at all infinite places w of k. Define id: @ — I by

id(2) = [ Joirtte;

w{ oo

this mapping is obviously surjective. Let us denote by U the closure
of ¥*-id~!(J) in k. The mapping
z — cl (id (2))
of @ onto I/J = C*(k) can be extended uniquely to a homomorphism
@ of k) onto C*+ (k) which is trivial on k* (see [5], Chapter 7). Clearly, for
any finite place w of &,
¢(tw) = CI(pw);

moreover, ¢ determines an isomorphism of %%/U with C*(k) (see [5],
Chapter 13); this isomorphism will also be denoted by ¢. Therefore,
% —> %0 @ is an isomorphism of the group of characters of C* (k) with the
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group of characters of k% /U. We shall first determine the real characters
of k% which are trivial on U. In what follows we give another charac-
terization of such characters. '

Any real character y of k; being trivial on squares, we have

2(2) =1
for every idele 2z for which

=1 if w is a finite place,
2,
“|>0 if wis a real infinite place of k.

Since U is the closure of k*-id~!(J) in Kk}, a character of k% is trivial
on U if and only if it is trivial on k*-id~}J). It can easily be check-
ed that an idele z in G belongs to id~'(J) if and only if it can be repre-
sented in the form

z = &2,

where ¢ is a totally positive element of ¥ and where, for every finite place
w, 7., is a unit in the maximal compact subring of k,. If z, £ and 2’ are
as above (notice that z,, = 1 if w|oo), then, for each real infinite place w,

%o = Ju(£71) >0
(J» 1s the embedding of % in %,). It follows from these remarks that a real

character of k7 is trivial on U if and only if it is trivial on k*- [[rJ (rx being
w{oo
the group of units of the maximal compact subring of %,). The following

lemma can now be proved in the same way as Lemma 1.
LevMMA 3. The non-trivial real characters of k, which are trivial on U,
are in a one-one correspondence with the unramified quadratic extensions k'
(contained in C) of k. The character of k5 |U attached to the quadratic exten-
siton k' of k i8 given by
2> (x,2h (2 9n k%),
where y denotes the (real) character of Gal(k,,/k) whose kernel i3 Gal(k,,/k’).

Since [2] the most general quadratic unramified extension of Q(I/E)
is of the form Q(Vd, Vu) with (v # 1, d) being a discriminantal divisor
of d, we see that the number of quadratic unramified extensions of Q(l/c_i)
is 2°~'—1, where s is the number of distinct rational primes dividing d.
Combining this fact with Lemma 3, we get

THEOREM 3. The number of real characters of k3 /U, i.e., the number
of real characters of the narrow ideal class-group C* (k) of k = Q(V?Ji), 8
2°~1, where s i8 the number of distinct rational primes dividing d.

Using Lemma 3 and the result of [2], and keeping in view the discus-
sion at the beginning of this section, we can prove the following theorem
in exactly the same way as Theorem 2.
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THEOREM 4. Let k = Q(Vd) be a quadratic field with the discriminant d.
Let u (w # 1, d) be a discriminantal divisor of d. For any prime ideal p
of k, let y, be defined by (4). Then x, determines a non-trivial real character
of the narrow ideal class-group C* (k) of k. All the mon-trivial real charac-
ters of C* (k) are obtained in this way; moreover, two such divisors u, 7 u,
of d lead to the same character of C* (k) if and only if u,u, = d.
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