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EXTENSIONS OF CONTINUOUS FUNCTIONS INTO LOCALLY
CONVEX SPACES OVER NON-ARCHIMEDEAN FIELDS

BY
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Arens [1], Theorem 4.1, proved a theorem concerning the extension
of continuous functions from a closed subset of a paracompact space
X into a complete metrizable convex subset of a locally convex space K.
In this paper* the same problem is considered when ¥ is replaced by
a locally K-convex space [3] over a field K with a non-Archimedean
absolute value and X is replaced by an ultraparacompact space (that
is, one having the property that every open cover is refined by a locally
finite cover consisting of sets which are both open and closed).

THEOREM. Let A be a closed subset of an ultraparacompact space X and
let B be a locally K-convex space over a field K with a non-Archimedean
absolute value. Let C be a complete metrizable convex subset of £ and f: A — C
a continuous function. Then there is a continuous extension F: X — C.

Proof. We may assume that 0¢C. Let d be a metric for C and for
any ¢ >0 denote by B(0, ¢) the “open ball” {x<C|d(x, 0) < ¢}. By induction
we will define a sequence {C, |n > 1} of K-convex. neighborhoods of 0 in
E such that C, nC < B(0, 1/n), and a sequence {g,: X - C, N C|n > 1}
of continuous functions such that if f, is the restriction of g, to 4, then

] n
the range of f— ) f; is contained in C, n C.
i=1

Let C, be a K-convex neighborhood of 0 in E such that C,nC < B(0, 1).
Since C, is a subgroup of F, it is both open and closed. Let {c;|¢el} be
a complete set of coset representatives of C; N C in C and for each iel,
let 4; =f'(¢;+0; N 0). Then {4;|iel} is an open partition of 4. For
each 7¢I let O; be an open set in X such that O, " A = A;. Then
{0;]iel} U {cA} is an open cover of X. Let ¥ = {@;|jeJ} be a locally
finite refinement consisting of sets which are both open and closed. Then.
for each jeJ, either G; < cA or G; < O; for some iel. If G; < cA, let
¢; =0.1fG;, NnA 0 and G; < O;, then G; N A < A; and so G; cannot.
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be contained in O, for k # 4 since {A,|kel} is a partition of A. In this
case let ¢; = ¢;. For each jeJ let y; be the characteristic function of @;
with values in K. Then each y; is continuous. Define g,: X - 0, n C by

(@) = D) 1;(@) ;.
jeJ

Since ¢ is locally finite, this is meaningful and g, is continuous.
Let f, be the restriction of g, to A. If reA and 7el is such that zeA;,
then f(x)ec;+C, N C and f,(x) = ¢; and so f(x)—fi(x)eC, N C.

Now assume that » > 1 and that C,,C,,...,C,_, and ¢,,95,..+yGn_1
have been defined with the desired properties, and for 1 <7< n—1 let
fi; be the restriction of g; to A. Repeat the above procedure with C, replaced
by a K-convex neighborhood C, of 0 in E such that C, nC < B(0,1/n)

n—1

and with f replaced by f— 2 f; to obtain a continuous function g,;: X — 0 NnC
such that if f, is the restrletlon of g, to A, then the range of f— 2 fi 18

contained in ¢ N C,,. Since C is complete and the range of g, is conta.med
in 0, N C < B(0,1/n), it is clear that

F =Z.‘h
izl

converges uniformly and hence is continuous. Since

(f— Zfi) (X) € C,N 0,

it follows that F extends f.
Some extension theorems for continuous functions into more general

(non-linear) topological spaces will appear in another paper [2].
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