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A DOMINATION THEOREM FOR FUNOTION ALGEBRAS

BY

W. ZELAZKO (WARSZAWA)

1. Introduction. Let A be a commutative complex Banach algebra
with unit element ¢. In [1] Arens has formulated a theorem stating that
if for given elements u, v € A we have |uz| < |lvz] for all elements » € A,
then there exist an extension B > A and an element b € B such that
u = bv.

There arises an important problem (cf. [2]) whether a similar state-
ment is true for several elements of A, i.e. whether the relation

1) luzll < llvy2li+ ... + (v,

holding for all # € A, where u, v,,..., v, are fixed elements of A, implies
that in some extension B > A there are elements b, , by, ..., b, € B such that
(2) U = b0+ ... +b,9,

(see Added in proof (i)).

If relation (1) holds true, possibly with a positive constant factor
on the right-hand side, we say that the element u is dominated by the
elements v,, vy, ..., v, (8660 Added in proof (ii)).

In this paper we show that the answer to this problem is in the af-
firmative in the case where A is a function algebra, and this is the contents
of the domination theorem proved in Section 3. '

2. Prerequisites. Let A and B be commutative complex unital Banach
algebras. We say that B is an extension of A if there exists a unital iso-
meftric isomorphism of A into B. We shall treat such an isomorphism as an
imbedding and write simply A < B.

Let M(A) be the maximal ideal space of A. We say that A is a function
algebra (a uniform or sup-norm algebra) if the norm of A4 is given by

lell = max |z(M)],
MeM(a)

where z(M) is the Gelfand transform of an element @ € A. The Silov
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boundary I'(A) of A is the smallest closed subset of M (A4) with the property

le|| = max |#(M)| . for all xe A.
MeI(A)

In the sequel we ghall need the following characterization of the
Silov boundary:

An ideal M, eMM(A) is in I'(A) if and only if for each ¢ > 0 and each
neighbourhood U of M, in I(A) there exists an element x, € A such that

(3) lz)l =1 and |z,(M)<efor M¢U.
_ For the details the reader is referred to [3].

3. The domination theorem. Our main result reads as follows:

THEOREM. Let A be a unital fumction algebra and let u,v,,...,v, € A.
Then there ewist am extension B > A and elements b,, by, ..., b, € B such
that relation (2) holds true if and only if u i8 dominated by v,, 05, ..., 0,,
t.e. there exists a constant C > 0 such that

(4) sl < Ol @l + ... +llwg2l)  for all e A.

Proof. If for some extension B > A relation (2) holds true, then for
each zx e A

luw] = byv,2+ ... +b,0,2[ < [Byllll0s2ll + ... + 10,0,

and relation (4) is satisfied with ¢ = max{||b,|l, ..., [|b,l}.

Conversely, suppose that relation (4) holds true. We shall show that
this implies the existence of a positive constant e such that for every
maximal ideal M in the Silov boundary I'(4) we have

(8) (M) < afloy(M)|+ ... + loa(H)]).

In fact, suppose that (5) fails while (4) holds true. In this case, for
each positive integer k there is an ideal M, € I'(4) such that

(6) [u (M) > k(|o2 (M)l + ... +|o(My)|) for k =1,2,...
We fix an integer k satisfying
(7) k> 20,

where C is the constant in relation (4). For any & satisfying 0 < s < 1,
by continuity of the functions (M), v,(M), ..., v,(M) there is a neigh-
bourhood U, of M, in P(A) such that

(8) [u ()| > k(joy (M) + ... + [v,(M)])
and

\ 1 .
(9 [os( M)l + & > [o:(M)| > S 1WG(M)l, & =1,2,...,m,
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for all M € U,. For the same ¢ we find by (3) an element x, € A with
o]l = 1and |2,(M)| < efor M ¢ U,. Thus |v,(M4)| = 1forsome M,e I'(4)
and, since ¢ < 1, we have M, € U,. Using this fact and relations (9), (8)
and (4) we obtain i

ko 3
3D M<K D loy(Mo)| < 1w (o)l

i=1

L4
= [u(Mo)2,(Mo)| < ) <O D foia

f=1

]
= 0 > max{sup |o,(M)a,(M)|, sup  |o(M)a, ()]}
MeU, Mer(A)\U,

fm=1

<0 max{lo( M)+, elol} < O D Ioi(My)| +0e (n+ Z'Hv‘u)

i=1 Tm] =1

or
n

Z |v; (M)| <2_’i}“§: [os (M) | + Ekg' 8(’”+ 2“ ||’v¢||)-

=] fm=1 f=1

Since this holds for an arbitrary e, we conclude that

2 [og(M)| < —k—z [og (M),

i=1 t=1

which, in view of % > 20, implies

n
2, lo(M,)] = 0.
=1
We shall show now that w(M,) = 0 which, in view of (6), will give
the desired contradiction establishing relation (5). To this end suppose
that |u(M.)| = 6 > 0. Choose an ¢ satisfying

n

(10) 0 < &< minft, §20(n+ 3 )] "}

fm]
and take a neighbourhood U of M, such that
(11) log (M) < e
and

é

(12) 3 < [u (M)

for all M e U.



320 W. ZELAZKO

As before, we find an element @ € A satisfying ||#|| = 1 and |o(M)| < &
for each M ¢ U. So |#(M,)| = 1 for some M, e U, and thus, as before,
taking into account (11) and (12), we have

é
3 < (M)l = [u(Mo)a (M) < sl < 0 D) losal

f=1

< 02” (8+8||'0¢|'|) = 80(”+ 2” ||1’¢||)~
=1

f=1

This gives a contradiction with relation (10), and so we have established
formula (5).
Formula () implies now

(13) lu(4)| = (M) D lo(M)| for M eI(4),
fm=]
where 0 < (M) < a.
Write
w(M) = |u(M)|exp[ip(H)]
and

(M) = |v,(M)|exp[igy(M)] for § =1,2,...,m.
Thus (13) implies

(14) w(M) = D b(M)v,(M) for M eTI(4),
f==1

where

(15) by(M) = (M)exp [i(p(M)— g (M))],

so that

sup |by(M)| = supB(M) < a.
MeI(4) r(4)

Define B as the algebra of all bounded complex-valued functions
on I'(A). This is clearly a Banach algebra and an extension of 4; more-
over, the functions b, given by (15) are in B and, as shown by (14), satisfy
relation (2). Thus our result is established

Remark. Generally speaking, the functions b; occurring in relation (2)
are not continuous on I'(A) in the topology inherited from IR(4). A simple
example is obtained by setting A = C[0,1], () =tsint~! and o(f) = t.
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’

Added in proof. (i) A negative answer to the problem on p. 317 for
general Banach algebras has been given in the paper of V. Miiller, On
domination amd extensions of Banach algebras, Studia Mathematica 73
(in print).

(ii) More on domination is given in the paper of W. Zelazko, On
domination and separation of ideals in commutative Banach algebras, Studia
Mathematica 71 (1981) (in print).
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