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WEAKLY COMPACT OPERATORS FROM A B-SPACE
INTO THE SPACE OF BOCHNEER INTEGRABLE FUNCTIONS

BY

CHARLES SWARTZ (TUCSON, ARIZONA)

In [6], Diestel has obtained a representation theorem for any bounded
linear operator from a B-space X into the space LP(X, u: Y) of Bochner
p-summable- Y-valued functions which generalizes Theorem VI, 8.1, of
[7] for p = 1. In [7] there is also given a characterization of the weakly
compact operators from X into L!(Z, u). In this note we characterize the
weakly compact operators from X into L!*(2, u: Y) for certain B-spaces Y
(Theorem 2) and compare our result with the scalar case as given in Theo-
rem VI, 8.1, of [7]

Our notation and terminology will be that of [7] unless otherwise
indicated. Throughout the paper X and Y will denote B-spaces and (S, X)
a measurable space. If u is a positive finite measure on (8, 2), L'(Z, u: X)
denotes the space of all strongly measurable X-valued functions f: S—X
such that

Ifl = [ If@ldp () < oo
S

equipped with the norm || |, (see [7], IIL. 3). Our first result qives a charac-
terization of relatively weak compact subsets of L!(ZX, u: X) for certain
B-spaces X. This theorem generalizes Theorem IV, 8.9, of [7], and the
proof is quite similar to that given in [7] for the scalar case.
If X is a B-space and u is a finite positive measure on (8§, 2), X is
* said to have the Radon-Nikodym property with respect to (S, X, u) if when-
ever m: X—X is a vector measure (see [7], IV. 10) of bounded variation
which is absolutely continuous with respect to u, there is a function
feL'(Z, u: X) such that (see [4])

m(E) = ffdy for each Fel'.
E

For use below we note that X has the Radon-Nikodym property
with respect to (8, 2, ) iff X has the Radon-Nikodym property with
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respect to (8, 2y, u) for each separable sub-c-algebra X, of X' (see [4],
the corollary of Theorem 1 and the discussion in Section 3, p. 26). There
is a detailed discussion of the Radon-Nikodym property in Section 3
of [4], and a list of B-spaces which have the Radon-Nikodym property
with respect to any measure space in the corollary of Theorem 7 of [4].

We now give a characterization of the relatively weakly compact
subsets of L!'(X, u: X) when X has the Radon-Nikodym property with
respect to (8, 2, u).

THEOREM 1. Let u be a finite measure on (S, 2X) and suppose that X
and X' have the Radon-Nikodym property with respect to (8, 2, u). The
following three conditions are equivalent:

I. K c IA(Z, p: X) is relatively weakly compact;

II. (i) K s bounded;

(ii) the family of vector measures {[fdu:feK} is uniformly countably
additive; |

(iii) for each AeZ, {[fdu:feK} is relatively weakly compact in X;

A

ITII. K satisfies (i) and (iii) of II and

(i)’ the family of scalar measures {[I|fildu: feK} is uniformly couni-
ably additive. i

Proof. Suppose K is relatively weakly compact. We establish III.
Condition (i) is clear. If (ii)’ fails to hold, there is an £ > 0, a sequence {E,}
of pairwise disjoint sets from X, a sequence {f,} = K, sequences of posi-
tive integers {i,} and {j,} with i, < j, <1,,, and

n
(1) D' [Ifalldu>e  for all n. .

k= iy Ek
For each n, set

Then (1) becomes
2) [1faldu> e  for all m.

Hy

From (2), for each n, there is a g,: S—X’ such that g, is u-essentially
bounded on H, by 1, g,(t) = 0 for teS\ H, and

(3) [ fal®), gu(®)>du(t) > e.

H,
(Recall the dual of L'(H,, X(H,), u: X) is L*(H,, Z(H,), u: X') when X'
has the Radon-Nikodym property.) Set
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and note that since the {H,} are pairwise disjoint, g is u-essentially bounded
on S by 1. Thus, the linear map f—{f, ¢> from L (X, u: X) into L1(Z, u)
i3 continuous with respect to the norm topologies of both spaces and,
hence, continuous with respect to the weak topologies of both gpaces
(see [7], V. 3.15). Therefore, {<f,, g>} is relatively weakly compact in
LY(X, u), and {|{f., 9>} is also relatively weakly compact in L!(ZX, u)
(see-[7], IV. 8.10). By Theorem IV. 8.9, of [7], the countable additivity
of the integrals | K fns @)du is uniform with respect to n. But this contra-
E

diets (3), and (ii)’ must hold.
For (iii), note that, for each A2, the map

f~ [ fap

from L'(ZX, u: X) into X is linear and continuous with respect to the norm
topologies of both spaces and, therefore, continuous with respect to the
weak topologies of the spaces. Hence, if K is relatively weakly compact,
the set in (iii) must also be relatively weakly compact being the image of K
under the above-mentioned map. Thus we have shown that I implies I1I.

It is clear that III implies II. So it suffices to show II implies I.
Let {f,} be a sequence in K. By [7], IIL. 8.5 (and the proof of this lemma),
there is a sub-o-field 2, of 2 which is generated by a countable field X, such
that f,eL'(S, 2}, u,: X), where u, is u restricted to X,. By (iii), for each
EcZ,, the sequence {[f,du} has a weakly convergent subsequence. Since X,

E

is countable, by a diagonalization procedure, we can find a subsequence
of {f,} (which we continue to denote by {f,}) such that the sequence
g fadu} converges weakly in X for each EeZ,. By [7], IV. 8.8, and (ii),

for each z'e¢X’' and FKeX),lim{z’, f fndp)y exists. Therefore, using (iii),
E

we infer that, for each EeZX,, the sequence {[f,du} converges weakly in X.
If we set B

A(E) = lim ffnd,u for each FeZX,
E

(limit in the weak topology), then z'A is a measure for each x' e X’ (see [7],
III. 7.4) and, therefore, A is a vector measure (see [7], IV. 10.1).

We also claim that 4 has bounded variation. For if {E;:¢ =1,...,n}
is a partition of S by subsets of 2|, we have

Zn:nl(Ei)ll =Zn‘sup{|1im<x’, [ fmdus)|: 1ot < 1)
i=1 =1 m E;

n
< D lim [|fulldp < lim
i=1

[ Ifnlldn < B,
E,

n
m KE; m i=1 E;

where B is the bound for K given by (i).
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Now u(E) = 0, EeX,, implies A(E) = 0, so by the Radon-Nikodym
property there is an feL'(2), u,: X) such that

ME) = [fau for EeZ,.
4

Thus, we infer that, for any simple function geL™ (2}, u,: X'),
Hm [ Sy gpdn = [<f, 9> dp.
LI 8

Since the simple functions are dense in L*(2,, u,: X'), by (i) and [1],
IX. 1.1, the sequence {f,} converges weakly to f in L'(ZX;, u,: X). Since
L'(Z,, uy: X) is a linear subspace of L(ZX, u: X), {f,} actually converges
to fin L*(X, u: X). By the Smul’yan-Eberlein Theorem (see [7], V. 6.1),
K is relatively weakly compact.

Remark. The equivalence of I and II is the ahalogue of IV. 8.9, of [7],
and the equivalence of I and III can be compared to IV. 8.10, of [7].

It should be noted that the paper [5] contains criteria for weak
compactness somewhat different from those in Theorem 1 for the case
where X is reflexive.

Let T: X—L'(Z, u: Y) be linear and continuous. Then there is a fini-
tely additive set function m: 2—L(X, Y) (here L(X, Y) denotes the
space of bounded linear operators from X into Y) such that for each reX
the vector measure m(-)x has bounded variation with

v(m(-)z) = |T=|,

(here v(m(-)m) denotes the variation of m(:)x) and Tx = dm(-)x/du
(see [6]). Now T is weakly compact iff {Tx: |z} < 1} is relatively weakly
compact in L'(X, u: Y), so, by Theorem 1, we have

THEOREM 2. Let ¥ and Y' have the Radon-Nikodym property with
respect to (S, X, u). Then T is weakly compact iff

(a) the family of scalar measures {v(m(-)): |lz| <1} is uniformly
countably additive;

(b) for each AeZ, m(A)eL(X, Y) is weakly compact.

Proof. Condition (a) is condition (ii)’ since

v(m(A)a) = [ ITzldu,
A

and condition (b) is just condition (iii) since

m(A)r = medy.
4

We would like to compare this result with the criteria for weak com-
pactness of a map U from X into L'(Z, u), the space of scalar-valued
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u-integrable functions. Recall in this case U has a representation of the.
form

Us — da(-)x ’
du

where a: 2—X’, and U is weakly compact iff a is countably additive
with respect to the norm topology of X’ (see [7], VI. 8.1). Condition (b)
is trivially satisfied in this case since ¥ = R so that one might conjecture
that condition (a) is equivalent to m: 2—L(X, Y) being countably addi-
tive with respect to the norm topology of L(X, Y). We show that this
is not in general true, but rather that condition (a) is equivalent to a type
of bounded-multiplier convergence as discussed in [9].

First we observe that condition (a) implies m is countably additive
with respect to the norm topology of L(X, Y).

PrOPOSITION 3. Let m: X—~L(X, Y) be finitely additive and such that,
for xeX, m(-)x is a vector measure of bounded variation. If condition (a)
of Theorem 2 is satisfied, then m is countably additive with respect to the
norm topology.

Proof. Let {E;} be a pairwise disjoint sequence from ZX. Then, for
any N, M (M > N), we have

H Zm(E H = sup HZ w“ < sup Zv m(Ey) ),

Il <1 <1 ;<

and the term on the right goes to zero uniformly for |jz|| <1 as N, M — oo,
by condition (a).

ProPOSITION 4. Let m: X—~L(X, Y) be finitely additive and such that,
for each xeX, m(-)x is a vector measure of bounded variation. The follow-
ing conditions are equivalent:

(i) the family of scalar measures {v(m(-)x): x| <1} s wuniformly
countably additive;

(ii) for each pairwise disjoint sequence {E;} = X, the series Z llm (E;) x|}
converges uniformly for |z| < 1;

(iii) for each pairwise dzsjmnt sequence {E;} < X, the series Z'm ) Yy
converges uniformly in X' for |lyI<1, y;eY’; j

(iv) for each pairwise disjoint sequence {E;} =< X and {y;} <
lly;ll < 1, the series Zm(E,)'y} converges unconditionally in X'.

’
>

Proof. The mequa.hty llm (B) x| < 'v(m(Ej)w) shows that (i) implies (ii).
To see that (ii) implies (iii) note that, for M > N,

”2’”(’5 %”‘S“P|Z<m )"t} 05| < supZHm )all.

x| <1 flall <1 ;=

=N
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Clearly, (iii) implies (iv). We next show (iv) implies (ii). If (ii) fails
to hold, there are sequences {E;} < X' (pairwise disjoint), {x;} = X with
lle;ll < 1, {N;} and {M;} positive integers with N, < M, < N, ,,and ¢ > 0
such that

N m(By)a > ¢ for all i.

Pick y;e Y, ||y;.|| 1, such that

(4) 2‘ <y m(By)ay| > ¢ for all i.
But, by (iv),
lim ) [(m(Ey)'yj, ad] =0
JV—>ooj=N

uniformly for |z|| <1 (see [8], condition (X)) which contradicts (4).
Finally, we show (ii) implies (i). If (i) fails to hold, there exist a pair-
wise disjoint sequence {E;} < X, ¢ >0, {r;} = X with |z <1, {N,;} and
{M,} sequences of positive integers with N, < M; < N, , such that
M;
Z v(m(B)w) > e for all 5.

j=N;

For each j there is a partition {B;,:k =1, ..., k;} of E; such that

Mi k]'
(5) D Zum(B,.,k)w,-u >¢ for all i.
i=N; k=1

But, by (ii), the series

o M; j
2 2 2 Im(B0al
i=1 j=N; k=1

.converges uniformly for [lz|| <1 which contradicts (5).

Remark. The results are quite similar to those in Theorem 6 of [2];
they are of a dual nature to the results of Batt. Conditions (iii) and (iv)
are a type of bounded multiplier convergence as discussed in [9].

We now give an example which shows that the conditions of Pro-
‘position 4 are not equivalent to the countable additivity of the vector
measure. For this example recall that a series )z, in a B-space X is weakly
unconditionally convergent (w.u.c.) iff > |<x',z,>| < oo for each x'eX’
[3], and the series D'z, is wunconditionally convergent (u.c.) iff every rear-
rangement converges in the norm topology of X (see [3] and [8]). (These
terms often have different meanings in other papers.)
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Example. Pick a B-space X and a series Yz, in X such that Yz,
is w.u.c., not u.c., and |z,||—0. For each positive integer n, define 7,:
X'—¢y by T, z' = (o', x,)>e,, where ¢,ec, is the vector with 1 in the n-th
coordinate and 0 in the other coordinates.

Let § denote the positive integers and let 2’ be the o-algebra of all
subsets of 8. Define m: Y- L(X’, ¢,) by

m(E) = M'T,.

nelk
Since

Im (E)l| = sup{|[<z'y 2,>|: neB, [a']| <1}
= sup {|lz,ll: neE}

and |z,||—->0, m is countably additive in the norm topology of L(X’, ¢,).
For each ve X', Eel|

(6) o(m(B)r) = D Ka'y 2],
nek

so that each m(-)a’ has finite variation since )z, is w.u.c. But from (6)
and the fact that Yz, is not u.c., it follows that the family of scalar meas-
ures {v(m(-)a’): ||#'|| < 1} is not uniformly countably additive (see [8],
condition (H)). That is, m does not satisfy condition (i) of Proposition 4.

To see that a series satisfying the above-mentioned conditions actu-
ally exists, consider X = ([0, 1] with the usual sup norm. Define z,, ¢ X by

z,(t) =t3/(1+t3)" for 0<t<1, n>0.

oo
The series )’ x, converges pointwise to the function
n=0

0, t=0,

t —t
@ {LH% 0<t<1.

For each te[0,1] and N > 0,

N
PXACIES:
n=0

so that D, is w.u.c. Since the limit function f is not continuous, )z,
is not u.c. Also |z,/|—0, so the series D'z, satisfies the above-mentioned
conditions. '

In conclusion we remark that it would be desirable to lift the Radon-
Nikodym assumption from Theorem 1. However, even in the scalar case
(see [7], IV. 8) the Radon-Nikodym Theorem seems to be an indispensable
tool.
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