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SOME NEW CONSTRUCTIONS OF 4-TUPLE SYSTEMS
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B. ROKOWSKA (WROCLAW)

In 1852 Steiner [12] posed the following problem: For which integer
N is it possible to form a system V, of triples of numbers 1,..., N in
such a way that every pair of numbers appears in exactly one triple ?
Assuming this is solved we can ask for the possibility of forming quad-
ruples such that any triple not in V, should appear in exactly one quad-
ruple, and that no quadruple should contain a triple from V. Does this
impose a new condition on the number N ? Steiner carries on stating
analogous problems for quintuples, sixtuples, etc.

The generalized Steiner’s problem is as follows: Given four positive
integers v > 1>k, A we consider the proposition P(v, [, k, 2) meaning
that for every set S having » elements there exists a system V of sub-
sets of § having I elements each and such that every subset of S having
k elements is contained in exactly A sets of the system. We shall call V
a realization of P(»,1,k,2). Sometimes it is also called tactical confi-
guration (or, briefly, configuration). Configurations with &k — 2 are known
as balanced incomplete block designs (BIBD). The number of [-element
subsets belonging to a realization of P(v,l,k, ) and containing some

fixed h elements is equal to 2 (;:7’1) / ( ;:};L) whence P(v,l,k,2) implies
that

(1) A(Z:I}Z)/(ii%) is an integer for h = 0,1,..., k—1.

It is also known that in general proposition (1) does not imply pro-
position P(v,1, k, ). For instance if 1 =6, k =2 and 1=1 (see [13])
orif 1 =25, k=2 and A =2 and also for some other BIBD (see [2],
[8] and [10]) it does not. Nevertheless, for some I, k, and 2 formula
(1) does imply P(v,1, k, 2), e.g. for I =3, k = 2 and every A ([6], [9]
and [11]), for I =4, k =2 and every A (see [4]), for I =5, k =2,
A =1,4,20 (except possibly » = 141; see [4]), | =4, k= 3 for every A
([3] and [5]), ete. (see [1] and [14]).
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This paper is concerned with P(»,4,3,1). In this case (1) takes
the form » = 2 or 4 (mod 6), and it is known [3] that this condition is
sufficient. We want to present new construction yielding realizations
different from those given in [3] for I — 4, k=3, A=1 and

L » = mn+1, where m =1 or 3 (mod 6) and » = 1 or 3 (mod 6),

II. v = mn+2, where m =1 or 3 (mod 6) and n =8 (mod 12),

III. v = mn+4, where m =1 or 3 (mod 6) and % =10 (mod 12),

IV. v = mn+2, where m = 4", and » = 0 or 2 (mod 6).

There are known theorems of the following type: given a realiza-
tion of P(n, 4,3, 1), a realization of P(f(n), 4,3, 1) is constructed; e.g.
1% a theorem of Witt [16] shows how to obtain a realization of P(2n,4,3,1)
from a given P (n, 4, 3,1) and a realization of P(mn, 4,3,1) from any
given realizations of P(n,4,3,1) and P(m,4,3,1) and 2° a theorem
of Hanani shows how to construct a realization of P(12n+2,4,3,1)
from a realization of P(n1,4,3,1). Using these theorems it is possible
to construct different realizations of P(n, 4, 3, 1) for the same n. We con-
jecture that in many cases these realizations are not isomorphic (i.e. they
do not follow from each other by a simple renumbering of elements). In
fact, we have checked that in the case of » — 22 the realization obtained
by construction I below is not isomorphic to that given in [3].

Construction 1. Let m =1 or 3 (mod 6), n =1 or 3 (mod 6), and
S ={0} o {(d,j):i=1,...,m,j =1, ..., #}. Define now:

Ai:{(i,l),(i,2),...,(75,7@)} for ¢=1,...,m;
By = {(1,j),...,(m,j)} for J =Ny .5 05
A={4,,..., 4,}, B = {Byy...y By},
4 =4 {1},
B* = B u {0}.

Let L, be a realization of P(n41,4,3,1) in the set B*, and for
every i let Lj be a realization of the same proposition in the set 4; o {0}
resp. If we delete 0 from all 4-tuples belonging to L, that contain it, we
shall get a set of triplets which gives a realization of P(n,3,2,1) in B.
Let us call it L,. Let L, be a realization of P(m-+1,4,3,1) in the set
A*. Tf we delete 1 from all 4-tuples that contain it, we shall get a set of
triplets which gives a realization of P(n,3,2,1)in A. Let us call it L,.
Let R, be the set of all 4-tuples of the form {(t, k), (u, ), (v,j), (w, k),
where {4;, A,, 4,, A,}eL,, and h, tjyk=1,...,n and h+i+j+k
= 0(mod n). Let R, be the set of all 4-tuples of the form {0,(x, q), (v, q),
(2, q)} or {0, (x, q), (y, *), (2, 8)}, where {4,, 4,, A.}eLy, {By, B,, B}eL,.
Let B3 be the set of 4-tuples: {(@,q), (@,7), (v, 0), (v, $)} or {(=, q), (x, ),
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(z,49), (y,7)}, where z,y,z2,q,r,s are subject to the same restrictions
as in the construction of Ry, and let (y —a) (z —ax)(z—y) > 0, (r—q) (s —q) ¥
X (s—r) > 0. Let R, be the set of all 4-tuples {(4, e), (i-+k,f), (4, 9), i+
+k, h)} in the set 4, v 4, v A,, where ¢,j =1,2,3, k =0,1,2 (but
for j =i, we take only k =+ 0), and addition is mod 3, {B,, B;, By, By} eL,,
e <f<g<h. For every v = {d,, A,, A.}eL,, let R} denote R, in the

seb A, o A, o A, Put J R} = R,. We shall prove that the set V of all
tel,

d-tuples of the sel Ry v Ry o Ry o By o Ly o ... w L forms a realization
of P(mn+1,4,3,1) in S.

We show first that every triplet of elements of S is contained in
at least one 4-tuple in the set V. Suppose that {a, b, ¢} is such a triplet
and a = (a,a), b = (,b), ¢ = (y,¢). If a, p, y are all equal 4, say, then
{a, b, ¢} is contained in a 4-tuple of the system L. If « = g = 9, then
there exists a o such that {4,, 4,, 4,}eL,. Now a, b, ¢ cannot be all
equal. If two of them are equal, say a = b - ¢, then there exists a d such
that {B,, B;, By} L, and then {a, b, ¢, (y, d)}eR; if (y —a)(d—a)(d—y) X
X (¢—a)(d—a)(db—c) >0 and {a, b, ¢, (8, ¢)} ey if (y—a) (0 —a)(d—y)(c—a)
(b—a)(d—¢) < 0. If a,b,c¢ are all different and {B,, By, B.}eL,,
then {a,b, ¢, (y,0)}eRy if (y—a)(d—a)(d—y)(b—a)(c—a)(c—b) > 0 and
{a,b,c,(y,0)}eRyif (y—a)((S—a)((S—;/)(b—a)(C—a)(c—f)) < 0. Finally, if
a, b, c are all different and {B,, By, B,}¢L,, then there exists a D such
that {B,, By, B, By}eL,. Let {a, b,c,d} ={e,f,g,h}, where e <f
<g<h Then {a,b,c(8,d)}eR, it {a,b} ={e,h} or {a,b} = {f, g},
and {a,b,c,(y,d)}eR, if {a,b} = {e,f} or {a,b} ={g,h} or {a,b}
= {e, g} or {a, b} = {f, h}. It remains to consider the case where a, §, y
are all different. If {4,, A;, A,}¢L,, then there exists a ¢ such that
{d,, Ag, A,, As}eLy. Then {a,b,c,(d, —a—b—c)}eR, where the addi-
tion is understood mod n. Suppose that {4,, Az, A, }eL,. If a,b, ¢ are
all equal, then {a, b, ¢, 0}eR,. If a = b # ¢, then there exists a d such
that {B,, B, By}e<L, and we have {a, b, ¢, (8, ¢)}eR, for (f—a)(y—a)Xx
(y—B)(c—a)(d—a)(d—c) >0and {a, b, c, (a,0)} e By for (f—a) (y—a) (y— ) X
X (¢c—a)(d—a)(d—c) < 0. If a, b, c are all different and {B,, By, B,}eL,,
then {a, b, ¢, 0} ¢ R,. Finally, if a, b, ¢ are all different and {B,, By, B,}¢L,,
then there exists a d such that {B,, By, B,, By}e¢L,. Let {a,b,c¢,d}
={e,f, 9, h}, where ¢ <f<g<h Then {a,b,c,(a,d)}ecR,, f{a,Dd}
= {e,h} or {f,9),{a,b,c,(B,0)}eRy, if {b,d} = {e,h} or {f,g}{a,b,ec,
(y,D)}eR, if {c,d} = {e, h} or {f,g}.

In the case of @ = 0 it is sufficient to show that every pair of elements
of 8 is contained in a 4-tuple in which the element 0 is contained as well.
Every pair whose elements belong to the same A; is evidently contained
in a 4-tuple of the system L', and the remaining pairs are contained in
4-tuples of the system R,.

Collogquium Mathematicum XVII. 1 8
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To prove that our system is a realization of P(mn-+1,4,3,1) it
is enough to show that every triplet of elements of S is contained in at
most one 4-tuple from our system. This will be clear if we show that

A ! . . s .
[ V] g(fl)/(g). Since (';')/(i) = (mn-+1)mn(mn—1)/24, it is sufficient
to show that
(mn—+1)mn(mn—1)

(2) V| = R

We have |R,| = n®*m(m—1)(m—3)/24, which is seen by subtracting
the number of 4-tuples in the realization P(m--1,4,3,1) with one
element fixed from the number of all 4-tuples in this realization, and
by multiplying the obtained number by »*® (as ¢, j, k run independently
over n values). We have next |R,| = wn2m(m —1)/6, because there are
m(m—1)/6 triplets in L, and with every such triple » values of ¢ can be
associated. Every such ¢ should be adjoined to the n—1 pairs (r, s) and
to the pair (¢, g). Further, we have |R,| = |L,|-|L,|-32-2 = n(n—1)m x
X (m—1)/2. The factor 3 occurs here as the number of those permutations
of three numbers, say x, y, 2, which do not change the inequality (y —z) x
X(#—x)(z—y) > 0. The factor 2 corresponds to the fact that in the defi-
nition of R, there are two formulae. Now we have |R,| = n(n—1)(n—3)m x
X (m—1)/6, which is seen by subtracting the number of 4-tuples in the
realization P(n-+41,4,3,1) with one element fixed form the number of
all 4-tuples. The obtained number is to be multiplied by 3% —3(= 24)
(4,7, k run here independently over 3 values, except j = i, k = 0), and
by m(m—1)/6 (i.e. the number of triplets in I,). Finally, we see that

" (n+1)n(n—1)m
B = . .
iiL=)1 J 24
Consequently,
"o nwm+1)nm(nm—1
'V] = IRI / R2 N Ra \J R4 “ ULI l —_ '(***" )‘)4( '_—‘2 ’
1=1 P

which implies (2) and thus completes the proof.

Construction 11. Let S be the set consisting of 0, 1 and all pairs (45 §),
wherei =1,...,mand j =1,...,n. Let 4, = {(i,1), ..., (3, n)} u {0,1}
A={4,,...,4,}, and A* = A < {2}). Let P, be a realization of
P(m—+1,4,3,1) in the set A*, and for every i let P. be a realization
of P(n42,4,3,1) in the set 4;. If we delete 2 from all 4-tuples, which
contain it, we shall get a set of triplets which gives a realization of
P(m,3,2,1) in A. Let us call it P,. Hanani [3] has constructed a reali-

« 3
zation K of P(3n+2,4,3,1)in 4, v A, o A, such that U P; = E. For
1=1
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every triplet ¢ = {A,, 4,, A.}<P; we construct an analogous realization
B of P(3n+2,4,3,1) in A, u A, u A,. Clearly, P; o Py P; c E.
Put L' = EN(PY o PY o P%). Finally, we construct the set R, of all
4-tuples of the form {(¢, 9), (u, i+k), (v,]), (w,j+k)}, wherei,j=1,...,n
k=0,1,...,n—1, the addition is to be understood as addition
mod n, and {A;, Ay, Ay, AytePy,t << u <v<w. We claim that the
set
V=UP v UL v R,
i=1 tePy

is a realization of P(mn-+2,4,3,1) in 8. At first we prove that every
triplet of elements of S is a subset of a 4-tuple in the system V. Let
{a, b, ¢} be such a triplet. If for some i we have a, b, ced;, then {a, b, c}
is contained in a 4-tuple from PL. It a,bed;, ceA; (i # j), then there
exists a 2 such that ¢t = {4;, 4;, A,}eP; and {a, b, ¢} is contained in
a 4-tuple of L' If aed;, bed;, cedy (i,], k are all different), then in
the case of {A;, A;, Ay} =teP; we see that {a,b,c} is contained in
a 4-tuple of I' and in the other case {a, b, ¢} is contained in a 4-tuple
of R,. In order to prove that every triplet from § is contained in exactly
one 4-tuple from the system V, it is sufficient to show that the number

of elements of the system V is not larger than (“g‘) / (g)
We have

m o (,n_|__2)(ﬂ,~|—1).}'lfﬂ’b
DR =

which is the number of 4-tuples in m realizations of P(n-+2,4,3,1).
Further, |R,| = n*m(m—1)(m—3)/24 because we must subtract the num-
ber of 4-tuples in the realization of P(m+2,4,3,1) with one element
fixed from that of all 4-tuples in this realization, and multiply the num-
ber so obtained by w?(i, j, k run independently over »n values). We have
also ‘

4n®4-3n°
I = B~ 1P v By o Pyl =

because we must subtract the number of all 4-tuples in the realization
of P(n+2,4,3,1) multiplied by 3 from the number of all 4-tuples in
the realization of P(3n+2,4,3,1).

Finally,

mn—+2) (mn+41) mn
24 '

|mﬂumumuuﬁg(
i=1 lePy
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On the other hand,

N 4y (mn+42)(mn+-1 ) mn
(S)/1s) = g

which completes the proof.

Construction 11I. Let § be the set consisting of 0,1,2,3 and all
pairs (i,j), where ¢ =1,...,m, j =1,...,n. Let

4; = {(7’7])7 ceey (Q,n)} — {011,2’3}7 A = {4,, w v . Bomyly
A* = A o {4}.

Let P, be a realization of P(m-1,4,3,1) in the set A* and, for
every ¢, let P, be a realization of P(n+4 4,3,1) in A;. Let P!
= PN {{0,1,2,3}). If we delete 4 from all 4tuples that contain
it, we shall get a set of triplets forming a realization of P(m,3,2,1)
in A. Let us call it P,. Hanani [3] has constructed a reahzamon FE of

3
P(3n+4,4,3,1) in the set 4, v 4, v A; such that | J P} = E. We con-
i::l

struct an analogous realization E' of P3n+4,4,3,1)in A, © Ay w A,
for every triplet ¢ = {4,, A4,, A,}eP;. Clearly, Pi _ P4 P: < K. Put
L' = B\(P u P! L P NJ{0, 1,2, 3} Let R; be the set. of all 4-tuples
of the form

{(t7 i)’ (u’ i_l_k)? (Il??j)? (w7j+k)}!

where ¢,j =1,...,n, k=0,1,...,n—1, the addition is to be under-
stood mod n, {4y, 4,, A,, Ay}eP; and ¢ < u < v < w. We claim that,
the set

¥V = UPZutUL v Ry {{0,1,2, 3}
Py
s a realization of P(mn-+4,4,3,1) in 8.

At first we prove that every triplet of elements of S is contained
in a 4-tuple from V. Let {a, b, ¢} be such a triplet. If a, b, ce 4, with
suitable 4, then this triplet is contained in a 4-tuple from P!, or in
{0,1,2,3}. If a,bed;, ced; (i #j), then there exists a s such that
{4, 4, A} = teP; and {a, b, ¢} is contained in a 4-tuple from I'. And
if aed;, bedj,ced; (2,7, k are all different), then in the case of
{At, Aj, Ax} = tePy the triplet {a, b, ¢} is contained in a 4-tuple from
L', and in the case of {4:, 4;, k}¢P the triple {a, b, ¢} is containcd,
in a 4-tuple from R;. To prove that every triplet of elements cf §is
contained in exactly one 4-tuple from V it is sufficient to show that the

number of elements of the system V is not larger than (lgi) /(:)
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We have

Oppj = (EDEEDETD ),

because we must subtract |{{0,1,2,3}}] from the number of all 4-tuples
in the realization P(n-+4,4,3,1) and then multiply the remainder by
|A| (= m). Further, |R; =7’L3'rn(m—1)(m—3)/24, since we must sub-
tract the number of all 4-tuples in the realization of P(m-+4,4,3,1)
with one element fixed from that of all 4-tuples in this realization, then
multiply the obtained number by #»® (i,j, k run independently over n
values). Now,

L} = |B |— |Pt v Py v Pyl — [{{0,1,4,3}}1

A

12(4n+9)m(m—1)

I =
i = .
| ¥| = "U1Pi v R ,LIJ It {{O, 1,2, 3}}1 _ (71@7@«!—4)(m7;2—3)(wm+2) .
1= Ps

In the other hand,

ISI\[(4) (mn+4)(mn+3)(mn+2)
( 3 )/(3) T 24 ’

which completes the proof.

Construction 1V. Before we turn to the contruction itself let us show
the realization P, of a P (4% 4, 3, 1) and the realization P; of a P(4% 4,2, 1)
such that P, < Pq.

Consider the set Z of all 4-tuples {a, b, ¢, d} satisfying the conditions

2a—1- 2a—1 2a—1 2a—1
o= Y g@?, b=, o= g2, d=) @)
i=0 j=0 §=0 7=0

where &;(a), £(b), g(c), &(d) =0 or 1 and
(3) gj(a)+&(b)+e;(e)+e(d) =0 (mod 2).

The set Z is a realization of P (4% 4,3, 1), because if we take an
arbitrary triplet {a, b, ¢} from the set {0,1,...,4"—1}, we can find in
this set a number d such that (3) will be satisfied. Moreover, such a d
is unique. In fact, if

e;(a) +&;(b)+&;(¢) = 0 (mod 2),
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then ¢;(d) = 0, and if
&1(a)+(b) +-e5() = 1 (mod 2),

then ¢;(d) = 1. Since a +# b # ¢ +# a, the number d is different from a,b
and ¢. For suppose d = a. It follows from (3) that €j(b)+¢;(c) = 0 (mod 2)
for every j, thus b = e, against the assumption.

Now take the set W of all 4-tuplets {k, I, m, n} satisfying the con-
ditions

a—1
0<k<l<m<n<4? Ic:Zni(k)ﬂ,
1=0

a—1 ) a—1 ) a—1 )
I = Z ni() 4, m = Z ni(m)d'y,  n = Z"H(”J‘-jfl,
, i—0 i=0 i=0

where #;(k), n;(1), n;(m), 5;(n) = 0, or 1, or 2, or 3 and

(4)  for every 4, the terms of the sequence (m(k), ni(l), n;(m), m(n))
are all equal or form an even permutation of (0,35 2;.3)

The set W is a realization of P (47 4, 2, 1), because if we take any
two elements p,r (p #7) from {0,1,...,4°—1}, then we can find
a unique set {s, ¢} such that {p,r, s, t}eW. Let f be the greatest num-
ber i such that v = #;(p) 1i(r) = w. We choose numbers z and y such
that {v, w, 2, y} = 10,1, 2,3}, and next define s and ¢ as follows: If
1i(P) = ni(r), then 9,(t) = p;(s) = n;(p). If 9:(p) # ni(r), then (ni(p),
ni(r), n:(s), m(t)) is an even permutation of (v, w, x,y). Since p £ r, B
does exist, and since all numbers v,w,x,y, are different, p,r, s, t are
all different too. Since we know first two terms of the sequence
(?h-(p), (1), ni(8), m(t)) and the whole sequence is an even permutation
of (v, w,z,y), the order of its terms is uniquely determined and so the
set {s, 1} is well determined too. Let {p,r,s8,t} = {k,1, m, n}, where
k<l<m <m and then 75,(k) =0, ne(l) =1, ns(m) = 2, nz(n) = 3.
Since the terms of the sequence (7:(p), m:(7), ma(s), 7:(1)) are all equal or
form an even permutation of (vyw,®,y), the terms of the sequence
(m (k)y s (1), ns(m), m(n)) are all equal or, as it is easy to verify, form
an even permutation of (0,1,2,3) and (4) is satisfied.

Suppose that {p,r,s’,#'}e W, where {s,1} # {s’,t'}, and let
{pyr,s',t"}y = (&', V', m', n'}, where k' <1 < m’ < n'. Then there exist
indices ¢ and j such that

m(P) F ni(r)y  omals) = ni(s),  it) = ma(t),
mi(P) # mi(r),  mp(s) = pi(t),  wi(t) = m(s").

Since (m(ﬁ), n:(1), 1:(s), Wi(t)) and (771' (p)y mi(r), 7;(8), ni(t)) are both
éven permutations of (v, w,x,y), (7;(p), 5;(r), 7;(s'), n;(t')) is an odd
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permutation of (n;(p), 7:(r), (), nit")). Thus o; = (n;(K"), 0, ('), n;(m"),
ni(n')) is an odd permutation of ¢; = (ni(%"), ni(U)y mi(m'), mi(n')) and
either ¢; or o; is an odd permutation of (0,1, 2, 3), contrary to (4).

1t remains to prove that W is a subset of Z. Let {p,r, s, t}e W and
consider &(p), &(r), &(s), (1) for any j < 2% Let j = 2¢ or 2¢4+1. If
ni(p) = ni(r) = ni(8) = ni(t), then  &(p) = g (r) = g(8) = ¢&(t). If
(m(p), 7i(r), :i(8), m(t)) is an even permutation of (0,1,2,3), then
(e5(p), (1), &(s), &(1)) i3 a permutation of (0,0,1,1). In both cases
& (p)+ei(r)+ei(s)+¢(t) = 0(mod 2) and so {p,7, s, tyeZ.

Let 8 be the set consisting of 0,1 and all pairs (i, })),
where ¢ =1,...,m,j =1,...,n. Let A;={({,1),...,(¢,n)} v {0, 1}
A ={A,,..., Ap,}. We shall construct in the set A a system P, which
is a realization of P(m,4,3,1) and a system P, which is a realization
of P(m,4,2,1) in such a way that P; will be a subset of Ps. For every
i, let Pj be a realization of P(n+2,4,3,1) in the set A;. In [3] there
is a realization K of P(4n+2,4,3,1)in 4, v 4, v 43 v A, such that

4 .
U P; = E. For every 4-tuple { = {4,, 4y, 4,, A, }eP; we construct an
im1

analogous realization E' of P(4n+2,4,3,1) in 4, Ay, v A, v Ay,
Clearly PZ o P! w Piu PY « E. Put I = E'\(P§ v P§ v P; v Py). Let
R, be the set of all 4-tuples of the form {(p, %), (¢, i +k), (r, ), (s, j+k)},
where {A,, Agy Apy Ag}e PN\ Pryp < g <7 <08, and 4,j=1,..., %,
k=0,1,...,n—1, the addition being understood mod =. We claim that
the system

V=UP UL v R

i=1 t€P7

is a realization of P(mn-+2,4,3,1) in 8.

At first we prove that every triplet from § is contained in a 4-tuple
from V. Let {a, b, ¢} be such a triplet. If a, b, ced;, then it is contained
in a 4-tuple from Pi..If a,bed;, ced; (i # j), then there exist z, w such
that {A;, A;, A,, A} = teP; and so {a, b, ¢} is contained in a 4-tuple
from I' Tf aed;, bed;, cedy (i,], k arve all different), and {4;, 4;, Ay}
is a subset of a 4-tuple ¢ from P, then {a, b, ¢} is contained in a 4-tuple
from L' and if not, then for a suitable z we have {4;, A;, A, A} e PO\ P,
and so {a,b,c} is contained in a 4-tuple from K.

To prove that every triplet from S is contained in exactly one
4-tuple from V it is sufficient to show that the number of elements

of the system V is not larger than (gl) / (;) Now

(n+2)(n+1)nm
24

m X
U Ps| =
i=1
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(the number of all 4-tuples of the realization P(n +2,4,3,1) multiplied
by [A] (= m)). |R| = n2m(m—1)(m—4)/24 = (|Pg| — |P;])n® (7,7, k run
independently over n values). We further have

T = lEt]——ngngWuPﬁuPQ"] _ (4%4-2)/(4) i ('n~|—2)/(4) _ n*(5n+-3)

3 3 3 3 9
and
| I = n?(5n+4-3) m(m —1)
teP7 24
Hence
R m-+2) (mn--1)mn
V] =|Ryw UPiw I _ (mn+2)(mn+1) :
1=1 tePq 24

On the other hand,

ISI\[{4) _ (mn+42)(mn-+1)mn
) ="

as well, which completes the proof,
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