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1. Introduction. We are concerned with the problem of relating an
arbitrary homeomorphism between weak solenoidal spaces to an induced
homeomorphism between the spaces. Our main result is that for a certain
class of spaces every homeomorphism is homotopic to an induced homeo-
morphism. This leads one to censider the structure of induced maps
between weak solenoidal spaces, a problem treated in the first part of
this paper.

We follow the notation of [1] for inverse limit sequences. We denote
the projection maps of an inverse limit sequence (X, f) by f,: Xo = X,.

A weak solenoidal sequence (X, f) is an inverse limit sequence where
each factor space is a closed, connected, triangulable manifold and each
bonding map is a (non-trivial) covering map. The limit space X is called
a wealk solenoidal space. A map ¢ : X, - Y, between two weak solenoidal
spaces (where Y = lim(Y, g)) is said to be an induced map if there is
an order-preserving function 4 : Z* — Z* (Z* denotes the positive integers)
and a sequence of maps {p, : X, — ¥,} with ¢, fi7) = ghe, (if m<n)
such that ¢ is defined by ¢,9 = ¢,fiym)- In the proofs of section 4, we
lose no generality and avoid clumsy notation by assuming A is the identity
map.

We show that the set of all induced homeomorphisms on a weak
solenoidal space actually forms a subgroup of the group of all homeo-
morphisms on the space. As an application of this result, we characterize
the sequences of maps {g;: X,; — X,;} that induce homeomorphisms
on X_. The characterizing property. is that each ¢,; of some cofinal
sequence {p,;} is a factor of the bonding map fri),.

In section 5 we consider a special class of weak solenoidal spaces,
D-like spaces. In this class we find included all weak solenoidal spaces
that are inverse limits of either closed, orientable 2-manifolds or “suffi-
ciently large” (see [8]), irreducible, orientable, closed 3-manifolds. We
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show that any homeomorphism between D-like spaces is homotopic to
an induced homeomorphism.

2. Preliminaries. In this section we record some results concerning
maps between weak solenoidal spaces that we will use quite strongly in
the sequel. Stronger versions of these two theorems are proved in [5].

. THEOREM 2.1. Let ¢ > 0 and let F be a map between weak solenoidal
spaces. Then there is an induced map between the spaces that is e-homo-
topic to F.

A map F: X — Y is fiber-preserving if there is an integer n such
that for each xzeX, there is a ye¥, such that F(f;(#) < ¢7(y).

THEOREM 2.2. A map between weak solenoidal spaces is an induced
map if and only if it is fiber-preserving.

Let A:Z* —Z* be a strictly increasing function and (X, f) a weak
solenoidal sequence. A sequence {p,: X,; — X;} of maps is said to be
factorable (with respect to (X, f)) if there is a cofinal subsequence {®niiy}

Suc:h tha;t (pn(’) IS a fa:ctvor Of f;((:((;))l)) tha:t ]S, 'lp] wnu) —-f;.(n(:, 1))

3. Models for path components. When considering a map between
weak solenoidal spaces, it is quite often sufficient to consider only its
restriction to one path component. In many situations the fact that the
path component is not locally path-connected tends to obscure the problem,
so these models will facilitate a lucid argument which would otherwise
be rather cumbersome.

Let K be a path component of the weak solenoidal space
X, =1lim(X, f). The model K for K is the set K retopologized by the
topology generated by path components of open sets of K (where K
has the relative topology induced by X.). Thus K is locally path-connected.
Moreover, each projection f,: X, — X,, when restricted to K, defines
a covering map fn ‘K - X,. (Models from a slightly different viewpoint
are discussed in [6].)

LemMA 3.1. Let (X,f) and (Y, g) be weak solenoidal sequences and
let F: X, - Y, be a continuous map. Let K be a path component of X,
and let L be the path component of Y, containing F(K). Given an ¢ > 0,
if there is a map ¢ : X, - Y, (for some m,n) such that the diagram

A

X, n K

<
<
>

><€
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is ¢/3-commutative, then the diagram

/
X, < L Xo
@ F
A
g
Yo < i Yoo

is e-commutative. Hence if <pfn = &mi’ , then of, = g F.

Proof. Since ¢f, and g, F are uniformly continuous, there is a § >0
such that for any A < X, with diam(A4) < 6 we infer that diam ((pfn(A))
< ¢/3 and diam(g,F(4)) < ¢/3.

Let x be an arbitrary point of X_. Choose some ye¢K such that
d(x,y)<< 6 (K is dense in X_).

Then

@ (pfn(2), ymF(a{?)) < &3+ d(ef¥); g F () + /3 < s.

4. The group of induced homeomorphisms. Let G(X,) denote the
group of all gself-homeomorphisms of the weak solenoidal space X .
In this section we show that the subset H(X,) of G(X,) consisting of
all the induced homeomorphisms is actually a subgroup. Before obtaining
this result, we prove the following interesting and very natural lemma
concerning the nature of a sequence of maps (between the factor spaces)
that induces a local homeomorphism.

LEMMA 4.1. If ¢ is an induced local homeomorphism between weak
solenoidal spaces and if {p;} is a sequence of maps inducing ¢, then each @,
18 a covering map.

Proof. Let X, and Y be weak solenoidal spaces, and let ¢ : X, - Y,
be a local homeomorphism induced by the sequence {p;: X; - Y,}.
Let K be a path component of X, and let L = ¢(K), a path-component
of Y. Since ¢,f, = g,¢, we have the following commutative diagram

involving the models K, L for K, L, respectively,

; .
X, < ! K

1

<>

A

Y, <« — L

41

A}

where f, and g, are covering maps and ¢ is a local homeomorphism.



84 J. T. ROGERS, Jr.,, AND J. L. TOLLEFSON

We observe that ¢, is a local homeomorphism between compact
polyhedral manifolds and hence a finite-to-one covering map. Since
pofT = gl'op,, we see that ¢, is a lifting of the covering map ¢,0f"
and thus also a covering map for each m.

COROLLARY 4.2. Every induced homeomorphism between weak sole-
notdal spaces i8 induced by covering maps.

Remark 4.3. This corollary is the strongest possible in that the in-
ducing maps need not be homeomorphisms. For example, consider any
weak solenoidal space (X, f) with all factor spaces homeomorphic and
only a single bonding map f. Then the sequence {f: X;,, - X,} of non-trivial
covering maps induces a homeomorphism on X,.

In section 5 we show that arbitrary homeomorphisms on weak
solenoidal spaces are e-homotopic to induced maps such that each member
of the inducing sequence {g; : X,; — X;} induces an injection of =,(X,)
into =,(X;), and for certain classes of manifolds, the ¢; are actually cove-
ring maps.

THEOREM 4.4. The set H(X,) of all induced self-homeomorphisms
of X 8 a subgroup of the group G(X,) of all self-homeomorphisms of X,.

Proof. Let X, =1lim(X,f), Y, =1lm(Y,g), and ¢: X,—> Y,
be a homeomorphism induced by the sequence {p;: X; - Y¥,} of maps.
To prove this theorem, it suffices to show that ¢~! is an induced homeo-
morphism. '

According to Corollary 4.2, each ¢, is a covering map. It is helpful
to keep the following commutative diagram in mind during the next
argument, which shows that ¢~! is a fiber-preserving map, and hence,
by Theorem 2.2, an induced map:

h

X, < Xoo
?1 L4
Y Y
71
Y, < Yo

Let V and W be open n-cells in Y, with W < V (W denotes the clo-
sure of W). Let 8 be one of the finite number of open cells in X, evenly
covering V and let B = 8 cover W. The set ¢f;'(R) is a compact subset
of Y, which is contained in the open set ¢f;'(S). Hence ¢f;!(8) is the
union of basic open sets of Y, and the compact set ¢f;!(R) is contained
in a finite union of these basic open sets. It follows that there exists an
integer j and a finite collection {0,, ..., O,} of open sets in Y; such that

ofi'(B) = Ulgr'(00):4 =1, ..., k] = ¢fi (8).
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Then for any point 2; in (J{0;} = ¥; such that 2, = ¢{(z;) W, we
have (g,9)"'(2) = (9:9) " (21) = (puf1) ™ (1) = fr'(r), where r is the point
of R which covers z,. Finally, since X, is covered by a finite number
of open sets such as R, there is an index A such that for each 2 in Y,,
there is an weX, such that ¢~'(g95'(2)) = fi'(#). Therefore ¢! is fiber-
-preserving.

Remark. H(X,) is not a normal subgroup of G(X,), as one can
easily find an induced homeomorphism f: X, — X_, and a non-fiber-
-preserving homeomorphism ¢: X, - X, such that gfg~' is not fiber-
-preserving.

COROLLARY 4.5. If ¢ : X, > X, 78 an induced homeomorphism, then

there are subsequences {W.} and {Z;} of {X,} such that the following diagram
commutes and all maps are covering maps:

W, <« Wy« Wy«
N
Vi V2
(4] P2 ?3
Y Y Y
Z, < Z, < Zy <

As an application of Theorem 4.4, we are able to obtain the following
characterization of sequences of maps that induce homeomorphisms:

THEOREM 4.6. A sequence of maps induces a homeomorphism between
weak solenoidal spaces if and only if the sequence is factorable.

A routine exercise in the application of Corollary 4.5 yields this the-
orem. We omit the details.

5. D-like spaces. Let D be the.class of all closed manifolds M with
the following property:

If f: M - N is a map of M into another closed manifold N of the
same dimension such that the induced homomorphism f . : 7, (M) — 7, (N)
is an injection, then f is homotopic to a covering projection of M onto N.

It is known (see [8]) that all closed, orientable 2-manifolds belong
to the class D. More recently, Waldhausen [8] has proved that a large
class of closed 3-manifolds belong to D, namely, all closed, irreducible,
orientable 3-manifolds that are sufficiently large. Heil [4] extended
this to the non-orientable, P2-irreducible, closed 3-manifolds that are
sufficiently large.

If X, =1lim(X,f)is a weak solenoidal space with each factor space
X,eD, we say that X is D-like. We show that any homeomorphism F
on a D-like weak solenoidal space is homotopic to an induced homeo-
morphism that agrees with F on any desired finite set of points.
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The first lemma of this section applies to general weak solenoidal
sequences and points out the reason for considering D-like weak sole-
noidal spaces.

LEMMA 5.1. Given any ¢ >0 and an arbitrary homeomorphism F :
X = X, there exists a sequence of maps {p; : X, — X} inducing a map
9 : X, - X, that is e-homotopic to F. Furthermore, there is another sequence
of maps {y;: Xpnuy = Xpimayt Such that in the diagram

Xna) <~—Xnme) X (m(3) < e Xoo
AN LN N
?11 v m) | vy Pn(3) F
[ \ v
X.l. <_——‘Xm(2) <——Xm(3) ver <— Xoo

each parallelogram is commutative and each triangle is e-commutative.

Proof. Let ¢ > 0 be small enough so that any two maps into X,
with distance between them less than ¢ are homotopic. Then by Theorem
2.1 we have a sequence of maps {g;: X,; — X;} that induces a map
p: X, >X, with ¢~F (by an e¢/2-homotopy) and such that
A(@ifnyy fi F) < €/2. Now choose § > 0 such that if 4 < X, has diam-
eter < 4, then diam/(p;(4)) < /2 (for any ¢). Apply Theorem 2.1 again,
this time to F~', to obtain a sequence of maps {y;: X, = X such
that d(p;fmuys fae P ') < 0. .

CorROLLARY 5.2. If F:X, — X, i a homeomorphism and &> 0,
then there is a sequence of maps {p; : X — X} inducing amap ¢ : X, > X,
that is e-homotopic to F and such that each @; induces a monomorphism
(®:) J between the fundamental groups of X and X; for all © > m(2).

. Proof. Let {p,: X,; > X,} be a sequence as in the proof of Lemma
5.1. Then there is a map , : X,,n) — Xoq) Such that d(v; Qe oty ) < €.
Hence 9, @ue ~frn®. But f*® is a covering map; thus u;-gmug
induces an injection on the fundamental group, and hence so does @, ).
For each i > m(2), ¢; is a lifting of @, fre and therefore also induces
an injection.

THEOREM 5.3. Let X, be a D-like weak solenoidal space and F : X, — X,
any homeomorphism. Then there is an induced homeomorphism ¢ that is
homotopic to F.

Proof. Let ¢ > 0 be so small that any two maps into X, that are
within ¢ of each other are homotopic. Let {g; : X, — X;} be a sequence
of maps as in Lemma 5.1, inducing a map ¢ e-homotopic to F. Then
Pmz) induces a monomorphism (@me)y : nl(Xn(m(z») = 7 (X ) - Since
X imezy €D, there is a covering map h,s) : Xyme) = Xme homotopic to
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Pme) - Using the homotopy lifting property, we get a sequence of homo-
topies {H;:¢; =~ h;} (for each i>m(2)) such that H,fni" = fit'H,,,
and k; is a covering map. Hence the maps h; induce a local homeomorphism
h:X,—> X, onto X that is homotopic to F. All we need to do is check
that h is one-to-one, and thus a homeomorphism.

We can construct a sequence {k; ~ y;} of covering maps such that-

the following diagram commutes, since f™* ~ h,09p,:

an X)) <———Xnm3) <
AN AN N
hy ky hm(2) Ky Rm(3)

} L

X, Xy ——Xpy <«

This shows that » is a homeomorphism.

[N
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