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1. Introduction. Let K,, Op, (Q) and B, , denote the Milnor functor, the

ring of integers of a number field F, the Kronecker symbol and the k-th
Bernoulli number belonging to the character y, respectively.

For the discriminant d of a real quadrutic field and y = (£> we put

k,(d) = B,, if d # 5, 8 and k,(5) = k,(8) = 4. The Birch-Tate conjecture (the
Mazur-Wiles theorem up to 2-torsion, see [4] and [2]) for real quadratic
fields F with discriminant d states that |K,Og| = k,(d).

For the discriminant d of an imaginary quadratic field, let h(d) denote the

class number of this field. It is well known that for d < —4 and y = (f) we

have h(d) = —B,,,. The Lerch-Mordell class number formulas for binary
quadratic forms state that, for two relatively prime discriminants D > 0,
—A4 < 0 of quadratic fields,

h(—A4D) =2 ‘f (‘A)"%A@),

m

n=1 n
D/2 D mda/D / __ A
e Q)
x [x] '
Here we put ) = Y ([x] denotes the integer part of x). See [3] and [5].

n=1 n=1
In the present paper, we generalize these formulas for k,(D,D,) and
k,(4,4,), where D,, D, >0 and —4,, —4, <0 are pairs of relatively prime
discriminants of quadratic fields. We prove the following

THEOREM. Let D,, D, > 0 and —A4,, — A, < 0 be pairs of relatively prime
discriminants of quadratic fields. Then
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D2/2 D mD, /D> D n m
kz(D1D2)=4D1D2 Z (‘j) Z (_1)(17—17),

m=1 n=1 n 1 2
42/2 _A mAy/42 _A n m
—k,(4,4,)=44.4 2 VW ———
2(4142) ! 2»21( m )n;l ( h )(Al 412)

+2A1A2(3—(—;2))h(—Al)h(—A2).

2. Proof of the Theorem. Let for the discriminant d of a quadratic field and
t=0

4]
Sd)=1d"") (g)n'.

n=1

Note that for d <0

(1) h(d) = —§,(d),
and for d >0
(2) kz(d) = dsz(d)-

First, we shall extend results of [5] by proving the following

LEMMA. Let D, and D, be relatively prime discriminants of quadratic fields
and let D =D,D,. Put A=|D|, A, =D}, & =0, resp. ¢, =1, if D;> 0, resp.
D; <0 (i=1,2). For an integer u >0 set

42 D ma, /42 D n m\*
L= £ (28 (3)(5-2)

t—1 s
(=1°5,D) = (~1y*= ¥ (—1)5(2) ) (—1)"(2)Luu>)
s=0 u=0

Then

) (f‘) 5.(D))S,-.(D),
u=0

where ¢ =1 if D,,D, <0, and ¢ =0 otherwise.

Proof. Let D, ..., D, denote discriminants relatively prime in pairs and
let 4 of them be negative. Put D=D,...D,, 4,=|D,| for i=1,...,r and
4 = |D|. Mordell [5] has noticed that the complete set of non-negative residues
mod 4 is given by

n,

R=A(Z—1+...+Z—'r) with 0<n,<4,i=1,...,r.
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Then putting n = R—EA, where E = [R/4], we have (see [5])

(2) P (&) N (&),
n n, n,
S;:=8,D)=(—1wHg~t ¥ (2') (2-) (R—EA)

[u/2] 4—t Dl Dr d s t—Spt—s At—s
=(—-1) V| Z —)...|— Z R (—1)"°E'"*4
o<m<4; \M1 n,)s=o0\S

i=1,..., r

—(—nware sy et Di)  (P\(RY -
= (=0 SZ:O( l)s(s)qﬂz.-:qi("l)“'(”r>(d)E '

Hence for r = 2 we obtain

-1 t D\/D,\(n, n s
e Sen), 3 G5
l SZ:O S 0<n,<§,,i=l.2 nyJ\n/\4, 4,

and

-

ny1/41<nz/4>
0<m<Ai
i=1,2

=lZL<-1>’(Z).,>;<-I>"(S)
LG E )G
o2, 2, GIE)GE) G

i=1,2

t—1 s
-3 (—I)SC) > (- 1)“( )L D)
s=0 u=0

+-1r 3

1S

& -~

u=0

)Su(Dl) St—u(Dz)-
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Thus the Lemma is proved.

To obtain the Theorem we apply the Lemma to formula (2).
Firstlet D =D, D, and D,, D, > 0. Then¢ = 0. By §;(D,) =0 fori =1, 2
and j =0, 1, we get

S, = —Lo(D)+2L, (D)

RO T TR
ma=1\M"2/ n=1 m=1\NM2/ ai=1 \m/\D, D,

x

x

For a non-integer a, put » = Y . Since for any discriminant d and
n=a n=[a]+1

a non-integer a, 1 < a < |d|,

lal 74 ° (d
(3) nga (;) N ngl (;l-)’
we obtain
D, < ) n2D,/D; D1
nz 1 ru 1 ;’—:) B
Therefore we have
1 D3/2 D n2Dy/D2
e o B ) )
n=1 \12 n, 1 1 2
D3/2 Di—-1 —n D.—n
. L)
nzZ=1 ( ) n = nlelDz )< D2
D,/2 n2D, /D>
SEE T
=1 \"2/ m=1 \M 1 2

IfD=A4,4,and —4,, —4, <0, then ¢ = 1. In view of (1) in this case we
have

=8, = —Ly(D)+2L,(D)+2h(—4,) h(—4,)
_ 42 _Az) n24,/4> (_Al)
nzz=l( n; n1z=:1 ny

_A n241/4> __Al n,
2 5 (50) T (G (B ) rom-omi-a.

n2=1 n=1

Therefore, by the equality
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42 _Az) n241/42 (_Al)
=0
uzz=l< n, ruz=l n,

(this is a consequence of (3)), we get

ST
272 =1\ M2 n=1 n, 4, 4,
+‘zz/:2 (—Az) "‘il (—Al)(Al—nl_Az—nz)
n=1 nZ ny=na4,/4> nl Al A2
+h(—4,)h(—4))
G
na=1\ N2 n=1 ny 4, 4,
A42/2 —A n n24,1/42 —A4
TG s
nzz=l( n, 4, n;z=1 n, !

1 md/d2 /4
+— Z (n ‘)nl]+h(—A1)h(—A2)

Al n=1 1

) ()
=1\ M2 nm=1 n, 4, 4,

+2h(—A1)h(—A2)(3—(_ZAZ))

because of (1) and of the following well-known formula which is true for any

d<O0:
(o) £ )

Thus the Theorem is proved.

3. Remarks. In the paper we have used an elementary idea of [5]. We can
prove the Theorem using formulas (12.1) and (12.2) in [1]. There exist
analogous formulas for D = D,...D, with r > 2 which can be obtained by
using the same methods.
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